-O 


X 

i- 

o 


u 


NAVWEPS  REPORT  1483  (VOLUME  6) 


CO 


CD 

Q 


'Mia 


report  may  be  released  to 


OIS. 


*  HANDBOOK  OF  SUPERSONIC  AERODYNAMICS 
;*»  . 


SECTION  17 


,  '  ^  j2  •  ? " 


DUCTS,  NOZZLES  AND  DIFFUSERS 


•  V, 


.  xxx-'. '  • 


^  v  t 

\ V' 
■  •*  “ 


COPY  t 

OF 

J2 

HARO  COPY 

$. 

3-  &  s 

MICROFICHE 

$. 

— ' 

D  D  C 

EAPR  5  h. 

it/LSLl 
*  DDOIRA  B 


,  '^SbP 


PUBLISHED  BY  DIRECTION  OF 
THE  CHIEF  OF  THE  BUREAU  OF  NAVAL  WEAPONS 
DEPARTMENT  OF  THE  NAVY 


Copy 


NAVWEPS  REPORT  1438  (VOLUME  6) 


HANDBOOK  OF  SUPERSONIC  AERODYNAMICS 

SECTION  17 


DUCTS,  NOZZLES  AND  DIFFUSERS 


Produced  and  edited  by  the  Aerodynamics  Handbook  Staff  cf  The  Johns  Hopkins 
University,  Applied  Physics  Laboratory,  Silver  Spring,  Maryland,  operating  under 
Contract  NOw  62— 0604— c,  with  the  Bureau  of  Naval  Weapons,  Department  of  the 
Navy.  The  selection  and  technical  review  of  this  material  were  functions  of  a 
Laboratory  Reviewing  Committee  consisting  of  Lester  L.  Cronvich  and  lone 
D.  V.  Faro. 


JANUARY  1964 


For  sale  by  the  Superintendent  of  Documents 


mjwu-wj-w  V  ^^^^--wgvTraTOgajCTSEromDrg^MruaraKMrmnanaoijnoncFMiKyaOTjropncnpnoTi 


'  ^ '  wf  y*  rn'Tmr  T^g/y 


Series  Contents 


NAVWEPS  Report  1488  (Vol.  5,  Sec.  17) 


SERIES  CONTENTS 


Section 


Status 


Volume  1 


1 

Symbols  and  Nomenclature 

Published  1950 

2 

Fundamental  Equations  and  Formulae 

1950 

3 

General  Atmospheric  Data 

1950 

4 

Mechanics  and  Thermodynamics  of  Steady  One- 

Dimensipnal  Gas  Flow 

1950 

Volume  2 

5 

Compressible  Flow  Tables  and  Graphs 

1953 

Volume  3 

6 

Two-Dimensional  Airfoils 

1957 

7 

Three-Dimensional  Airfoils 

1958 

8 

Bodies  of  Revolution 

1961 

Volume  4 

9 

Mutual  Interference  Phenomena 

In  process 

10 

Stability  and  Control  Analysis  Techniques 

In  process 

11 

Stability  and  Control  Parameters 

In  process 

12 

Aeroelastic  Phenomena 

1952 

Volume  5 

13 

Viscosity  Effects 

In  process 

14 

Heat  Transfer  Effects 

In  process 

15 

Properties  of  Gases 

1953 

16 

Mechanics  of  Rarefied  Gases 

1959 

Volume  6 

17 

Ducts,  Nozzles  and  Diffusers 

1964 

18 

Shock  Tubes 

1959 

19 

Wind  Tunnel  Design 

In  process 

20 

Wind  Tunnel  Instrumentation  and  Operation 

1961 

as»k 


r*rin  f  liFSTrffmwwrwifi'iXKIcncTJSIWTUmnTlWfWrafWlTOW 


Ducts,  Nozzles  and  Diffusers 


Preface 


PREFACE 


The  preface  appearing  in  Volume  1  of  the  Handbook  of  Supersonic 
Aerodynamics  defines  the  Handbook's  purpose  and  also  traces  the  sequence  of 
events  leading  to  its  undertaking.  In  accordance  with  the  criteria  established 
at  that  time,  the  subject  matter  of  the  Handbook  is  selected  on  the  basis  of 
anticipated  usefulness  to  all  who  are  actively  concerned  with  the  design  and 
performance  of  supersonic  vehicles.  Essential  to  this  subject  matter  are  the 
properties  of  fluids  in  which  a  vehicle  operates  or  is  tested  and  the  flight  char¬ 
acteristics  of  the  vehicle  itself.  Each  section  of  the  Handbook  therefore  pre¬ 
sents  appropriate  theory  and  relevant  data  which  are  basic  to  supersonic  aero¬ 
dynamics  and  which  conform  to  the  above  criteria. 

A  complete  list  of  the  Handbook  sections  and  their  status  appears 
on  the  facing  page.  The  unpublished  sections,  now  being  prepared  by  individ¬ 
ual  authors  and  the  Handbook  Staff,  will  be  published  separately  as  they  be¬ 
come  available. 

It  was  intended  that  Volume  6  of  the  Handbook  series  should  be  de¬ 
voted  to  the  design,  construction  and  operation  of  test  facilities  such  as  free 
jets,  shock  tubes  and  wind  tunnels,  from  which  facilities  a  great  deal  of  aero¬ 
dynamic  data  is  obtained.  Section  18,  "Shock  Tubes, "  was  published  in  1959; 
Section  20,  "Wind  Tunnel  Instrumentation  and  Operation,"  in  1961.  Section  17, 
"Ducts,  Nozzles  and  Diffusers, "  is  published  herewith.  Its  scope  is  somewhat 
different  from  that  originally  intended  as  it  now  includes  the  design  and  opera¬ 
tion  of  the  inlets  and  exit  nozzles  of  ramjet  engines  as  well  as  those  of  wind- 
tunnel  nozzles  and  diffusers  which  were  the  prime  interest  when  the  Handbook 
sections  were  first  outlined. 

Section  17  has  been  prepared  for  the  most  part  by  the  Handbook 
Staff.  Subsection  2.2  was  written  by  George  Rudinger  (through  the  generosity 
of  Cornell  Aeronautical  Laboratory,  Inc.).  Assistance  was  also  given  by  C.L. 
Dailey  of  Space  Technc'  ^y  Laboratories,  Inc.,  and  by  G.V.R.  Rao,  National 
Engineering  Science  Co.  The  Handbook  Staff  is  also  grateful  for  constructive 
criticism  and  helpful  advice  from  F.S.  Billig,  V.W.  Brumbaugh,  R.  H.  Cramer, 
G.L.  Dugger,  F.K.  Hill,  T.G.  Konrad,  R.A.  Makofski,  G.J.  Pietrangeli,  R.E. 
Walker  (author  of  Subsec.  6.3.2),  A. A.  Westenberg  (author  of  Subsec.  6.3.1), 
and  H.W.  Woolard,  all  staff  members  of  the  Applied  Physics  Laboratory. 

The  subject  matter  appearing  in  the  Handbook  is  selected  and  re¬ 
viewed  by  the  Technical  Reviewing  Committee  at  the  Applied  Physics  Labora¬ 
tory,  headed  by  L.L.  Cronvich.  Constructive  criticism  or  recommendations  re¬ 
lating  to  the  inclusion  of  suitable  material  in  the  Handbook  should  be  directed  to: 

Editor,  Handbook  of  Supersonic  Aerodynamics 

Applied  Physics  Laboratory 

The  Johns  Hopkins  University 

8621  Georgia  Avenue 

Silver  Spring,  Maryland 


Preface 
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The  Handbook  is  published  and  distributed  by  direction  of  the  Bureau 
of  Naval  Weapons,  Department  of  the  Navy.  It  is  available  for  public  purchase 
(see  Title  Page)  and  is  also  distributed  without  change  to  an  approved  list  of 
facilities  and  institutions  actively  engaged  in  national  defense  research  and  de¬ 
velopment.  Correspondence  relating  to  the  distribution  of  the  Handbook  should 
be  directed  to: 

Chief,  Bureau  of  Naval  Weapons 
Department  of  the  Navy 
Washington  25.  D.  C. 

Although  the  format  of  this  section  follows  in  general  that  of  the 
last  three  sections,  more  sketche  r  have  been  included,  the  appearance  has  been 
improved  by  the  adoption  of  justified  typing,  and  a  greater  degree  of  consist¬ 
ency  has  been  attained  in  the  figures. 

The  Handbook  of  Supersonic  Aerodynamics  is  edited  and  made  ready 
for  printing  by  the  Handbook  Staff,  which  includes  Mrs.  Doris  McCeney  who 
does  the  layout  work  and  types  the  reproduction  copy  arid  Mrs.  Carol  Dick, 
mathematician,  who  draws  all  sketches  and  figures  in  addition  to  the  manifold 
and  sundry  tasks  associated  with  preparing  the  manuscript. 


lone  D.  V.  Faro,  Editor 
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Introduction 


1.1 


DUCTS,  NOZZLES  AND  DIFFUSERS 


1 .  Introduction 


A  duct  is  commonly  used  for  two  functions:  either  to  conduct  a  fluid 
from  one  point  to  c  .other,  as  in  heating  and  ventilating  systems,  or  to  produce 
some  desired  change  in  the  properties  of  the  fluid,  as  in  a  wind  tunnel.  These 
separate  functions  are  sometimes  combined  in  such  applications  as  the  air  in¬ 
take  of  an  aircraft  propulsion  system. 

When  applied  to  the  simple  transfer  of  a  fluid,  duct  theory  is  con¬ 
cerned  chiefly  with  methods  of  assessing  the  penalties  incurred  in  fluid  trans¬ 
fer  (i.e.,  viscous  and  heat-transfer  effects)  and  the  means  for  minimizing  these 
penalties  by  using  such  devices  as  turning  vanes  and  heat  insulators.  The  field 
of  fluid  transfer  is  relatively  simple,  well-developed,  and  adequately  documented 
in  engineering  texts  and  handbooks.  In  this  Handbook  section,  therefore,  fluid 
transfer  as  such  is  treated  only  briefly  and  in  close  association  with  the  more 
complex  problems  of  the  flow  properties  in  a  duct  system. 

For  practical  purposes  the  use  of  ducts  to  control  flow  properties 
is  limited  to  propulsion  devices,  flow  generators  for  experimental  work  (such 
as  wind  tunnels  and  shock  tubes),  and  various  components  for  these  systems. 

1.1  Scope  ox  Contents 

This  Handbook  section  presents  the  basic  techniques  and  related  in¬ 
formation  needed  for  the  control  of  duct  flow  in  high-speed  propulsion  devices 
and  in  supersonic  and  hypersonic  wind  tunnels.  No  discussion  of  shock  tubes 
is  included  since  they  have  been  treated  fully  in  Section  18.  The  design  of 
the  complete  wind  tunnel  system  will  be  given  in  Section  19  of  the  Handbook. 

The  general  mechanical  and  thermodynamic  theory  of  steady  flow  in 
a  duct  is  simplified  as  much  as  possible  and  is  concisely  reviewed.  The  ef¬ 
fects  of  many  flow  parameters  are  analyzed  by  considering  simple  one-dimen¬ 
sional  flows  in  which  all  but  one  of  the  independent  variables  are  held  constant. 
Although  such  assumptions  are  somewhat  restrictive,  it  has  been  shown  that 
their  use  in  many  practical  problems  provides  reasonably  accurate  results. 

Non-steady,  one -dimensional  flows  are  discussed  next  and  methods 
of  solution  for  a  great  number  of  practical  problems  are  outlined.  Two-  and 
three-dimensional  flows  are  touched  upon  briefly.  Generalized  techniques  are 
presented  for  the  inclusion  of  viscous  and  heat-transfer  effects  by  means  of 
which  boundary-layer  correction  may  be  made  to  profiles  designed  for  poten¬ 
tial  flow. 


The  general  solutions  of  duct  flow  are  subsequently  applied  to  spe¬ 
cific  problems  concerning  the  air  intakes  of  jet  engines,  various  propulsion 
nozzles,  as  well  as  nozzles  and  diffusers  for  typical  supersonic  and  hyper¬ 
sonic  wind  tunnels.  The  performance  characteristics  and  efficiency  factors 
associated  with  these  systems  are  included  in  the  discussion  and  are  amply 
supplemented  by  experimental  data.  Also  presented  are  many  practical  geo¬ 
metric  modifications  and  design  techniques. 
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It  is  intended  that  this  volume  may  give  a  reasonably  comprehensive, 
and  yet  at  the  same  time,  a  concise  outline  of  each  phase  of. the  subject,  from 
simple  definitions  to  the  current  research  of  the  specialist  in  each  area.  The 
conciseness  has  been  achieved  by  omitting  those  theoretical  developments  which 
are  readily  available  in  textbooks  and  by  bearing  heavily  on  reference  material. 
In  this  way  the  reader  is  not  only  given  an  insight  into  the  present  state-of- 
the-art  but  is  also  directed  to  the  individuals  and  organizations  currently  work¬ 
ing  on  the  specialized  problem, in  which  he  may  be  interested. 
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2.1.1 


2.  Duct  Flow  Theory 

The  theories  of  internal  aerodynamics  have  been  applied  to  the 
solution  of  many  practical  problems  which  involve  neither  separated  flow  nor 
wake  effects.  Experimental  data  have  been  utilized  to  supplement  existing  theory 
and  to  establish  empirical  equations  for  channel  flows  with  heat  addition  and  in 
the  presence  of  viscous  effects  and  flow  separation.  Simple  duct  flow  theory 
has  been  used  extensively  to  compile  working  charts  and  tables. 

The  material  presented  in  this  subsection  is  arranged  in  the  order 
of  increasing  complexity.  One-dimensional  steady  flow  is  treated  first,  one¬ 
dimensional  transient  flow  is  discussed  next,  and  the  theory  of  two-dimensional 
steady  supersonic  flow  is  presented  last.  The  only  theoretical  developments  to 
be  included  are  those  not  readily  available  either  in  aerodynamic  textbooks  or 
scientific  journals. 

2.1  One-Dimensional  Steady  Flow 


The  fundamental  differential  equations  of  compressible  flow  have 
been  derived  in  Section  2  of  the  Handbook  (Ref.  1),  and  expressed  in  Cartesian, 
cylindrical,  and  spherical  coordinates .  Nearly  a  hundred  valuable  relations  con¬ 
necting  the  flow  parameters  have  been  obtained  by  using  one  or  more  of  a  num¬ 
ber  of  simplifying  assumptions.  These  are  listed  in  Section  2,  and  many  of  the 
relevant  ones  will  be  repeated  as  the  present  section  progresses. 

In  Section  4  (Ref.  1),  general  equations  for  one-dimensional  flow 
have  been  derived.  These  include  the  effects  of  a  continuous  variation  of  molec¬ 
ular  weight  and  specific  heat,  as  well  as  heat  and  mass  addition,  change  of  state, 
and  the  presence  of  drag  and  frictional  forces.  Tables  of  Influence  Coefficients 
are  included  to  assist  in  the  numerical  integration  of  the  equations  and  enable 
one  to  proceed  from  a  known  set  of  conditions  to  an  unknown  set.  Since  one¬ 
dimensional  flow  assumes  constant  properties  across  any  section  perpendicular 
to  the  flow  direction,  it  is  only  an  approximation  to  realistic  flow  in  which  vis¬ 
cous  effects  produce  velocity  gradients  normal  to  the  surface.  It  has,  however, 
been  shown  experimentally  that  the  equations  of  one-dimensional  flow  introduce 
no  significant  errors  into  many  practical  problems.  The  specific  conditions 
under  which  the  errors  are  negligible  are  listed  in  Section  4,  Subsec.  2  (Ref.  1). 
Methods  have  been  developed  by  means  of  which  the  isentropic  flow  equations 
may  be  corrected  to  include  viscous  effects  (Subsec.  2.4)  and  to  account  for  the 
presence  of  normal  and  oblique  shocks  (Subsec.  2.1.6). 

After  the  basic  characteristics  of  the  flow  patterns  described  by 
the  general  equations  of  Section  4  have  been  outlined,  the  equations  are  simpli¬ 
fied  by  the  introduction  of  constant  values  for  the  molecular  weight  and  the 
specific  heat.  When  all  independent  variables  but  one  are  held  constant,  simple 
types  of  flow  may  be  analyzed. 

2. 1. 1  Area  Variation 

A  useful  model  of  simple  isentropic  flow  for  most  practical  prob¬ 
lems  is  that  in  which  only  the  duct  cross-sectional  area  varies.  Although  such 
flow  is  discussed  fully  in  Section  4,  many  of  the  basic  equations  are  repeated 
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in  this  section  where  they  will  be  used  frequently. 


The  most  fruitful  are  the  relationships  between  the  flow  properties 
at  any  cross  section  and  those  in  either  the  stilling  chamber  or  the  throat.  In 
the  stagnation  or  stilling  chamber,  the  velocity  is  assumed  to  be  zero  and  the 
gas  properties  are  designated  by  subscript  t.  In  the  throat  the  velocity  is  as¬ 
sumed  to  be  equal  to  the  local  speed  of  sound  and  the  gas  properties  are  desig¬ 
nated  by  an  asterisk.  The  most  useful  forms  of  these  relationships  are: 


and 


-1  • 


£- 
P  t 


(2-2) 

(2-3) 


Properties  without  any  subscripts  are  free-stream  (static)  values  and  often  carry 
the  subscript  «  to  distinguish  them  from  local  properties. 

Another  relationship  much  used  in  the  analysis  of  duct  flows  is 
m  =  pVA  =  Apift  [Ttl-1/2  (2-5) 


where 

A  =  g(y/R)  1/2  m(i  +  M*)  7  (2-6) 

Tabulations  and  graphs  of  the  variables  of  Eqs.  2-1  to  2-6  are  to 
be  found  in  Refs.  1  and  21  to  34.  The  range  and  frequency  of  the  dependent 
variables  in  the  referenced  tables  are  listed  in  Appendix  A.  Shorter  forms  of 
isentropic  flow  tables  are  found  in  many  textbooks. 

The  effect  of  the  viscous  forces  (neglected  in  the  above  equations) 
may  be  accounted  for  by  means  of  the  boundary-layer  corrections  which  are  dis¬ 
cussed  in  Subsec.  2.4.  Discontinuous  entropy  changes  may  be  included  by  use 
of  normal-shock  theory. 

For  non-isentropic  or  non-adiabatic  flows,  Eq.  2-4  can  be  gener¬ 
alized  the  same  way  as  Eqs.  2-1,  2-2,  and  2-3  by  introducing  the  concept  of 


mcn»nmjnnfBi 
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local  stagnation  and  sonic  conditions.  The  local  stagnation  pressure  is  defined 
as  that  which  would  be  attained  if  the  local  flow  were  brought  isentropically  to 
rest;  the  local  sonic  throat  is  the  area  which  the  local  stream  tube  would  have 
if  the  flow  were  conducted  isentropically  to  a  sonic  speed.  In  adiabatic  dissi¬ 
pative  flows,  it  can  be  shown  that  for  two  stations,  1  and  2,  in  the  same  channel 


A*j 


A*7 


_  *t. 


(2-7) 


i.  e.,  the  local  sonic  area  for  this  case  is  defined  in  terms  of  the  local  stag¬ 
nation  pressure. 
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Temperature  Variation 


The  continuous  change  of  temperature  m  a  constant-area  duct  is 
treated  fully  in  Section  4,  Subsec.  5g  (Ref.  1).  From  the  differential  equa¬ 
tions  given  therein,  the  following  useful  equations  are  derived: 


Tt  _  2 (y  +  1)  M2  (l  +  M2) 


Tt 


( 1  +  y  M2) 


(2-8) 


v  =  lr_Ll)...M2 

V*  1  +  y  M2 


_  y  +  1 
77? 


2  fl  +  M2 


and 


1  +  y  M2  L  y+i 


5 


A 


(2-9) 


(2-10) 


T  _  (y  +  1) 2 
T*  -  - 


(1  +  y  M2) 


(2-11) 


where  the  starred  symbols,  as  usual,  represent  a  condition  in  the  uniform  duct 
where  the  flow  is  sonic.  Values  of  T^/Tt,  T/T*,  p^/pt,  p/p*,  and  V/V*  are 
tabulated  in  Refs.  1  and  29  for  a  wide  range  of  values  of  M  and  y  (see  Ap 


dix  A). 


Appen- 


The  above  equations  and  the  tables  derived  from  them  may  be 
used  to  compare  the  flow  properties  at  any  two  stations,  1  and  2,  along  the 
duct.  One  such  comparison  is  shown  in  Fig.  2-1  where  the  relationship  be¬ 
tween  M,  and  Ma  for  various  values  of  the  ratio  T.  /T.  is  plotted.  From  this 

Is  I] 

graph  it  may  be  seen  that  for  each  value  of  Mx  there  are  two  theoretical  values 
of  RJS,  the  physical  meaning  of  which  will  be  discussed  later. 


Although  the  assumption  of  a  continuously  changing  temperature 
lends  itself  to  analytical  treatment  it  has  limited  practical  application.  It  may, 
for  instance,  be  used  where  the  working  fluid  of  a  wind  tunnel  is  heated  by 
means  of  radiation  either  from  the  tunnel  walls  or  from  a  heater  inserted  in 
the  flow.  In  ramjets  and  most  wind  tunnels,  the  heat  addition  is  not  continuous 
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along  the  duct  but  takes  place  within  a  finite  length.  Furthermore,  in  the  ram¬ 
jet,  heat  addition  is  associated  with  mass  addition  and  changes  in  the  thermo¬ 
dynamic  properties.  However,  an  adequate  theory  for  a  simple  discontinuous 
heat  addition  may  be  developed  by  assuming  that  the  heat  is  added  instantane¬ 
ously  at  some  station  along  the  duct,  or  else  that  it  is  added  continuously  be¬ 
tween  two  stations  of  equal  area  in  a  channel  whose  area  is  varying  slowly. 

Whenever  the  station  at  which  heat  addition  begins  is  equal  in 
area  to  the  station  at  which  heat  addition  terminates,  the  flow  characteristics 
before  and  after  heat  addition  are  independent  of  the  channel  configuration  be¬ 
tween  the  two  stations.  The  relationship  between  the  Mach  numbers  at  the  two 
stations  is  thus  also  represented  by  the  curves  of  Fig.  2-1.  In  simple  sub¬ 
sonic  combustion  or  deflagration,  i.e.,  M,  <  1  and  T.  >T.  ,  the  value  of  M2 

t2 

is  always  subsonic  but  greater  than  Mlt  When  M2  reaches  the  sonic  value, 
the  flow  is  choked  and  the  mass  flow  reduced  to  a  level  at  which  it  can  sup¬ 
port  the  given  temperature  rise,  and  hence  in  Fig.  2-1  the  curves  extending 
beyond  M2  =  1  are  imaginary.  Heat  addition  in  supersonic  flow  may  be  ac¬ 
companied  either  by  a  weak  detonation  (solid  lines)  or  a  strong  detonation 
(dashed  lines).  In  the  first  case,  the  flow  downstream  of  the  heat  addition  is 
supersonic;  in  the  second,  the  downstream  flow  is  subsonic. 

The  strong  detonation  apparently  combines  the  effects  of  combus¬ 
tion  with  those  of  a  normal  shock.  Considering  any  two  points  such  as  A  and 
B  for  which  both  M,  and  T,  /T,  are  the  same,  it  will  be  seen  that  the  SUb- 

12  ti 

sonic  Mach  number,  Mg,  is  always  that  which  would  occur  downstream  of  a 
normal  shock  at  the  supersonic  Mach  number,  M^,  showing  that  a  strong  det¬ 
onation  has  the  same  effect  on  the  Mach  number  as  a  thermal  discontinuity  fol¬ 
lowed  by  an  adiabatic  normal  shock.  The  maximum  temperature  rise  that  can 
be  sustained  in  a  flow  is  that  which  produces  a  downstream  sonic  flow.  Such 
a  detonation  is  known  as  a  Chapman-Jouguet  detonation.  Typical  C-J  points 
are  noted  on  Fig.  2-1. 

The  value  of  the  temperature  rise  at  the  C-J  point  has  been 
plotted  against  Mj  in  Fig.  2-2.  "y  compar  ison  with  Fig.  2-1  it  may  be  seen 
that  in  Fig.  2-2  the  supersonic  Mach  numbers,  M1(  are  the  minimum  values 

that  will  support  the  given  temperature  rise,  whereas  the  subsonic  values  are 

maximum  ones. 

The  phenomenon  of  detonation  was  observed  independently  by 
Chapman  (Ref.  45)  and  Jouguet  (Ref.  46)  while  measuring  the  rate  of  propaga¬ 
tion  of  a  deflagration  flame  front  in  a  coiled  glass  tube  filled  with  hydrogen 
and  oxygen.  Under  certain  conditions  the  rate  was  observed  to  increase  sud¬ 
denly  by  several  orders  of  magnitude.  Since  this  early  work,  extensive  mea¬ 
surements  have  been  made  of  detonation  wave  velocity  in  various  gas  mixtures 
using  the  shock-tube  technique  (e.g. ,  Ref.  47),  and  numerous  calculations  have 
also  been  made,  the  most  recent  and  extensive  being  those  of  Eisen,  Gross, 

and  Rivlin  (Ref.  48).  An  excellent  summary  of  the  recent  work  in  gaseous 

detonation  is  presented  in  Ref.  49  which  also  includes  an  extensive  bibliography. 


Zeleznik  and  Gordon  in  Ref.  50  present  a  general  iterative  method 
by  which  detonation  parameters  may  be  obtained  for  any  chemical  reactants.  A 
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procedure  is  also  described  for  obtaining  initial  estimates  of  the  detonation 
temperature  and  pressure.  Results  of  calculations  for  a  hydrogen-oxygen  sys¬ 
tem  show: 

1)  Increasing  the  initial  pressure  increases  the  detonation  velocity, 
pressure  ratio,  and  temperature  ratio. 

2)  Increasing  the  initial  temperature  decreases  the  detonation  ve¬ 
locity,  pressure  ratio,  and  temperature  ratio,  and 

3)  Increasing  the  initial  enthalpy  increases  the  detonation  velocity, 
pressure  ratio,  and  temperature  ratio. 

Although  the  detailed  chemical  kinetics  of  detonation  are  obscure 
the  macroscopic  phenomenon  is  easy  to  picture.  In  normal  deflagration,  heat 
addition  is  accompanied  by  a  slight  pressure  drop.  Disturbances  superimposed 
on  the  steady  phenomenon  result  in  a  divergent  coupling  of  pressure  rise,  which 
climaxes  in  detonation. 

From  an  intuitive  standpoint,  the  downstream  sonic  condition 
seems  reasonable.  If  the  flow  were  locally  subsonic  the  pressure-combustion 
coupling  mechanism  which  initiated  detonation  would  continue  to  communicate 
through  the  subconic  flow  to  the  shock  wave  and  generate  an  increased  pressure 
rise.  If  the  flow  were  supersonic  the  combustion  zone  would  be  isolated  from 
the  wave  front  and  would  be  attenuated  to  the  C-J  condition. 

It  may  also  be  seen  from  Fig.  2-1  that  increasing  the  value  of 
T,  /T.  increases  the  Mach  number  at  which  detonation  occurs.  The  temper a- 

t2  tj 

ture  rise  may  be  expressed  by 

Tt  /Tt  =  1  +  (2-12) 

t2  t,  cp  Tt, 


where  Q  is  the  heat  addition. 

From  Eq.  2-12  it  follows  that  the  detonation  Mach  number  must 
increase  as  the  ratio  of  combustion  heat  release  to  the  initial  stagnation  en¬ 
thalpy  increases.  For  example,  the  detonation  Mach  number  in  a  fuel-air  mix¬ 
ture  of  constant  ratio  must  increase  as  the  initial  temperature  of  the  mixture 
decreases;  for  a  mixture  at  a  constant  temperature  the  detonation  Mach  num¬ 
ber  must  increase  with  increasing  fuel-air  ratio. 

It  is  sometimes  helpful  to  express  the  dependence  of  the  detona¬ 
tion  Mach  number  on  the  initial  static  temperature  and  fuel-air  ratio.  The 
nomenclature  is  shown  by  the  sketch  below. 
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From  Eq.  2-11  one  may  easily  obtain 

1  +  Y  Mr)2  , _ 

—5 — —  =  (1  +  r)  VTz/T,  (2-13) 

mD 

Combining  Eqs.  2-1,  2-12,  and  2-13  one  obtains  the  following  expression  re¬ 
lating  detonation  Mach  number  and  upstream  temperature: 


T,  = 


Q/c 


P 


(i  +  y  md2) 

2 (y  +  l)  Mp2 


(2-14) 


As  an  illustrative  example, 
a  heat  release  of  18,000  JBTU/lb.  Thus, 


consider  a  hydrocarbon  fuel  having 


Q  _  18,000  f/a  _  7.5  x  10*  f/a 

c  0.24  (T  +  f/a)  1  +  f/a 

r 


where 

c  =  0.24  BTU/lb°F 

r 

f/a  =  fuel-air  ratio. 

A  plot  of  Eq.  2-14  using  this  value  of  Q  is  shown  in  Fig.  2-3 
for  f/a  =  0.02,  0.04,  and  0.06,  and  y  =  1.4.  It  is  seen  that  the  upstream  tem¬ 
perature  required  for  detonation  increases  rapidly  with  decreasing  Mach  num¬ 
ber  in  the  low  supersonic  regime  but  more  gradually  as  the  Mach  number  in¬ 
creases.  The  temperature  at  any  Mach  number  is  approximately  proportional 
to  f/a  when  f/a  is  small  compared  to  unity.  Although  this  analysis  neglects 
real-gas  effects  and  therefore  is  oversimplified,  it  nevertheless  serves  to  dem¬ 
onstrate  the  principal  features  of  C-J  detonation.  For  more  precise  calcula¬ 
tions  see  Ref.  48,  and  for  experimental  data  see  Ref.  47. 

2. 1. 3  Heat  and  Mass  Addition 

In  the  preceding  subsection  the  temperature  was  assumed  to  vary 
without  the  addition  of  fuel  and  without  any  subsequent  effect  on  the  chemical 
properties  of  the  gas.  The  more  realistic  case  of  both  heat  and  mass  addi¬ 
tion  within  a  limited  region  of  a  constant-area  duct  is  analyzed  in  Section  4, 
Subsec.  6  (Ref.  1).  Several  simplifications  are  made  to  the  general  equa¬ 
tions.  It  is  assumed  that  all  changes  take  place  between  control  stations  which 
are  of  equal  cross  section.  It  is  also  assumed  that  the  specific  heat,  c^,  of 

the  initial  fluid  does  not  vary  with  temperature  but  is  dependent  only  upon  the 
chemical  composition.  Errors  may  be  minimized  by  choosing  c  at  a  mean 
flow  temperature.  ** 
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In  the  sketch  below,  the  equal-area  control  stations  are  designated 

as  1  and  2. 


The  added  fuel  may  be  partly  gaseous  and  partly  liquid  and  may  be  injected  at 
a  velocity  different  from  that  of  the  initial  stream.  The  following  summary 
equations  are  taken  from  Ref.  1. 


Pz 

p7 


1  +  y2  m2! 


(2-15) 


Pt  _  P2 


[■* 


y2  -  1 
- 2 - M2J 


[l  + 


Yz  M2‘ 

r,  m,: 


(Pz/P,)2 


^u,ylr‘-u 

.  (*  +  zze:  m*8)  (* 

Y  i  “  1 


(l  +Ii_2_M18) 


/ W2\  /  m  j  V 

\yrj  \m2  / 


where 


w 


molecular  weight 


(2-16) 


(2-17) 


CD  =  drag  coefficient  (based  on  cross  section  of  the  duct) 
of  bodies  immersed  in  the  flow 

m  =  mass  flow  rate 
i - fuel - - 


m2  =  m,  +  m 


+  m. 


I  O  HI  «  1  *»* '  111  A  •  _ 

2  1  gas  iiq 

y  =  velocity  ratio  of  injected  fuel  to  primary  stream  (V,) 


VE  \  *  V_j  *1 
V,  (m„  +  m ,) 


(V  =  streamwise  component  of  velocity). 


The  quantities  relating  M  and  y  which  appear  in  Eqs.  2-15  to  2-17  may  be 
found  in  Ref.  1  for  y  =  1.0,  1.1,  1.2,  1.4,  and  1.67.  Many  calculations  have 
been  made  for  the  special  cases  of  y  =  0  and  y  =  1,  i.e.,  where  the  fuel  is 
injected  with  zero  velocity  and  where  its  forward  velocity  is  equal  to  that  of 
the  primary  stream.  Tabulated  values  are  given  in  Refs.  31  and  32  (see  Ap¬ 
pendix  A). 
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Equations  2-15  to  2-17  assume  that  the  flow  downstream  of  Sta¬ 
tion  2  is  homogeneous.  A  further  parameter,  K,  may  be  introduced  to  repre¬ 
sent  the  mass -fraction  of  the  total  exhaust  products  which  are  non-gaseous, 
but  which  move  with  the  same  velocity  as  the  exhaust  gases  and  have  the  same 
temperature.  For  the  case  of  fuel  addition  (zero  momentum)  Eq.  2-15  becomes 


_  1  +  G  "  t)  M>2  _  f*(M’  y’  CD> 

,  ,  „  a  ~  (M,  y,  K) 


(2-18) 


1  +  r~r  v  m2‘ 


where 


fi(M,  r,  CD)  =  1  +(  1  -  -f  \y 


2 


Equation  2-16  becomes 


f8(M,  Y,  K)  -  1  +  M2 


(  72  "  1  a\ 

U  +  - 2—  M2aJ 


_  i  \y8/(r2-i) 


pt2/Pti  =  P>/Pl  .  ■_  ■■  \yl/(y1-i) 

(l  +  --  IS ---  M  2 


(2-19) 


_  f3(M,  y,  K) 
Pt2/Pt,  f4('M,  Y>  CD) 


where 


fs(M,  y,  K)  = 


_  (i  »■)' 


/(y-l) 


■  +  T^k”! 


f.(«,  y,  cD) 


.  (i  ♦  h1 


Equation  2-17  becomes 


‘4-*) 

/  y»  -  l 
V1+-T-» 


y2  m22  m  +  — y 

(  1  +  - IV 


«,.)  *'<1  + 


!  (i  -  K)~ 

i(l+  f/a)2 


where 


m2  -  iDj 

f/a  =  fuel-air  ratio  =  - — —  in  previous  notation. 


(2-20) 


Equation  2-20  may  be  rewritten  as: 


(1  +  f/a)  (W j/W2  •  Tta/rt  )  7  f6(M,  y,  CD)  =  f e ( M,  Y,  K) 


n  *’ *.»•*  rt 
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where 


f  s  ( M>  y,  cD)  = 


M 


1  + 


and 


(i  - 


fe(M,  y,  K) 


)/y«  (l"  -2— g--  M2) 


1  -  K  +  y  M2 


The  functions  fi,  f8,  f3,  f^,  f3,  and  f6  are  presented  in  Figs.  2-4 
to  2-11.  The  solution  of  Eqs.  2-18  to  2-20  require  that  the  following  be  known: 

1.  The  characteristics  of  gas  entering  Station  1,  i.e.,  M,  T,  y,  and 
R.  These  are  assumed  to  be  known  functions  of  the  channel 
geometry,  stagnation  conditions  and  the  gas  employed  (usually 
air). 

2.  The  characteristics  of  the  exhaust  gases, T,  y,  and  R  at  Station  2. 
These  are  given  in  Figs.  2-12  through  2-17  as  a  function  of  in¬ 
let  temperature,  T),  and  the  equivalence  ratio,  ER.  The  equiva¬ 
lence  ratio  is  the  ratio  between  the  actual  value  of  the  .fuel-air 
ratio,  (f/a)actual,  and  the  stoichiometric  value,  (f/a)stoicht-  The 

inlet  temperatures  shown  in  Figs.  2-12  to  2-17  are  static,  temper¬ 
atures  as  used  in  Eqs.  2-13  and  2-14.  However,  since  combus¬ 
tion  usually  takes  place  at  low  flow  velocity,  there  is  very  little 
difference  between  the  inlet  stagnation  temperature  required  in 
Eq.  2-20  and  the  inlet  static  temperature. 

3.  The  mass  fraction,  K,  of  unburnt  fuel  in  liquid  or  solid  form  in 
the  exhaust  gases.  This  is  shown  as  a  function  of  the  equiva¬ 
lence  ratio  in  Fig.  2-18.  Values  of  ER  have  to  be  assumed  at 
this  time. 

Figures  2-12  to  2-18  were  prepared  from  data  taken  from  Refs.  39,  51,  and  52. 

In  the  above  discussion  it  was  assumed  that  the  relationships  be¬ 
tween  the  flame  temperature,  the  ratio  of  specific  heats,  and  the  equivalence 
ratio  are  independent  of  pressure.  Figures  2-19  and  2-20  (derived  from  Ref.  53) 
show  the  variation  of  flame  temperature  and  of  y  with  ER  at  pressures  of  0. 1, 

1,  and  5  atm  and  thus  indicate  the  extent  of  error  incurred  by  assuming  that 

these  parameters  are  independent  of  pressure.  For  propane  gas  with  an  inlet 
temperature  of  540°R  the  maximum  variation  (at  ER  =  1)  of  the  ratio  of  the 
specific  heats  is  about  0.4%;  for  the  flame  temperature  the  maximum  varia¬ 
tion  is  5%  in  the  pressure  range  of  0. 1  to  5  atm  Except  for  the  values  in 

the  region  of  ER  =  1.0  the  effect  is  negligible. 

*  Ratio  giving  cc  plete  oxidation  and  reduction. 
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2.1.4  Steadily  Moving  Temperature  Discontinuities 

In  the  preceding  subsections  it  has  been  assumed  that  the  heat 
and  mass  additions  take  place  between  two  fixed  stations  in  a  duct.  The  prob¬ 
lem  of  a  flame  front  (or  pressure  wave)  which  moves  at  a  uniform  rate  is  ana¬ 
lyzed  and  discussed  in  Section  4,  Subsecs.  6  and  7  (Ref.  1). 

2.1.5  Heat  Addition  in  a  Channel  of  Varying  Area 

The  case  of  heat  addition  between  unequal  areas  may  be  treated 
by  assuming  that  the  upstream  flow  passes  a  fictitious  station  having  the  same 
area  as  the  exit  station.  To  determine  the  flow  characteristics  after  heat  ad¬ 
dition,  the  momentum  equation  is  applied  between  the  fictitious  station  and  the 
actual  exit  station.  The  flow  conditions  at  the  fictitious  station  and  the  drag 
force  between  the  fictitious  and  actual  inlet  stations,  which  must  be  included 
in  the  total  drag,  are  obtained  from  the  isentropic  flow  equations. 

Waiter  (Ref.  54)  has  analyzed  the  flow  properties  of  heat  addi¬ 
tion  in  a  supersonic  nozzle  as  illustrated  below. 


Stagnation 

Chamber 


Region  of 
Heat 
Addition 


Test 

Section 


His  technique  employs  a  Mollier  diagram  of  the  working  gas  and  is  based  on 
the  assumptions  of  the  one-dimensional  steady  frictionless  flow  of  a  gas  which 
is  always  in  thermodynamic  equilibrium.  The  heat  source  input  is  constant 
with  time  and  with  distance  along  the  nozzle  axis.  In  addition  to  heating  in  a 
constant-area  section  (as  in  Subsecs.  2.1.2  and  2.1.3),  Waiter  considered  con¬ 
stant  Mach  number  and  constant-pressure  regimes.  These  three  correspond 
to  decelerating,  accelerating,'  and  constant-speed  flow.  His  solutions  were 
obtained  for  a  test  section  of  M  =  15.65,  p,  =  100  atm,  and  T.  -  2000°K,  but 

t  -x  h 

the  method  may  be  applied  directly  for  other  flow  parameters  with  nitrogen  as 
the  working  fluid  and  easily  modified  for  any  other  gas  whose  thermodynamic 
properties  are  known. 


2.1.6  Adiabatic  Normal  Shock 


Equations  2-15  to  2-17  may  be  much  simplified  for  the  case  of 
an  adiabatic  normal  shock,  i.e.,  one  in  which  Tt,  W,  m,  and  y  are  not  changed 

through  the  shock,  and  CD  =  0.  The  most  useful  forms  of  the  shock  equations, 

derived  from  the  above  considerations,  are  as  follows: 


M 


z 

z 


r  M.i  -  -£-^2 


(2-21) 
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vj. 


Pz 

p7 


Mi2 


y  -  l 

y  +  1 


(2-22) 


P2  —  Pi  ov 

— — ’-rH  <m.8-  » 


(2-23) 


pt. 

_.2y  M  2  y-1 

1 

yrx 

(y  -  1)  M, 2  +  2 

y  +  i  1  1  y  +  1 

(y  +  l)  Mj2  _ 

y-1 


( 2-24) 


Tables  of  normal- shock  relations  are  found  in  Refs.  1,  21,  22,  25,  and  27, 
and  the  data  are  shown  graphically  in  Ref.  23  (see  Appendix  A). 


2. 1. 7  Hypersonic  and  High-Temperature  Flows  in  Ducts 


The  above  treatment  of  one-dimensional  theory  for  adiabatic  and 
non-adiabatic  flows  is  limited  to  the  range  of  temperature  within  which  the 
assumption  of  a  perfect  gas  is  not  violated,  i.e.,  the  gas  obeys  the  thermal 
equation  of  state,  p  =  pRT,  and  has  constant  values  of  the  specific  heats,  c^  and 

c  .  Although  most  supersonic  applications  remain  within  this  regime,  at  hy¬ 
personic  speeds  the  gas  imperfections  may  no  longer  be  ignored. 


Gas  imperfections  may  be  either  thermal  or  caloric.  .  The  ef¬ 
fects  of  thermal  imperfection  in  wind  tunnels  appear  primarily  when  a  gas  is 
at  or  near  the  condensation  point  and  are  usually  negligible  except  at  the  low 
densities  and  temperatures  encountered  in  a  hypersonic  wind  tunnel.  When  the 
working  fluid  of  a  wind  tunnel  is  heated  enough  tcf  avoid  actual  condensation  of 
any  or  all  of  the  gas  elements  at  every  point  along  the  nozzle,  then  the  fluid, 
even  near  the  critical  point,  behaves  essentially  as  a  perfect  gas.  For  most 
practical  purposes,  all  gases  may  be  regarded  as  thermally  perfect. 


:  I 


Caloric  imperfections  appear  when  the  temperature  is  high  enough 
(about  1000°R  for  air)  to  excite  the  intra-molecular  modes  of  energy  absorption. 
In  the  order  of  increasing  critical  temperature  these  modes  are  vibration,  dis¬ 
sociation,  and  ionization.  The  temperatures  encountered  in  aerodynamic  calcu¬ 
lations  are  rarely  high  enough  to  involve  excitation  of  the  higher  energy  modes 
associated  with  the  nuclei. 


In  the  temperature  range  for  which  vibration  is  the  only  mode  of 
caloric  imperfection,  representation  of  the  molecule  as  a  simple  harmonic  os¬ 
cillator  adequately  accounts  for  the  temperature  dependence  of  specific  heats. 
Although  the  theory  becomes  unwieldy,  the  resulting  analytical  expressions  can 
be  incorporated  in  the  one-dimensional  theory  and  the  results  presented  as  cor¬ 
rections  to  the  perfect -gas  curves. 
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Reference  22  gives  all  the  equations  necessary  for  calculating  the 
flow  properties  of  a  calorically  and  thermally  imperfect  gas  and  a  calorically 
imperfect,  thermally  perfect  gas  at  temperatures  up  to  50009R.  For  the  cal¬ 
orically  imperfect,  thermally  perfect  gas,  charts  are  given  which  give  a  cor¬ 
rection  factor  as  a  function  of  Mach  number  for  the  following  properties:  V/a*, 
T/Tt,  p/pt,  p/pt>  q/pt>  and  A/A*.  Correction  factors  are  also  given  for  the 

flow  properties  associated  with  a  normal  and  an  oblique  shock. 


For  the  temperature  range  above  that  for  excitation  of  vibration 
only,  no  analytical  representation  of  these  functions  is  possible,  and  it  becomes 
necessary  to  resort  to  iterative  methods  of  calculation.  For  further  discussion 
of  this  subject,  see  Refs.  7,  55,  and  56.  Effects  of  dissociation  and  recom¬ 
bination  are  treated  briefly  in  Subsec.  6.3. 


2. 1.8 


One -Dimensional  Treatment  of  Non-Uniform  Flow 


In  most  practical  cases  of  steady  duct  flow,  a  well-developed 
boundary  layer  will  produce  a  velocity  distribution  which  is  far  from  uniform 
at  any  cross  section.  Even  under  these  conditions  it  is  possible  to  adapt  one¬ 
dimensional  theory  to  predict  flow  characteristics  at  various  sections.  To  do 
so  the  constant  values  of  the  fluid  properties  at  each  station  are  replaced  by 
some  form  o'  average  values.  Simple  arithmetical  averages  of  p,  T,  and  V 
over  the  area,  although  often  used,  are  not  realistic  since  they  give  equal  em¬ 
phasis  to  the  midstream,  high-velocity  unit  of  area  and  to  the  unit  of  area  near 
the  wall,  where  the  velocity  is  approaching  zero. 


Two  questions  need  to  be  answered.  How  does  one  define  the 
average  value  of  any  flow  property  at  the  required  cross  section?  What  is  the 
magnitude  of  the  difference  between  such  average  values  and  those  determined 
from  the  simple,  uniform,  one -dimensional  flow  equations? 


M"in  values  of  the  flow  properties  at  the  station  in  question  may 
be  derived  from  the  assumption  of  continuity  of  mass  flow,  of  momentum,  or 
of  energy.  11  may  be  shown  that  no  definition  can  satisfy  all  continuity  condi¬ 
tions  simultaneously.  In  each  case  the  mean  values  will  be  somewhat  different. 
The  choice  of  a  basic  assumption  will  depend  on  the  type  of  problem.  For 
flow  h  .he  ducts  of  a  ramjet,  where  a  knowledge  of  the  mass  flow  is  of  im¬ 
portance,  a  good  choice  would  be  to  define  the  averages  in  such  a  way  as  to 
preserve  a  realistic  mass  flow. 


Tyler  in  Ref.  57  has  assumed  a  constant  mass  flow  and  derived 
a  set  of  average  values  of  the  flow  properties  in  a  duct  of  circular  cross  sec¬ 
tion  (radius  r)  in  which  the  isentropic  flow  model  is  modified  onlv  by  the  as¬ 


sumption  of  a  friction  boundary  layer, 
layer  of  thickness  6  is  given  by 


The  velocity  distribution  in  the  boundary 


V' 


(y/6) 


»/n 


for  0  £  y  £  * 


and 


=  1 


for  y  >  6 


(2-25) 
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where 


V'  =  free-stream  velocity  (usually  designated  Vj 
at  the  station  in  question 

y  =  distance  from  the  duct  wall. 

The  value  of  the  exponent,  n,  is  discussed  in  Subsec.  2.4.  Although  Eq.  2-166 
relates  n  to  the  Reynolds  number,  a  value  of  n  =  7  is  frequently  used  (as  in 
these  calculations)  over  a  wide  range  of  Reynolds  numbers. 


The  static  pressure  and  the  total  temperature  are  assumed  to  be 
constant  over  each  cross  section.  The  correction  factors  are  defined  by  the 


following  equations: 

£  V6A  =  ??V A 

i.e., 

E  pV2 6A  =  £apV2A 

i.e., 

E  pV36A  =  f3pV3  A 

i.e., 

and 

T  pV6 A  =  pVA 

since 

The  correction  factors  are  obtained  : 

r?  =  Y0/Y , 

1 

2n  +  1 

and 

*i  =  ( 

liTT  I  (W2  ~  n“TT  (6/r)  +  1 


( 2-26) 


( 2-27) 


where 


Yi  =  zi  ~  ( 6/r)  Z.+n  +  ( 1  -  6/r) 


(2-28) 


and 


2('6/r)  y  (JtjZSL. 
1  1  +  M*  2  ^  \1  +  =rM7 


Z,  = 


2j  +  i  +  n 


(2-29) 


Values  of  Y0,  Y1?  Y2 ,  and  Y3  are  given  in  terms  of  M'  and  5/r  in  Figs.  2-21 
to  2-24.  From  these  all  other  parameters  may  be  derived.  The  Y's  have 
been  calculated  for  values  of  6/r  from  0  to  1.0,  i.e.,  to  fully-developed,  tur¬ 
bulent,  pipe  flow.  However,  for  the  Reynolds  number  range  of  most  super¬ 
sonic  applications  the  value  of  b/v  varies  from  about  0.01  to  0.1.  Therefore, 
enlarged-scale  graphs  of  the  Y's  are  included  for  this  range  of  boundary-layer 
thickness. 
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The  flow  properties  in  the  free  stream  (i.e. ,  outside  the  boundary 
layer)  are  designated  by  primed  symbols.  In  most  practical  cases,  p*  and  p£ 

are  measured  and  M'  is  then  derived  from  isentropic  flow  equations  (see  Ap¬ 
pendix  A).  The  average  flow  functions  are  given  by  the  following  equations: 


p  =  p 


'  =  V/R 7y  •  m/A  .  V^/(Y,M’ )  ^1  +  ( 


p  =  1/j/yR  •  m/(A/f~) 


•  ‘  Yc(l^M-) 

Y0(l  +  M’2) 


/2 


Y,  M» 


v  =  yyk 


Yt  M* 


Vo  1 


+  2L“  .1 


<f  2  1 


VT2' 


tn  j/T7  (1  +  y  Y2  M’  2) 
F  ytif 


1  +  y  *■  M’  2 


172 


_2  €a  V  Y2  M’2  Y3  Y0 

M  =  - -  =  - - - - —  =  _ — .  M’  2 


yR  r?T 


Kz  V  Y,  rj 


2-30) 


(2-31) 


(2-32) 


(2-33) 


(2-34) 


(2-35) 


A  further  useful  relationship  derived  from  the  expression  for  mass  flow  is 


m/A  •  •  yTt/y  =  Yj  p],  M’ 


(‘ 


(2-36) 


An  indication  of  the  magnitude  of  the  correction  factors  is  best  seen  by  a  com¬ 
parison  of  the  average  quantities  wit]:  those  measured  in  the  isentropic  core. 
By  assumption  p/p'  =  1.  Values  _of  M/M1  calculated  from  Eq.  2-35  are  shown 
in  Fig.  2-25.  The  density  ratio,  p/p'  =  Yoj  may  therefore  be  found  as  a  func¬ 
tion  of  M'  and  6/ r  in  Fig.  2-21.  Since  T/T'  =  1/Y0i_  it  may  also  be  readily 
obtained  from  the  same  figure.  The  velocity  ratio,  V/V'  =  Yx/Y0,  is  shown 
in  Fig.  2-26. 


A  comparative  measure  of  the  thrust  is  found  by  taking  the  thrust 
per  unit  of  effective  area,  i.e.,  (f/A)  (A'/F')  where  A'  is  the  area  of  the  core 
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of  isentropic  flow  [iKt  -  6)2]. 


The  thrust,  F',  is  given  by 


F'  =  A'  p'(l  +  yM12) 


(2-37) 


and  hence,  by  use  of  Eqs.  2-34  and  2-37 


fl  +  y  Y2  M'  2) 

(F/A)  (A’/F’)  =  - - (2-38) 

1  +  y  M’  2 


This  relationship  is  shown  graphically  in  Fig.  2-27.  A  mean  total  pressure 
is  defined  by  Tyler  (Ref.  57)  as  the  total  pressure  of  a  uniform  stream  having 
the  same  total  temperature  (considered  uniform)  and  mass  flux  as  the  non- 
uniform  stream  and  possessing  the  same  value  of  the  availability  flux.  The 
ratio  of  the  average  total  pressure  to  that  measured  in  the  free  stream  is 
given  by 


ioge  (pt/P« )  =  ^  r/6  £  gj  +?i—  ad 

L  J=i 


(y  -  1)  M*  2 
2  +  (y  -  1)  M*  2 

(6/r)2 


i=00 

r—  — 

f] 

2 

n 

(y  -  1)  M' 2 

\ 

l  y  -  1 

^  Z_i  2j ~F"TT-gH  aj 

2  +  (y  -  1)  M'  2 

J 

i,  (i  + 

Y,  -  (1  -  6/r) 


loge  (1  + 


(■ 


Hr  M’! 


■) 


(2-39) 


where 


3=0 

i  ‘  II  1/3 

j  =  l 


Figure  2-28  gives  values  of  p,/p'  as  a  function  of  M'  and  6/r  for  y  =  1.4  and 
n  =  7.  11 


G 


The  problem  of  non-uniform  flows  has  also  been  treated  by  Crocco 
in  Ref.  17  (pp.  293-348).  He  defines  the  average  temperature  in  terms  ^  the 
stagnation  enthalpy  flux  and  the  average  velocity  in  terms  of  the  kinetic  energy 
flux.  Average  values  of  the  gas  constant  and  the  ratio  of  specific  heats  are 
included,  whereas  in  the  work  of  Tyler  these  are  assumed  to  be  constant.  The 
effect  of  cross-sectional  variation  of  the  pressure  is  considered  as  well  as  the 
effect  of  entropy  flux  variation.  Examples  are  included  for  laminar  pipe  flow, 
vortex  flow  in  a  two-dimensional  annular  duct,  and  choked  flow  in  an  axially- 
symmetric  throat. 
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McLafferty  in  Ref.  58  shows  how  several  forms  of  average  total 
pressure  and  velocity  may  be  used  to  describe  the  integrated  properties  of 
ducted,  non-uniform  flow  of  both  compressible  and  incompressible  fluids.  His 
ultimate  analyses  are,  however,  limited  to  fully- developed  flow,  i.e.,  with  the 
boundary  layer  extending  across  the  axially-symmetric  duct.  Both  laminar  and 
turbulent  flows  are  considered. 

2.1.9  Flange  Loads  on  Free-Jet  Nozzles 

The  general  subject  of  reaction  forces  on  ducts  arising  from  mo¬ 
mentum  changes  of  the  internal  flow  represents  one  useful  area  of  application 
of  the  one-dimensional  theory.  Use  of  the  momentum  theorem  permits  deter¬ 
mination  of  over-all  forces  in  terms  of  end  conditions  which  are  often  essen¬ 
tially  steady,  one-dimensional,  and  easy  to  calculate,  although  flow  between  the 
end  stations,  as  in  a  turbojet  engine,  is  neither  steady  nor  one-dimensional. 

For  ducts  in  which  there  is  no  obstruction,  the  steady  flow  form 
of  the  momentum  theorem  asserts  that  the  total  force  acting  on  the  nozzle  walls 
is  equal  to  the  total  rate  of  momentum  flux  out  of  the  region.  It  is  necessary 
only  that  flow  conditions  be  steady  at  every  point  of  the  surface,  and  that  with¬ 
in  the  surface  the  volume  integral  of  the  partial  derivative  of  local  momentum 
with  respect  to  time  be  zero.  The  class  of  objects  satisfying  these  general 
requirements  includes  not  only  propulsion  systems  of  all  kinds,  but  such  com¬ 
ponents  as  nozzles  and  diffusers  as  well. 

Steady  one-dimensional  flow  through  a  duct  is  illustrated  below. 


From  Eq.  2-34  the  accelerating  force  exerted  on  thi..  fluid  by  the  duct  walls 
can  be  written  as 

F2  -  F,  =  KfR/y)  Tt  m[f(M2)  -  f(M,)]  (2-40) 

Thus  if  the  incoming  Mach  number,  stagnation  pressure,  and  inlet  duct  area, 
Aj ,  are  known,  the  force  exerted  by  the  fluid  against  the  duct  walls  and  op¬ 
posite  to  the  flow  direction  is  determined  by  the  exit  Mach  number.  Actually, 
because  of  the  various  relations  existing  in  the  one-dimensional  theory,  the  in¬ 
let  conditions  for  a  given  duct  are  defined  by  any  two  of  the  following  local  in¬ 
let  variables:  Mach  number  (or  sonic  area),  the  local  pressure,  and  the  stag¬ 
nation  pressure. 


Duct  Flow  Theory 


2. 1. 10 


If  the  flow  is  isentropic  the  exit  Mach  number,  Ms,  is  calculated 
from  the  ratio  As/Aj,  and  Mx .  For  one-dimensional  steady  flow  with  heat 
addition,  the  exit  Mach  number  is  found  according  to  the  method  presented 
in  Subsecs.  2.1.2  and  2.1.3. 

In  most  cases  of  practical  importance  the  exit  flow  has  a  signifi¬ 
cant  profile,  and  the  proper  procedure  would  be  to  determine  an  equivalent  exit 
Mach  number  by  the  method  described  in  Subsec.  2.1.8.  However,  when  er¬ 
rors  on  the  order  of  several  per  cent  are  considered  unimportant,  this  degree 
of  refinement  need  not  be  resorted  to.  Adiabatic  flows  are  usually  assumed 
to  be  isentropic,  or  the  friction  looses  may  be  estimated  as  a  function  of  flow 
velocity  and  Reynolds  number  by  the  methods  given  in  Ref.  8. 

2.1.10  Rocket  Jet  Thrust 

The  thrust  force  of  a  rocket  motor  can  be  expressed  quite  simply 
by  use  of  the  cne-dimensional  theory.  The  net  thrust  force,  F,  acting  along 
the  axis  of  a  motor  is  simply  the  complete  surface  integral  over  the  internal 
and  external  areas  of  the  local  surface  multiplied  by  the  axial  components  of 
the  local  pressure,  p,  and  local  viscous  stress,  r,  as  shown  below. 

P 


Thus  the  net  thrust  force,  positive  upstream,  is 

FN  =  Fi  "  /  (px  +  TxJ  dA  (2-41) 

ext 

where 


F.  =  net  thrust  force  acting  on  the  inner  surface  of  the  motor 
and  p.  and  t  are  the  x- components  of  p  and  t.  Since  the  gaseous  combus- 

X  X 

tion  products  are  generated  with  zero  net  momentum  relative  to  the  rocket, 
the  only  momentum  flux  is  that  across  the  exit  plane.  Therefore, 


Fi 


po  A  =  p  A  V  ' 
*e  e  'e  e  e 


(2-42) 


Eliminating  F.  from  Eqs.  2-41  and  2-42  gives 


FN  =  pe  Ae  +  Po  Ae  V 


-  /  (Px  +  rx)  dA  (2-43) 


ext 
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It  is  common  practice  to  represent  the  pressures  as  gauge  values,  relative  to 
the  free-stream  pressure,  pa  (or  pQ  since  it  is  the  pressure  at  station  o;  see 

sketch  in  Subsec.  2. 1. 11).  The  net  force  then  becomes 

Fn  =  (Pe  -  Pj  Ae  +  pe  Ae  Ve2  ~  J  [(P  -  Pjx  +  Tx]  dA 

ext  (2-44) 

since 

p  A  =  -  (p  )  dA 
e  J  vt“'x 

ext 

The  sum  of  the  exit  momentum  and  gauge  pressure  terms  is  cus¬ 
tomarily  regarded  as  gross  thrust,  F^,  and  the  external  surface  stress  inte¬ 
gral  as  drag,  i.e.,  or 

FG  =  (pe  “  P J  Ae  +  Pe  Ae  V  (2~45) 


and 

i.e. , 


In  most  practical  cases  the  rocket  motor  is  buried  within  the 
airframe,  and  the  shape  of  the  external  surface  over  which  the  drag  integral 
is  calculated  therefore  is  that  of  the  total  missile  configuration.  The  net  thrust 
is  seldom  used  as  a  motor  parameter,  but  is  used  for  determining  the  accel¬ 
eration  or  performance  of  the  vehicle  in  which  the  motor  is  installed.  From 
the  practical  point  of  view,  therefore,  the  performance  of  the  rocket  motor  is 
usually  defined  in  terms  of  the  gross  thrust. 

Another  useful  parameter  is  the  thrust  specific  impulse  or  fuel 
specific  impulse.  This  is  defined  as  the  ratio  of  the  thrust  force  to  the  weight 
of  fuel-plus-oxidizer  which  flows  through  the  motor  in  producing  the  thrust. 
Thus, 

I  =  FQ/mg  sec  (2-47) 

where 

mg  =  weight  of  fuel-plus-oxidizer  flowing  per  sec. 


Since  the  performance  of  a  given  rocket  motor  depends  only  on 
the  flow-rates  of  fuel  and  oxidizer  into  the  combustion  chamber  and  is  rela¬ 
tively  independent  of  the  altitude  and  flight  speed  at  which  it  is  operated,  di¬ 
mensionless  coefficients  are  not  customarily  used.  The  only  parameters  of 
interest  are  the  size  of  the  motor  in  terms  of  its  maximum  gross-thrust  capa¬ 
bility  and  the  thrust  specific  impulse.  In  dealing  with  solid-fuel  rockets,  it  is 
also  important  to  know  the  burning  time  and  the  variation  of  the  gross  thrust 
during  the  burning  period. 
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2. 1. 11  Air-Breathing  Engine  Thrust 

The  general  formulation  of  the  thrust  expression  for  an  air- 
breathing  engine  in  its  basic  form  is  similar  to  that  of  the  rocket  motor,  ex¬ 
cept  that  the  momentum  of  the  entering  air  must  be  accounted  for. 


Station  o  in  the  above  sketch  is  taken  in  the  undisturbed  free 
stream,  and  station  e  at  the  engine  exit.  The  net  thrust  can  then  be  written 


fN  =  Pe  Ae  +  f>e  Ae  Ve2  “  (Po  Ao  +  Po  A0  V02) 


"  /  <px  +  T, 


(2-48) 


)  dA 


ext 


If  the  absolute  pressure  is  now  replaced  by  gauge  pressure,  this 
expression  becomes 


FN  =  Pe  Ae  Ve2  "  P°  A°  V°*  +  <pe  "  p°> 


J  [<P  "  Po)x  +  rx]dA 
ext 


(2-49) 


As  before,  the  momentum  terms  plus  the  exit  gauge  pressure  term  in  this  ex¬ 
pression  are  referred  to  as  gross  thrust  and  the  remaining  term  as  drag.  Thus, 


FG  =  Ae  V  '  p.  v  ♦  fee  '  Po)  Ae 

and  since 

D  =  J  [(P  -  Po)x  +  %]  dA 
ext 

as  before 

%  =  fg  -  D 


(2-50) 


When  Ao  i  Al  (i.  e. ,  when  the  shock  is  expelled),  there  is  a  fur¬ 
ther  drag  component,  known  as  the  additive  drag,  which  is  the  integrated  pres¬ 
sure  along  the  surface  of  the  last  streamlines  from  the  shock  intersection  to 
the  duct  entrance  (see  Subsec.  3.1.3). 

An  air-breathing  engine,  unlike  the  rocket  motor,  derives  its 
oxidizer  from  the  atmosphere  and  by  decelerating  the  incoming  air  it  incurs  a 


2.1.11 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


penalty  in  terms  of  internal  drag.  Thus  its  performance  is  dependent  upon 
altitude  and  flight  speed,  and  it  becomes  useful  to  define  the  performance  of 
an  air-breathing  engine  in  terms  of  dimensionless  parameters. 

Equation  2-50,  for  gross  thrust,  is  usually  written  as  a  dimen¬ 
sionless  coefficient  in  terms  of  some  characteristic  reference  area,  AR,  the 

free-stream  dynamic  pressure,  ar.d  the  Mach  number  rather  than  the  velocity. 
In  these  terms  the  gross-thrust  coefficient  becomes 


This  equation  is  valid  for  ramjets,  turbojets,  and  turbo-rockets. 

When  it  is  expressed  in  this  form,  the  gross-thrust  coefficient 

depends  on  the  following  factors:  Mach  number  change  across  the  engine, 

M  /Mo ,'  ratio  of  stagnation  pressures  across  the  complete  engine,  p  /p  ;  and 
6  t6  to 

exit  area,  Ag,  required  to  pass  the  low-density,  hot,  exhaust  gas  at  the  re¬ 
quired  exit  pressure  (usually  ambient). 

In  the  special  case  of  an  ideal  exhaust  nozzle  with  the  exit  pres¬ 
sure,  pe,  equal  to  the  free-stream  pressure,  Pb ,  and  the  free-stream  capture 

area,  Ao,  used  as  a  reference  area,  A^,  and  no  mass-flow  addition  to  pro¬ 
vide  the  energy  input,  Eq.  2-51  may  be  reduced  to 

CFG  =  Ve/V°  "  1}  (2-52) 

Thus  Eq.  2-52  clearly  shows  the  basic  dependence  of  the  gross-thrust  coef¬ 
ficient  on  the  exit-to-free-stream  velocity  ratio. 

In  order  to  calculate  the  thrust,  it  is  necessary  to  determine 
the  characteristics  of  the  flow  at  each  station  (or  component  section)  from  in¬ 
let  to  exit.  The  first  component  of  the  system  is  always  a  diffuser.  (The 
design  and  operation  of  the  diffuser  will  be  discussed  in  detail  in  Subsec.  3.) 
Its  function  is  to  decelerate  the  incoming  air,  usually  to  a  low  subsonic  Mach 
number.  However,  in  the  case  of  a  hypersonic  ramjet,  combustion  at  super¬ 
sonic  Mach  numbers  will  be  more  efficient.  The  compression  is  usually  a 
non-isentropic  process  (in  its  simplest  form,  it  is  a  normal  shock)  and  there¬ 
fore  is  characterized  by  a  loss  in  stagnation  pressure. 

The  relationship  between  the  flow  properties  at  the  inlet  station  o 
and  the  exit  station  2  of  the  diffuser  may  be  found  by  equating  the  mass  flow 
at  the  two  stations  in  terms  of  the  stagnation  pressures,  temperatures  and  the 
area  ratios. 
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where 

f(M)  =  M^l  +  M2 

The  change  in  stagnation  temperature  is  usually  negligible  when  there  is  no 
combustion  (yj  =  ys  and  Rj  =  Ra );  hence  Ms  is  dependent  only  upon  the  known 
value  of  Mo>  the  measured  value  of  Ao/Aj,  the  known  value  of  As/Aj,  and  the 
stagnation  pressure  loss  in  the  diffuser.  As  will  be  shown  in  Subsec.  3,  the 
geometry  may  be  optimized  for  any  given  free-stream  Mach  number  and  an 
empirically  determined,  realistic,  pressure  loss. 


The  flow  calculations  for  the  next  component  of  the  system  will 
vary  according  to  the  type  of  engine  employed.  For  the  ramjet  they  will  con¬ 
sist  of  the  addition  of  terms  to  represent  the  drag  and  the  heat  addition  as  ex¬ 
emplified  in  Subsecs.  2.1.2  to  2. 1.  5.  The  details  of  compressor  turbine  per¬ 
formance  lie  outside  the  scope  of  this  volume. 


The  hot  products  of  combustion  pass  through  the  exhaust  nozzle, 
the  last  component  of  the  system.  This  is  usually  assumed  to  be  an  isen- 
tropic  process  (see  Subsec.  2. 1. 1);  however,  a  nozzle  efficiency  factor  of  the 
order  of  0.97  is  usually  included  to  account  for  the  effect  of  viscosity  in  the 
nozzle  (see  Subsec.  6). 


2.1.12  Viscous  Effects  and  Heat  Transfer  in  One -Dimensional  Duct  Flows 

Simple  one-dimensional  theory  may  be  modified  in  several  dif¬ 
ferent  ways  to  include  the  effects  of  viscosity.  Since  moderate  heat  transfer 
at  the  duct  walls  is  reflected  chiefly  by  changes  in  the  skin  friction,  it  may 
generally  be  treated  as  a  viscous  force.  Three  methods  of  including  viscosity 
are  noted  below. 

1.  Following  the  general  equations  given  in  Section  4  (Ref.  1)  or  a 
similar  method  to  that  used  in  Subsecs.  2.1.2  and  2.1,3,  vis¬ 
cous  forces  may  be  included  with  the  internal  pressure  forces 
on  the  duct  walls  and  objects  immersed  in  the  flow.  Values  of 
the  skin  friction  may  be  computed  as  a  function  of  the  Reynolds 
number  and  wetted  area  from  laminar  and  turbulent  skin-friction 
coefficients  given  in  many  textbooks  or  in  Refs.  9  and  10. 

2.  Since  viscous  effects  are  manifested  chiefly  in  the  velocity  pro¬ 
file,  they  may  be  included  in  two-dimensional  flow  calculations 
by  the  use  of  integrated  values  of  the  parameters  across  any 
area  section  (see  Subsec.  2.1.8).  The  velocity  profile  may  be 
determined  from  boundary-layer  theory  (Ref.  11). 
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3.  Viscous  effects  may  be  included  by  the  assumption  of  constant- 
flow  parameters  in  a  cross  section  whose  area  has  been  adjusted 
to  take  into  account  the  displacement  thickness  of  the  boundary 
layer.  This  will  be  discussed  further  in  Subsec.  2.4. 


2.2  One-Dimensional  Non-Steady  Flow 

This  subsection  is  concerned  with  the  propagation  of  pressure  waves 
in  ducts.  Such  waves  may  produce  a  nonsteady  flow  or  they  may  modify  an 
initially  steady  flow.  In  general,  whenever  a  wave  passes  through  a  region  of 
continuously  or  discontinuously  changing  flow  conditions,  it  is  modified  and  also 
generates  reflected  waves.  Wave  interactions  and  repeated  reflections,  as  well 
as  reflections  from  the  ends  of  the  duct,  build  up  a  complex  flow  pattern  for 
which  analytical  solutions  usually  cannot  be  obtained. 

In  the  problems  under  consideration  here,  the  cross-sectional  di¬ 
mensions  of  the  duct  may  be  considered  small  compared  with  the  length  of  the 
duct.  In  such  quasi- one -dimensional  flow,  all  flow  variables  may  be  assumed 
to  be  uniform  across  any  section  of  the  duct,  with  the  consequence  that  time 
and  one  space  coordinate  are  the  only  independent  variables.  In  a  coordinate 
system  of  these  variables,  one  may  follow  the  propagation  of  gas  particles  and 
pressure  waves  graphically.  Such  plots  are  usually  called  wave  diagrams,  and 
the  following  subsections  include  a  summary  of  the  computing  procedures  that 
may  be  used  in  their  preparation.  The  procedures  given  herein  are  not  unique, 
but  have  been  expressed  by  Rudinger  (Ref.  59)  in  a  form  convenient  for  both 
simple  and  complex  problems.  Alternative  procedures  may  be  found  in  Refs.  15 
and  60  to  65. 


A  wave  diagram  yields  all  the  flow  variables  at  any  location  in  the 
duct  and  at  any  time.  It  will  be  evident,  however,  that  the  preparation  of  wave 
diagrams  is  time  consuming  even  for  relatively  simple  problems.  A  specific 
problem  may  be  programmed  for  a  high-speed  digital  computer  if  the  number 
of  cases  is  sufficient  to  warrant  the  investment  of  the  programming  time.  The 
main  programming  difficulties  arise  from  the  necessity  of  treating  flow  dis¬ 
continuities,  such  as  shock  waves  or  contact  surfaces,  which  may  appear  at 
times  or  locations  that  are  unknown  at  the  beginning  of  the  calculation.  These 
and  other  problems  of  machine  programming  have  been  discussed  by  Fox  in 
Ref.  65. 


A  complete  wave  diagram  must  be  prepared  even  when  not  all  the 
information  it  provides  is  needed.  This  aspect,  or  the  uncertainties  imposed 
by  the  need  to  make  simplifying  assumptions,  may  make  it  preferable  to  deal 
occasionally  with  the  problems  in  a  more  approximate  manner.  A  discussion 
of  several  such  techniques  is  included  in  Subsec.  2. 2. 4. 4,  2. 2.5.5,  2.2.6,  and 
2.2.7.  The  last  two  of  these  consider  solutions  for  the  linearized  basic  dif¬ 
ferential  equations.  Subsection  2.2.6  is  concerned  with  the  approximate  solu¬ 
tion  of  shock  passage  through  a  duct  of  variable  cross  section.  Although  a 
number  of  such  solutions  have  been  published  (e.g. ,  Refs.  66  to  72),  the  dis¬ 
cussion  given  herein  follows  that  of  Chester  (Ref.  66),  since  his  solutions  are 
obtained  in  a  particularly  convenient  form. 

In  a  more  general  solution  of  the  linearized  partial  differential  equa¬ 
tions,  the  perturbations  represent  small -amplitude  waves  which  are  superposed 
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on  a  basic  steady  flow.  A  variety  of  alternative  methods  of  solution  are  avail¬ 
able  in  Refs.  69,  71,  and  73  to  76;  the  discussion  in  Subsec.  2.2.7  essentially 
follows  and  extends  the  approach  of  Mirels  (Ref.  74). 

To  present  material  from  different  sources  in  a  consistent  manner, 
it  was  necessary  to  change  the  meaning  of  some  of  the  symbols.  This  point 
should  be  kept  in  mind  when  referring  to  the  original  publications  for  further 
details. 

2.2.1  Assumptions  and  Basic  Equations 

It  will  be  assumed  that  the  gas  follows  the  ideal-gas  law  and  that  the 
specific  heats  are  constant.  Although  it  is  possible  to  assume  other  equations 
of  state,  or  variable  specific  heats  as  done  by  Benson  (Ref.  77),  the  complica¬ 
tions  introduced  by  such  refinements  do  not  seem  warranted  in  general.  Fur¬ 
thermore,  as  pointed  out  by  Kantrowitz  (Ref.  62),  the  temperature-sensitive 
part  of  the  heat  capacity  usually  is  unable  to  follow  the  rapid  changes  of  state, 
and  consequently  these  lags  should  be  considered  simultaneously  with  the  varia¬ 
tions  of  the  specific  heats.  At  the  present  time,  procedures  for  nonsteady, 
nonequilibrium  flows  are  still  in  an  early  state  of  development  and  will  not  be 
considered  here.  The  assumption  of  constant  specific  heats  does  not  exclude 
the  possibility  that  two  or  more  different  gases  are  involved  in  a  problem.  The 
thermodynamic  properties  are  assumed  to  be  constant  in  any  one  regime  and 
to  change  only  across  a  contact  surface  where  the  change  will  be  a  discontinu¬ 
ous  one.  Mixing  of  the  gases  at  such  an  interface  will  be  neglected.  In  the 
case  of  flame  fronts,  the  large  temperature  change  may  make  it  desirable  to 
allow  for  a  discontinuous  change  of  the  thermodynamic  properties  across  the 
front. 


The  flow  conditions  at  any  location  and  time  are  completely  determined 
by  any  three  flow  variables,  so  that  the  problem  becomes  one  of  solving  a  sys¬ 
tem  of  three  partial  differential  equations.  The  choice  of  the  dependent  vari¬ 
ables  is  arbitrary  and  is  influenced  only  by  the  convenience  of  the  resulting 
computing  procedures  (compare  Subsec.  2.2.2  and  2.2.7).  Since  additional 
variables  are  readily  obtained  with  the  aid  of  the  appropriate  thermodynamic ; 
equations,  the  relationships  can  be  expressed  in  the  most  concise  form  by  re¬ 
taining  more  than  three  variables  in  the  equations. 

It  is  convenient  to  base  all  numerical  calculations  on  dimensionless 
variables  and  to  use  a  prime  (')  to  indicate  dimensional  variables.  The  state 
of  the  gas  is  then  expressed  in  terms  of: 

pressure  =  p  =  p'/p^ 

density  =  p  =  P'/p'0 

temperature  =  T  =  T'/T' 
and 

speed  of  sound  =  a  =  a'/a^ 

where  the  subscript  zero  signifies  a  suitable  reference  state.  A  dimensionless 


2.2.1 


*nsw«»ewc«*z»e3S«0n,oeDeElCOCIO^nEElEKEJCK5nHnSISnran»3!HRW3J 


rararan 


I 

NAVWEPS  Report  1488  (Vol.  6,  Sec.  17).  j 


specific  entropy  will  be  used  in  the  form  s  =  s'/yR',  where  y  =  Cp/Cy  is  the 

ratio  of  the  specific  heats  at  constant  pressure  and  constant  volume,  and  P'  is 
the  individual  gas  constant.  The  gas  velocity  relative  to  the  duct  will  be  de¬ 
noted  by  u  =  u’/a^.  As  pointed  out  in  the  preceding  subsection,  the  flow  will 

be  treated  as  one-dimensional;  the  independent  variables  are  thus  the  position 
along  the  duct  x  =  x'A'  and  the  time  t  =  a'  V/v ,  where  V  is  a  suitable  ref- 

,  ,  0  O  O  0 

erence  length. 

Within  the  limitation  of  the  stated  assumptions,  the  formulation  of 
any  nor.steady-flow  problem  requires  that  the  following  be  known: 

1.  Variations  of  the  cross-sectional  area  of  the  duct,  A'.  Ordina¬ 
rily  only  rigid  ducts  need  to  be  considered,  but  changes  of  duct  shape  as  a 
function  of  time  or  of  the  instantaneous  flow  conditions  may  be  prescribed. 

2.  Conditions  which  control  the  flow  at  the  ends  of  the  duct. 

3.  Initial  flow  conditions  in  the  duct.  Usually,  but  not  necessarily, 
they  are  represented  by  a  steady  flow  or  by  a  gas  at  rest. 

4.  The  amount  of  heat,  q',  added  per  unit  mass  and  unit  time  as 
a  function  of  x,  t,  and  of  the  flow  conditions. 

5.  Dissipative  or  body  forces,  f',  per  unit  mass.  It  should  be 
noted  that  the  work  done  by  dissipative  forces,  for  instance  wall  friction,  is 
converted  into  heat  and  must  be  included  in  the  amount  of  heat  added  to  the 
flow.  Since  the  flow  is  treated  as  one -dimensional,  those  forces  must  act, 
or  must  be  assumed  to  act.  over  the  entire  cross  section  of  the  duct.  On  the 
basis  of  such  assumptions,  one  may  include  effects  of  wall  friction. 

6.  The  amount  of  mass,  m’,  added  to  the  flow  per  unit  volume  and 
per  unit  time  as  a  function  of  x,  t,  and  of  the  flow  conditions.  The  velocity 
and  temperature  of  the  added  mass  may  be  different  from  that  of  the  main  flow, 
in  which  case  instantaneous  mixing  is  assumed;  however,  the  resultant  heat  ad¬ 
dition  must  be  included  in  q'  and  the  momentum  change  in  f\  No  such  difficul¬ 
ties  arise  in  the  case  of  mass  removal  (m'  <  0).  Flow  through  porous  walls 
is  included  in  this  category. 

The  foregoing  requirements  are  not  always  easily  formulated  explic¬ 
itly  without  the  aid  of  simplifying  assumptions. 

The  three  partial  differential  equations  which  must  be  solved  are 
those  which  express  the  conservation  of  mass,  momentum,  and  energy.  The 
continuity  equation  may  be  written 


Bp’A’  dp'u'A' 
st’  +  ax’ 


m'A'  =  0 


and  the  equation  of  motion  is  given  by 


Bu'  .  Bu'  1  Bp'  . 

at'  ay*  n»  ay'  x 


Bx 


p'  Bx' 


(2-54) 


(2-55) 
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Instead  of  writing  the  energy  equation  in  one  of  its  usual  forms,  it 
is  more  convenient  here  to  use  the  entropy  condition 


Ds*  _  q' 
Dt’  T' 


(2-56) 


where  q'  =  q*(x',  t',  T’,  u',  ....)  must  be  specified  for  each  problem  to  be 
investigated.  The  substantial  derivative 


D  a  a 

Dt  "  at  +  u  ax 


(2-57) 


signifies  differentiation  along  the  path  of  a  gas  particle. 


The  necessary  thermodynamic  equations  are  the  equation  of  state, 


p'  =  p'  R'  T’ 


(2-58) 


the  equation  for  the  speed  of  sound, 


a’2  =  y  =  y  R’  T' 


(2-59) 


and  the  relationships  between  entropy,  speed  of  sound,  and  pressure  or  den¬ 
sity  which  may  be  written  in  the  dimensionless  form 


.  A  /r(s-so> 


p  =  a 


(2-60) 


~1  'v(s'so) 
p  =  a'  e 


(2-61) 


Since  only  entropy  differences  appear  in  the  calculations,  it  usually  will  be 


possible  to  set  the  entropy  of  the  reference  state,  sq,  equal  to  zero. 


Since  all  terms  of  Eq.  2-54  contain  the  cross-sectional  area,  A'  may 


be  replaced  by  A  =  A'/A^,  where  the  reference  value  A^  need  not  be  specified. 


With  the  aid  of  the  dimensionless  variables 


v 

q  =  —  q' 

< 


(2-62) 


f  r 


(2-63) 


Vo  , 

-m=!rTm  • 


(2-64) 
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the  preceding  equations  may  be  combined  to  yield 


6+P 

au 

3A 

a  3A 

a  6+s 

fit 

A 

3x 

“  A  at 

a  It 

fi'Q 

au 

3A 

a  3A 

,6  s 

fit  - 

'  A 

dx 

"  A  at" 

a  fit 

q 

a 


(2-65) 


+  (y  -  1)  |  -  f  + 


ar_ 

P 


m 


(2-66) 


and 


Ds  q 
Dt  =a. 


(2-67) 


where 


6*  S  ,  .3 

a  ‘  5  +  (u  *  a)  S 


(2-68) 


and  the  "Riemann  variables"  P  and  Q  are  defined  (Ref.  78)  by 


P  - 


y  -  l 


a  +  u 


(2-69) 


and 


Q  = 


y  -  1 


a  -  u 


(2-70) 


Thus,  Eqs.  2-65  to  2-67  indicate  how  the  variables  P,  Q,  and  s  vary  along 
those  lines  in  the  x,  t-plane  which  have  the  slope 


dx 


dt 


=  u  +  a  for  P 


dx  ,  „ 

-j|-  =  u  -  a  for  Q 


(2-71) 


and 


dx 


dt 


=  u 


for  s 


In  accordance  with  the  theory  of  partial  differential  equations  (e. g. , 
Refs.  60  and  64),  these  lines  are  called  the  characteristics  of  the  equations, 
and  Eqs.  2-65  to  2-67  are  called  compatibility  equations. 
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Small  disturbances  in  a  flow  travel  through  the  gas  with  the  local 
speed  of  sound  and,  at  the  same  time,  are  carried  along  by  the  gas  with  its 
vn  velocity.  It  is  therefore  appropriate  to  call  the  lines  defined  by  Eq.  2-71 
P-waves,  Q~waves,  and  entropy  waves  (or  particle  paths)  and  to  refer  to  a 
plot  of  such  lines  as  a  wave  diagram. 

2.2.2  Co.,- f .  ;ction  of  Wave  Diagrams 

Equations  2-65  to  2-67  suggest  a  graphical-numerical  technique  for 
solving  nonsteady -flow  problems.  Let  the  derivatives  of  P,  Q,  and  s  with  re¬ 
spect  to  time  in  the  characteristic  directions  be  approximated  by  the  ratios  of 

finite  differences,  ,  ~  ,  and  ^ .  Construction  of  a  wave  diagram  pro¬ 
ceeds  then  as  illustrated  in  the  sketch  below. 


N 


x 

Let  A  and  B  represent  two  points  at  which  all  flow  conditions  are  either  pre¬ 
scribed  or  obtained  from  preceding  computations.  Draw  the  lines  .aving  slopes 
u  +  a  and  u  -  a  through  points  A  and  B  respectively;  their  intersection  de¬ 
fines  a  new  point,  N.  Then,  find  point  C  on  the  line  through  A  and  B  so  that 
the  interpolated  value  of  u^  agrees  with  the  slope  of  the  line  which  connects  C 

with  N.  All  other  flow  conditions  at  C  also  can  be  found  by  interpolation  be¬ 
tween  A  and  B.  The  finite  differences  must  obey  the  following  equations: 


SN  =  SC  +  < 

( Dt  )c  (tN  '  ^  ’ 

(2-72) 

PN  =  PA  + 

(V).  (tN  -  ‘a>  ’ 

A 

(2-73) 

QN  =  QB  + 

/6_Q\  /,  _  t  \ 

l  fit  /B  UN  V  ’ 

(2-74) 

where  the  derivatives  are  evaluated  with  tne  aid  of  Eqs.  2-65  to  2-67,  and  the 
values  of  the  time  coordinates  are  taken  from  the  wave  diagram.  Finally,  one 
obtains  from  Eqs.  2-68  and  2-69  that 
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and 


(2-76) 


If  desired,  pN  and  pN  may  be  found  from  Eqs.  2-60  and  2-61. 

The  accuracy  may  be  improved  by  iteration.  The  characteristics 
through  A  and  B  are  redrawn  with  the  slopes 

[(u  +  a)A  +  (u  +  a)Nj/2  and  |^(u  -  a)B  +  (u  -  a)Nj/2 

respectively,  giving  an  improved  location  of  N.  Similarly,  an  improved  loca¬ 
tion  for  C  is  found,  and  the  derivatives  in  Eqs.  2-72  to  2-74  are  evaluated  by 
taking  the  appropriate  mean  values  for  all  terms  involved.  The  procedure  may 
be  repeated  until  the  conditions  at  N  remain  unchanged.  In  many  cases  it  is 
entirely  satisfactory  to  accept  the  first  set  of  values  for  N. 

The  terms  on  the  right-hand  side  of  Eqs.  2-65  and  2-66  represent 
distinct  features  of  the  flow.  In  tho  order  written,  they  represent 

1)  Changes  of  the  cross-sectional  area  along  the  duct 

2)  Variation  of  the  cross-sectional  duct  area  with  time 

3)  Adjacent  particles  having  different  entropy  levels 

4)  Heat  addition 

5)  External  forces 

6)  Mass  addition. 

Usually,  only  a  few  of  these  terms  will  be  needed  in  a  particular  problem,  and 
the  calculations  are  then  correspondingly  simplified. 


2.  2.  2. 1  Pressure  Waves 

Consider  a  flow  for  which  A  -  constant  and  q  =  f  *  m  =  0.  H  there 
are  no  initial  entropy  gradients,  Eqs.  2-72  to  2-74  simplify  to 


Ds  6+P  _  6"Q  . 

Dt  6t  6t 


(2-77) 


with  the  solution 


s  =  constant  (2-78) 

rjv  » 

P  =  constant  for  -r.-  =  u  +  a  ,  (2-79) 


and 


Q  =  constant  for  j-  =  u  -  a 
dt 


(2-80) 
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This  result  clearly  shows  the  advantage  of  the  chjice  of  P,  Q,  and 
s  for  the  dependent  variables. 

It  is  evident  from  the  manner  in  which  a  wave  diagram  is  constructed 
that  any  local  disturbance  of  the  flow  can  be  felt  at  any  other  point  of  the  duct 
only  after  the  arrival  of  the  P-  and  Q-waves  at  that  point.  The  characteristics 
are  thus  signals  which  carry  information  about  local  flow  disturbances  to  other 
parts  of  the  duct.  Pressure  waves  are  spread  out  over  a  certain  time  and  are 
therefore  composed  of  an  entire  family  of  characteristics.  If  P  or  Q  is  con¬ 
stant  for  such  a  family,  the  wave  is  called  a  simple  wave.  In  regions  of  a 
steady  flow,  the  P-  and  Q-waves  are  families  of  parallel  curves,  while  in  a 
non-steady  flow  they  will  either  diverge  or  converge.  Equations  2-78  and  2-60 
imply  that  an  increase  in  the  speed  of  sound  is  accompanied  by  an  increase  in 
pressure,  and  it  is  xeadily  seen  from  Eqs.  2-79  and  2-80  that  the  characteris¬ 
tics  converge  fo”  compression  waves  and  diverge  for  expansion  waves. 

Since  the  characteristics  oi  a  compression  wave  converge,  they  even¬ 
tually  coalesce  and  form  a  discontinuity  in  the  flow  known  as  a  shock  wave 
which  requires  special  treatment  in  the  wave  diagram  (see  Subsec.  2.2.4).  A 
shock  wave  is  also  produced  by  any  imposed  instantaneous  pressure  rise.  In 
contrast,  an  imposed  instantaneous  pressure  drop  leads  to  a  fan  of  character¬ 
istics  which  diverge  from  a  singular  point.  Such  a  wave  is  called  a  centered 
expansion  wave.  Centered  expansion  waves  may  appear  in  a  wave  diagram  also 
as  the  result  of  interaction  of  discontinuous  disturbances  (see  Subsec.  2.2.5). 
Changes  of  state  in  an  expansion  wave  are  isentropic,  whereas  a  shock  wave 
gives  rise  to  an  entropy  increase  whose  magnitude  depends  on  the  strength  of 
the  wave  (see  Subsec.  2. 2. 4. 2). 

2. 2.  2. 2  Initial  Conditions,  Domain  of  Dependence,  and  Range  of  Influence 

To  start  a  wave  diagram  according  to  the  basic  procedure  previously 
described  in  this  subsection,  flow  conditions  must  be  prescribed  along  a  line 
in  the  x,  t-plane  which  nowhere  coincides  with  a  characteristic.  In  the  vast 
majority  of  problems,  this  line  will  represent  the  initial  conditions.  These 
conditions  may  be  given  at  discrete  points  or  they  may  be  expressed  as  a  con¬ 
tinuous  distribution.  In  the  latter  case,  a  number  of  points  must  be  selected 
at  intervals  small  enough  to  give  the  required  accuracy.  Values  of  AP  and 
AQ  between  0.  2  and  0.4  are  usually  satisfactory.  Smaller  values  may  be  chosen 
if  the  greater  degree  of  accuracy  required  justifies  the  additional  labor. 

The  flow  at  any  point  depends  only  on  the  initial  conditions  between 
the  P-  and  Q-waves  that  intersect  at  the  point.  This  is  shown  clearly  by  the 
sketch  on  the  following  page  in  which  points  1  to  6  represent  a  prescribed  set 
of  initial  conditions.  Applying  the  basic  procedure,  one  may  find  the  flow  char¬ 
acteristics  at  point  7  from  those  at  points  1  and  2,  at  8  from  2  and  3,  and 
so  on.  As  indicated  by  the  sketch,  the  conditions  at  point  17  depend  only  on 
the  initial  conditions  between  2  and  5.  The  region  bounded  by  these  charac¬ 
teristics  is  called  the  domain  of  dependence  for  the  conditions  between  points  2 
and  5.  Similarly,  one  may  speak  of  a  range  of  influence;  any  change  of  the 
initial  conditions,  say  at  point  3,  can  influence  the  flow  only  within  the  region 
bounded  by  the  P-  and  Q-wave  starting  from  this  point,  e.g. ,  the  region  bounded 
by  lines  3  to  12  and  3  to  18. 
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2.2.3  Boundary  Conditions 

Wave-diagram  construction,  as  outlined  in  Subsec.  2. 2. 2.2,  can  be 
continued  over  the  entire  domain  of  dependence  of  the  given  initial  conditions, 
that  is,  the  region  bounded  by  the  lines  1  to  6,  1  to  21,  and  6  to  21  in  the 
above  sketch.  Suppose  that  point  1  is  located  at  the  end  of  the  duct.  The 
flow  conditions  there  at  later  times  cannot  be  obtained  by  means  of  the  de¬ 
scribed  procedure.  For  instance,  one  can  draw  the  Q-wave  through  point  7  to 
find  point  22  on  the  boundary,  but  the  P-wave,  which  would  come  from  outside 
the  duct,  cannot  be  drawn.  The  conditions  at  a  boundary  point  must  therefore 
be  computed  with  the  aid  of  an  appropriate  boundary  condition.  A  number  of 
these  will  be  discussed  in  this  subsection.  Once  the  conditions  at  a  boundary 
point,  say  22,  have  been  determined,  the  domain  of  dependence  has  been  in¬ 
creased,  and  one  can  extend  the  wave-diagram  to  points  23  to  26.  This  pro¬ 
cedure  may  be  continued  as  long  as  it  is  pertinent  to  the  problem  under  con¬ 
sideration.  Boundary  points  will  be  indicated  by  subscript  E.  The  procedures 
will  be  described  for  the  left  end  of  the  duct  where  QE  will  be  known.  Analo¬ 
gous  procedures  apply  at  the  right  end  where  Pg  would  be  known. 

In  a  steady-flow  discharge,  the  pressure  at  the  end  of  the  duct  is 
well  defined.  In  a  nonsteady  flow,  the  wave  processes  modify  the  end  pressure. 
Although  the  pressure  tends  to  reestablish  its  steady-flow  level  at  a  finite  rate, 
it  is  also  continually  disturbed  by  further  waves.  As  a  result  of  this  lag  in 
establishing  the  steady-flow  pressure  level,  the  instantaneous  pressure  depends 
on  the  flow  history  (Refs.  79-83).  The  magnitude  of  the  lag  is  of  the  order  of 
the  time  in  which  a  sound  wave  travels  a  few  exit  diameters.  This  effect  can 
usually  be  neglected  unless  extreme  accuracy  of  the  wave  diagram  is  required. 
All  boundary  conditions  in  the  following  discussion  are  based  on  the  assumption 
that  the  end  pressure  adjusts  instantaneously  tc  its  steady-flow  level. 

The  different  boundary  conditions  that  apply  for  no  discharge  (closed 
end),  subsonic  outflow,  supersonic  outflow,  or  inflow  at  the  end  of  a  duct  are 
given  next.  When  the  end  conditions  are  not  known,  one  must  verify  that  the 
results  of  the  calculations  are  compatible  with  the  assumed  boundary  condition. 
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2.  2.3.1  Closed  End  (No  Discharge) 


The  boundary  condition  is  clearly  given  by  u„  =  0,  and  the  relevant 

Hi 

part  of  the  wave  diagram  is  shown  in  the  sketch  below.  One  computes  sE  from 

the  data  at  the  preceding  point,  D,  with  the  aid  of  Eq.  2-72.  Equations  2-69 
and  70  together  with  the  boundary  condition  then  yield  Pg  =  Qg. 

t 


Duct 


2. 2. 3. 2  Subsonic  Discharge 


The  wave  diagram  is  shown  in  the  following  sketch,  and  the  boundary 
condition  is  given  by  the  fact  that  pE  must  be  equal  to  the  pressure  in  the  ex¬ 
ternal  region  into  which  the  discharge  takes  place.  One  computes  first  Sg 
from  sD  and  Eq.  2-72.  From  p£  and  sE,  one  finds  a£  with  the  aid  of  Eq.  2-60 
and,  finally,  Ug  and  Pg  from  the  known  value  of  Qg  and  Eqs.  2-69  and  2-70. 


2. 2. 3.3  Supersonic  Discharge 


In  the  case  of  a  supersonic  discharge,  both  the  P-  and  Q-waves 
through  E  come  from  inside  the  duct,  and  in  consequence  the  conditions  at  E 
may  be  found  by  means  of  the  basic  procedure  (Subsec.  2.2.2).  No  special 
boundary  condition  is  needed.  The  wave  diagram  is  shown  below. 
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This  non-steady  flow  case  corresponds  to  the  similar  case  in  steady,  super¬ 
sonic  outflow  which  is  also  unaffected  by  the  conditions  in  the  outside  region. 

2. 2. 3. 4  Inflow  from  an  External  Reservoir 

The  state  of  the  gas  in  the  external  reservoir  represents  the  stag¬ 
nation  conditions  for  the  inflowing  gas,  indicated  by  subscript  s.  From  the 
stagnation  speed  of  sound  a^s  and  the  known  value  of  Qp,  one  can  compute 

ap  according  to  the  equation 

(«E  *1 /Wt  *Es  -  H3" *  )  ■  <2-8I> 

Equation  2-81  applies  at  the  left  end  of  the  duct;  at  the  right  end,  Qp  would 

be  replaced  by  the  known  value  of  Pp.  The  values  of  up  and  P_  (or  Qp) 
follow  from  Eqs.  2-69  and  2-70. 

If  the  inflow  is  assumed  to  be  isentropic,  then  sp  is  equal  to  the 

entropy  of  the  gas  in  the  external  reservoir.  If  losses  at  the  inlet  are  to  be 
included,  Eq.  2-81  still  applies,  but  appropriate  assumptions  for  the  entropy 
rise  as  a  function  of  the  flow  velocity  must  be  made. 

2.2.4  Discontinuities 


Problems  frequently  arise  in  which  discontinuous  changes  of  the  flow 
variables  (contact  surfaces,  shock  waves,  flame  fronts,  or  area  changes)  must 
be  considered.  The  basic  differential  equations  apply  only  in  regions  where 
all  changes  of  the  variables  are  continuous,  and  hence  flow  fields  on  both  sides 
of  a  discontinuity  surface  must  be  matched  to  satisfy  the  appropriate  conditions. 
These  conditions  of  matching  depend  on  the  particular  discontinuity,  and  each 
type  requires  its  own  treatment. 

2. 2. 4.1  Contact  Surfaces 

A  contact  surfacq  as  shown  in  the  sketch  below,  represents  the  in¬ 
terface  between  two  gases  adjacent  to  each  other.  The  two  regions  may  be 
occupied  by  two  different  gases  or  they  may  have  the  same  gas  but  at  two  dif¬ 
ferent  temperatures. 
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A  plane  interface,  normal  to  the  axis  of  the  duct  will  be  assumed,  and  diffu¬ 
sion,  or  mixing,  as  a  result  of  interface  instability  during  accelerations  will  be 
ignored  (see  Refs.  84  to  86).  Let  subscripts  L  and  R  indicate  the  flow  con¬ 
ditions  on  the  left  and  right  sides  of  the  contact  surface,  respectively.  The 
problem  then  consists  in  finding  and  P^  from  the  known,  or  previously  de¬ 
termined,  values  of  PL,  QR,  s^,  and  sR,  and  from  the  condition  that  the  pres¬ 
sure  and  velocity  must  have  equal  values  on  both  sides  of  the  interface. 


It  is  convenient  to  assume  the  same  reference  pressure  and  speed 
of  sound  on  both  sides  of  the  contact  surface  and  to  allow  the  entropy  for  both 
reference  states  to  be  zero.  The  conditions  to  be  satisfied  are  then  that 
PT  =  P  which,  from  Eq.  2-6Q>  gives 


a 


2yR 

yR-i 

R 


'rR  SR 


(2-82) 


and  that  uT  -  u.,  which,  from  Eqs.  2-69  and  2-70,  gives 

Li  j."t 

— ^  aT  +  — a_  =  PT  +  Qp 
yL  "  1  L  VR  ‘  1  R  L  R 


(2-83) 


Equations  2-82  and  2-83  are  solved  best  by  a  trial-and-error  procedure  based 
on  an  estimated  value  of  one  of  the  unknowns.  When  yL  =  yR  =  y,  the  calcu¬ 
lations  reduce  to 


%  -  %  -  -  (PR  -  Pl)  ’  (PL  *  «r)  tanh  [V-  (SL  -  SR>]  ■  (2-84> 

2. 2. 4. 2  ShockWaves 


As  pointed  out  in  Subsec.  2.  2. 2.1,  shock  waves  form  when  the  char¬ 
acteristics  of  a  compression  wave  merge.  Depending  on  whether  P-waves  or 
Q-waves  merge,  one  may  speak  of  a  P- shock  or  a  Q- shock.  The  following 
sketch  shows  a  P-shock  in  a  wave  diagram. 
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Variables  of  the  low-pressure  and  high-pressure  sides  of  the  shock  are  distin¬ 
guished  by  subscripts  x  and  3,  respectively. 


The  velocity  of  a  shock  wave  relative  to  the  duct  is  given  by 


wc 


=  ut  ±  a!  Mg 


(2-85) 


Here,  and  in  the  following  equations,  the  upper  sign  applies  to  a  P-shock  and 
the  lower  to  a  Q- shock.  The  strength  of  the  shock  may  be  characterized  by 
the  shock  Mach  number,  Mg  (always  treated  as  a  positive  number),  or  any 

function  of  M„  such  as  the  pressure  ratio, 

O  • 


=  _2i_  m*  -  ^1 


Pi  7  +  1 


y  +  1 


(2-86) 


the  density  ratio, 


A,  (y+1)Ml 


Pl  2  +  (y  -  1)  M® 


(2-87) 


the  velocity  change, 


=  ±  2  /  1 


y  +  1  l  S  Mc 


(2-88) 


the  speed -of -sound  ratio, 


a? 

ai 


i/Ps/Pi 

Ps/Pi 


(2-89) 


or  entropy  rise, 


'fis.  (*L)y' 
.Pi  \Pi  / 


Ss 


Si  = 


y(y  -  1) 


In 


(2-90) 


It  is  assumed  that  the  shock  path  in  the  wave  diagram  has  been  plot¬ 
ted  as  far  as  point  1  (see  sketch  on  preceding  page),  where  Pj ,  Qx ,  and  S! , 
and  therefore  all  other  flow  variables,  are  known.  The  value  of  P3  for  a  P- 
shock  (or  Q3  for  a  Q-shock)  is  also  known  from  preceding  work.  The  problem 
is  to  find  the  continuation  of  the  shock  path  and  the  flow  conditions  at  point  2. 
The  solution  is  given  in  terms  of  Eqs.  2-86  to  2-89.  For  a  P-shock,  the  solu¬ 
tion  is: 


P3  -  P 


l  = 


y  -  1 


(if-1) 


+  U2  ~  U1 


(2-91) 
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and  for  a  Q-shock,  it  is 


Qg  ~  Qi 

ai 


U3  -  Ui 

al 


(2-92) 


Because  of  the  ±  sign  in  Eq.  2-88,  the  right-hand  sides  of  Eqs.  2-91  and  2-92 
represent  the  same  function  of  Mg.  The  left-hand  side  of  one  of  these  equa¬ 
tions  is  known,  and  the  right-hand  side  can  thus  be  used  to  find  Mg.  Fig.  2-29 
shows  this  relationship  for  y  =  1.4,  5/3,  and  4/3.  Tabulated  values  of  Mg  for 

and  from  0.01  to  10.  0  with  increments  of  0.01  may  be  found  in  Ref.  59. 
a,  a 

Once  Mg  is  determined,  the  shock  path  in  the  wave  diagram  can  be  continued 

according  to  Eq.  2-85.  The  remaining  variables  at  point  2  may  be  computed 
with  tl. 9  aid  of  Eqs.  2-86  to  2-90  or  taken  from  one  of  the  many  available 
shock  tables  (e.g. ,  Refs.  1,  21  to  28,  33,  and  34,  see  Appendix  A). 

For  weak  shock  waves,  the  entropy  rise  across  the  shock  often  may 
be  neglected.  Under  this  condition,  Q  does  not  change  across  a  P-shock,  or 
P  across  a  Q-shock.  The  flow  at  point  2  in  the  sketch  on  page  35  is  then 
given  by  s2  =  Si ,  Q2  =  Qi ,  and  the  known  value  of  P2 .  Equation  2-85  can 
be  reduced  to 


_  (ui  ±  a,)  +  (u2  ±  a2) 
S  “  2 


(2-93) 


so  that  the  propagation  velocity  of  weak  shocks  is  the  mean  of  the  velocities 
of  the  merging  characterises. 


2. 2. 4. 3  Flame  Fronts 

Problems  involving  heat  addition  by  burning  may  have  to  be  con¬ 
sidered.  If  the  combustion  region  extends  over  some  length  of  the  duct,  the 
wave  diagram  must  be  prepared  according  to  the  general  procedure  given  in 
Subsec.  2.2.2,  but  if  the  region  is  sufficiently  narrow,  it  may  be  approxi¬ 
mated  by  a  discontinuous  flame  front.  The  latter  advances  into  the  unburned 
gas  with  a  flame  speed,  vj,  which  will  be  treated  as  a  positive  quantity.  Let 

h'  be  the  heat  released  per  unit  mass  of  the  gas.  Both  vj  and  h'  must  be 

prescribed  in  the  form  of  some  functions  of  the  flow  conditions  in  the  unburned 
gas;  they  may  be  chosen  independently  of  each  other  except  for  the  limitation 
stated  at  the  end  of  this  subsection. 

A  general  solution  for  the  interaction  of  characteristics  with  a  flame 
front,  based  on  conservation  of  mass,  momentum,  and  energy,  involves  lengthy 
calculations  which  are  discussed  by  Rudinger  in  Ref.  59.  Considerable  sim¬ 
plifications  are  possible  for  moderate  flame  speeds  (less  than  about  15%  of  the 
speed  of  sound  in  the  unburned  ga  .<■.),  because  the  pressure  change  across  the 
flame  then  becomes  insignificant.  The  flame  speed  increases  with  the  tem¬ 
perature  of  the  unburned  gas,  T^.  It  is  convenient  to  assume 

v^  =  k'  T^  ;  where  k'  =  constant.  (2-94) 

37 


2. 2.4.3 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


When  tne  thermodynamic  properties  of  the  gas  are  constant  across  tne  flame, 
a  solution  in  closed  form  becomes  possible. 

The  left  and  right  sides  of  the  flame  front  are  indicated  by  subscripts 
L  and  R,  respectively,  and  the  unburned  gas  may  be*on  either  side.  To  dis¬ 
tinguish  between  properties  of  the  unburned  and  burned  gas,  subscripts  u  and 
b  are  used.  The  known  quantities  are  thus  P^,  Q^,  and  s^.  The  nomencla¬ 
ture  is  shown  in  the  sketch  below . 


The  following  dimensionless  variables  may  be  used: 


where 


and 


and 


vs  -  5  k  au 


a' 

k  =  0  k' 
yR' 


h  =  h> 

c'  T*  • 

P  o 

The  solution  of  the  problem  is  then  given  by 
a^  =  0.5(i/  +  h/v)  , 

ay  =  0.’5(y  -  h/y)  , 


2  .  % 

— ln  r 


*  ‘  (PL  +  qr  +  !th> 


(2-95) 


(2-96) 


(2-97) 

(2-98) 

(2-99) 


where 


(2-100) 
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Equations  2-97  and  2-98  together  with  the  appropriate  Riemann  variables,  P^ 
and  Qpj,  determine  uu  and  u^  according  to  Eqs.  2-69  and  2-70.  Finally,  the 
propagation  velocity  of  the  flame  front  relative  to  the  duct  is  given  by 


w. 


w'/a’  =  u  ±  v, 
f  o  u  f 


(2-101) 


where  v^  follows  from  Eq.  2-95  and  the  upper  sign  must  be  used  if  the  un¬ 
burned  gas  is  on  the  right  side  of  the  flame  front. 


Since  heat  addition  cannot  accelerate  the  burned  gas  relative  to  the 
flame  front  to  more  than  the  speed  of  sound  in  the  burned  gas  (see  Refs.  15, 
64  and  87,  and  Subsec.  2.1.2),  the  inequality 


k 


W. 


£  1 


(2-102) 


must  be  satisfied.  This  condition  points  out  the  restriction,  referred  to  earlier, 
on  the  extent  to  which  the  flame  speed  and  the  amount  of  heat  released  can  be 
chosen  independently.  Rudinger  (Ref.  88)  stresses  the  fact  that  Eq.  2-102 
should  not  be  interpreted  as  implying  an  upper  limit  to  the  amount  of  heat  that 
can  be  added,  but  rather  as  indicating  a  limit  on  the  flame  speed  that  can  be 
assumed. 


2. 2. 4. 4  Discontinuous  Area  Changes 


Gradual  changes  of  the  duct  area  can  be  handled  according  to  the 
basic  procedure  described  in  Subsec.  2.2.2.  Sometimes  it  is  not  necessary 
to  have  detailed  knowledge  of  the  flow  during  transition  from  one  area  to  another 
but  only  of  the  over-all  changes.  It  is  then  possible  to  approximate  the  vari¬ 
able-area  duct  by  a  discontinuous  change  between  two  sections  of  constant  area. 
On  the  basis  of  steady-flow  relationships  the  flow  transition  across  the  discon¬ 
tinuity  is  assumed  to  take  place  instantaneously. 


The  problem  is  then  to  find  the  flow  conditions  on  the  left  and  right 
sides  of  the  area  discontinuity  by  using  the  given  areas,  and  A^,  and  the 


values  of  and  Q^.  For  steady-flow  calculations,  it  is  preferable  to  use 


the  flow  Mach  number,  M  =  u/a,  instead  of  u,  and  the  equations  to  be  solved 
are 


lLirn  +  ml 


-  T> 


Rlr  -  l 


mt 


=  Q 


R 


(2-103) 

(2-104) 


aL  Hhr +  ML 


,)  -  aR  (rh- +  mr) 


(2-105) 
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and 


where 


^-IL)  <p(MR) 

al  ar 


<p(  M) 


1_ 

M 


y+1 

W =2) 


(2-106) 


(2-107) 


i.e.,  <p(M)  =  (A/A*)  as  given  in  Eq.  2-4.  It  is  tabulated  in  Refs.  1,  21  to 
28,  33,  and  34  (see  Appendix  A).  Equations  2-103  to  2-106  are  conveniently 
solved  by  iteration  based  on  an  initial  estimate  for  one  of  the  variables. 

&Jf  the  flow  is  entirely  subsonic  or  entirely  supersonic,  there  is  no 
entropy  change  across  the  area  discontinuity,  and  s^  =  sR.  However,  if  the 

duct  represents  the  diverging  part  of  a  supersonic  diffuser,  a  normal  shock 
may  be  located  within  the  region  that  is-  approximated  by  a  discontinuous  area 
change.  The  flow  then  enters  the  discontinuity  at  known  conditions  of  super¬ 
sonic  flow  and  one  must  find  the  conditions  in  the  subsonic  flow  leaving  the 
discontinuity.  Suppose  the  flow  direction  is  from  left  to  right.  Since  the  flow 
is  supersonic,  P^,  Q^,  and  sL,  and  therefore  all  conditions  on  the  left  side 

of  the  discontinuity,  are  known.  Equations  2-104  and  2-105  can  then  be  solved 
for  aR  and  MR.  Equation  2-106  must  not  be  used  since  it  applies  only  in  isen- 

tropic  ilow.  The  entropy  rise  is  finally  computed  from 


Ar  <*ml> 


(2-108) 


2.2.5  Shock  Interactions 

When  two  shock  waves  interact  or  when  a  shock  wave  meets  a  sur¬ 
face  of  discontinuity,  the  wave  diagram  in  the  vicinity  of  the  interaction  point  is 
divided  by  the  newly  created  waves  into  several  regions.  The  flow  conditions 
must  be  found  for  each  region  and  matched  to  the  flow  in  the  adjoining  regions 
by  the  methods  discussed  in  the  preceding  subsections.  It  is  often  possible  to 
write  the  solutions  in  closed  form  (see  Ref.  63),  but  the  resulting  formulas 
are  rather  complicated,  and  it  usually  is  easier  to  solve  the  equations  by  trial 
and  error. 


2.2. 5.1  Shock  Reflection  from  an  Open  End 

The  reflected  wave  is  an  expansion  wave  which  is  determined  by  the 
condition  that  either  the  discharge  is  subsonic  at  ambient  pressure  or  it  is 
sonic  at  greater  than  ambient  pressure.  If  the  flow  behind  the  incident  shock 
is  supersonic,  no  reflected  wave  is  formed.  The  first  two  cases  are  illustrated 


Duct  Flow  Theory 


for  a  P-shock  in  the  following  two  sketches: 


a)  Subsonic  Discharge 


Regions  1  and  2  are  determined  by  the  prescribed  problem.  The  discharge 
conditions  are  then  given  by 


Case  a)  uE  <  aE  Case  b)  up  =  a 

r-1 

ag  =  aa(p1/pa)2y 
2  „ 


E  “E 

a  -  y  ~  1  P 
aE  y  +  1  Fs 


UE  =  P=  y 


1  E 


u£  -  2^~7  P; 


-  1 

Tl** 


(2-109) 


SE  =  Sa 


s£  =  s3 


For  an  incident  Q- shock,  replace  Ps  by  Qs . 


It  is  assumed  here  that  the  reflection  process  is  instantaneous.  All 
characteristics  of  the  reflected  expansion  wave  then  originate  from  the  same 
point  so  that  a  centered  expansion  wave  is  formed.  The  small  lag  in  the  ac¬ 
tual  establishment  of  the  required  exit  pressure  (see  Ref.  7S  and  Subsec.  2.2.3) 
usually  can  be  neglected  in  engineering  applications. 


2. 2. 5. 2  Interaction  of  Two  Shock  Waves 

Two  shock  waves  interact  when  one  overtakes  the  other  (merging)  or 
when  one  crosses  the  other.  These  two  cases  are  illustrated  in  the  following 


W  'm 


9  • 
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Reflected 

Expansion 


(d) 


(e) 


(f) 


(g) 
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Regions  l,  2,  and  3  are  determined  by  the  prescribed  conditions,  but  4  and  5 
are  unknown.  An  estimate  for  any  of  the  unknown  variables,  say  at,  yields 
all  conditions  in  region  4.  The  interface  conditions  then  give  us  =  iu  and 
ps  =  pt .  One  of  these  variables  is  sufficient  to  compute  all  conditions  in  re¬ 
gion  5,  and  the  other  serves  as  a  check  on  the  correctness  of  the  original 
estimate. 


The  particle  path  through  the  interaction  point  becomes  a  contact 
surface  after  the  interaction  because  the  gases  on  either  side  of  this  surface 
experience  different  entropy  rises. 

2. 2. 5. 3  Shock  Interaction  with  a  Discontinuous  Area  Change 

An  area  discontinuity  usually  represents  the  net  result  of  a  gradual 
area  change  (see  Subsec.  2. 2. 4. 4),  in  which  case  the  results  of  the  calcula¬ 
tions  apply  only  at  distances  far  enough  removed  from  the  discontinuity  for 
steady  flow  to  be  re-established. 

This  interaction  may  lead  to  a  considerable  variety  of  wave  patterns 
which  depend  on:  1)  the  direction  of  area  increase  with  respect  to  the  flow 
direction,  2)  the  direction  in  which  the  incident  shock  travels,  and  3)  whether 
the  flow  is  entirely  subsonic,  entirely  supersonic,  or  partly  subsonic  and  partly 
supersonic.  No  general  rules  can  be  given  and  the  actual  wave  pattern  will 
have  to  be  found  in  each  case  by  trial  and  error.  A  number  of  possible  wave 
patterns  are  shown  in  the  sketches  on  the  opposite  page.  Sometimes  the  re¬ 
flected  wave  cannot  travel  upstream  and  is  swept  downstream  (cases  c  and  g), 
or  it  may  split  into  two  wa” "5,  one  of  which  travels  upstream  while  the  other 
is  swept  downstream  (case  A  reflected  shock  may  also  be  stationary  in 
the  divergent  portion  of  the  duct.  Since  this  portion  is  approximated  by  a  dis¬ 
continuous  area  change,  the  wave  pattern  is  that  of  case  f. 

In  general,  all  matching  conditions  can  be  satisfied  by  only  one  wave 
pattern.  However,  if  a  shock  which  is  strong  enough  to  produce  supersonic 
flow  enters  a  contraction,  it  has  been  shown  by  Oppenheim,  et  al  (Ref.  89) 
that  there  exists  a  narrow  range  of  the  contraction  ratio  for  which  all  condi¬ 
tions  can  be  satisfied  by  both  type  (b)  and  type  (c)  patterns.  For  the  case 
without  initial  flow,  Rudinger  (Ref.  90),  shows  that  this  ambiguity  is  resolved 
in  the  sense  that  pattern  (c)  would  be  obtained  if  the  problem  were  solved  by 
a  wave  diagram  for  a  gradual  area  change.  If  there  is  an  initial  flow  the  same 
result  presumably  holds,  but  this  case  has  apparently  not  yet  been  investigated. 

2.  2.  5. 4  Interaction  of  a  Shock  with  a  Contact  Surface 

The  interaction  of  an  incident  shock  with  a  contact  surface  results 
in  a  transmitted  shock  and,  in  general,  a  reflected  wave.  In  the  illustrative 
sketch  on  the  next  page,  the  gas  properties  are  known  in  the  regions  1,  2,  and 
3  and  may  be  found  in  regions  4  and  5  by  trial  and  error  as  in  Subsec.  2. 2. 5. 2. 
Depending  on  the  strength  of  the  incident  shock  and  on  the  specific-heat  ratio 
and  the  speed  of  sound  of  the  gases  that  form  the  interface,  the  transmitted 
shock  may  be  stronger  or  weaker  than  the  incident  shock.  Correspondingly, 
the  reflected  wave,  indicated  in  the  sketch  as  a  single  line,  is  either  a  shock 
or  a  centered  expansion  wave.  These  two  cases  are  separated  by  the  special 
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Reflected 

Wave 


condition  of  no  reflected  wave.  If  the  specific-heat  ratio  on  the  two  sides  of 
the  interface  is  the  same,  the  condition  for  no  reflection  is  a2  =  aj .  If  the 
incident  wave  travels  in  the  gas  with  the  higher  (lower)  speed  of  sound,  the 
reflected  wave  is  a  shock  (expansion)  wave.  In  a  general  case  there  is  no 
simple  rule  for  predicting  the  type  of  the  reflected  wave. 

2. 2. 5. 5  Shock  Interaction  with  a  Flame  Front 

There  are  two  possible  shock  interactions  since  the  incident  shock 
wave  may  travel  either  in  the  unburned  gas  or  in  the  burned  gas.  Tnese  cases 
are  illustrated  in  the  sketches  below  where  regions  1  to  3  are  again  known 
from  the  prescribed  information. 


There  are  now  three  unknown  regions,  but  the  same  trial  and  error  method  as 
before  can  be  applied.  Since  the  flame  speed  and  heat  release  are  normally 
given  in  terms  of  the  state  of  the  unburned  gas,  the  estimate  should  be  made 
for  one  of  the  variables  on  the  unburned  side  of  the  flame  front.  The  remain¬ 
ing  procedure  is  the  same  as  in  the  preceding  cases.  The  limitations  on  the 
assumptions  for  the  flame  speed  which  were  discussed  in  Subsec.  2. 2. 4. 3  also 
apply  in  this  case. 
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2.2. 


2.2.6  Shock  Passage  Through  a  Duct  of  Gradually  Varying  Cross  Section 

As  a  shock  wave  travels  through  a  duct  of  variable  cross  section, 
its  strength  changes  and  a  complicated  nonsteady  flow  field  of  reflected  and  re¬ 
reflected  waves  is  created.  The  entire  flow  may  be  obtained  by  means  of  the 
general  procedures  of  Subsecs.  2.2.2  and  2. 2. 4. 2.  Several  analytical  approxi¬ 
mations  have  been  published  which  yield  the  shock  strength  as  an  explicit  func¬ 
tion  of  the  duct  area  (Refs.  66-72).  If  the  gas  ahead  of  the  shock  wave  is  at 
rest,  and  the  shock  is  of  only  moderate  strength,  (shock  Mach  number  up  to 
about  2.0),  the  relationship  between  shock  Mach  number  and  duct  area  is  well 
approximated  by  the  following  simple  formula  given  by  Chester  (Refs.  66  and  70). 


AK  Mg  -  1  j  =  constant 


(2-110) 


\  / 

The  exponent  K  is  a  slowly  varying  function  of  y  and  Mg  given  by 

"i-l 

(1+  2  LzJ*)  (2a  +  H-L) 

\  7  +  1  «  /  \  M2 


K  =  2 


S  -1 


(2-111) 


where 


(y  -  1)  M®  +  2 

,3  _  _ O 

2y  M3g  -  y  +  1 


This  function  is  plotted  in  Fig.  2-30  for  y  =  1.4.  Chisnell  (Ref.  67)  recom¬ 
mended  the  use  of  an  estimated  mean  value  of  K  derived  from  the  shock 
strengths  at  both  ends  of  the  variable-area  section.  More  elaborate  expres¬ 
sions  that  may  be  applied  to  shock  waves  of  arbitrary  strength  may  be  found 
in  Refs.  67,  70,  and  72. 


2.2.7  Small  Perturbation  Approximations 

If  external  forces,  heat  and  mass  addition,  or  variations  of  the  duct 
area  produce  only  small  disturbances  in  an  otherwise  uniform  or  locally  uni¬ 
form  flow,  the  basic  differential  equations  (Eqs.  2-54  to  2-56)  can  be  linearized. 
Numerous  methods  of  finding  solutions  for  general  non- steady  flows  as  well  as 
for  specific  problems  have  been  published  (e.g. ,  Refs.  69,  71,  73  to  76,  88, 
91  and  92).  The  approach  described  here  follows  essentially  the  source  dis¬ 
tribution  method  of  Mirels  (Ref.  76),  although  a  few  of  the  results  may  also 
be  found  in  some  of  the  other  references. 


Consider  a  steady  flow  through  a  duct  of  constant  cross  section  with 
the  flow  properties  u,  p,  p,  ...  When  this  basic  flow  is  only  locally  uniform, 
appropriate  subscripts  will  be  used  to  identify  the  different  regions.  Under 
the  influence  of  disturbances,  the  flow  is  modified  and  the  actual  conditions  are 
given  by  u  +  An,  p  +  Ap,  . . . ,  where  the  small  perturbations  Au,  Ap,  . . .  are 
the  unknown  functions  of  x  and  t.  The  linearized  Equations  (Eqs.  2-54  to  2-56), 
in  terms  of  dimensionless  variables,  then  become 
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*  u  *4^  =  «x,t) 


(2-113) 


3As  BAs  _  q(x,  t) 

3t  Bx  T 


(2-114) 


where 


y(x,t)  -  m(x,  t)  -  £  (  at  +  u 


(2-115) 


The  quantities  p,  f,  and  q  represent  the  sources  of  the  disturbances  whose 
distribution  along  the  duct  must  be  prescribed  as  a  function  of  time. 


As  in  the  case  of  complete  wave  diagrams,  the  perturbations  pro¬ 
pagate  along  the  characteristic  directions  u  ±  a  and  u  and  change  in  a  manner 
that  can  be  derived  from  Eqs.  2-112  to  2-114.  In  a  wave  diagram,  the  most 
convenient  variables  to  describe  the  flow  are  the  entropy,  s,  and  the  Riemann 
variables,  P  and  Q,  (see  Subsec.  2.2.2).  In  the  present  approach,  it  is  more 
convenient  to  replace  the  perturbations  AP  and  AQ  by  the  pressure  perturba¬ 
tions,  Ap  ,  which  are  associated  with  the  characteristic  directions,  u  ±  a.  The 
net  pressure  perturbation  at  any  point  is  then  given  by 


Ap(x,t)  =  Ap  (x,  t)  +  Ap~(x,  t) 


(2-116) 


These  perturbations  are  related  to  the  perturbations  of  the  Riemann  variables, 
AP  and  AQ,  and  of  the  entropy,  As,  by  the  equations 


0  -  *•)  -  *£ 


(2-117) 


i(¥  - *■)  - 


(2-118) 


The  perturbations  Ap  ,  Ap  ,  and  As  can  be  obtained  by  integrating 
along  the  appropriate  characteristics  as  outlined  in  the  following  section.  Once 
they  have  been  determined,  the  velocity  perturbations  may  be  found  with  the 
aid  of  the  relationship 


Au(x,  t)  =  —  [Apf(x,  t)  -  Ap"(x,  t)] 


_  a  Ap+  (x,  t)  Ap~(x,  t) 
"  y  P  P 


(2-119) 
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The  quantity  pa  =  yp/a  represents  the  characteristic  acoustic  re¬ 
sistance  of  the  medium  and  is  of  great  importance  in  all  problems  involving 
transmission  or  reflection  of  acoustic  waves  (see  Ref.  93).  In  Eq.  2-119,  the 
difference  between  the  pressure  perturbations  must  be  used  because  a  compres¬ 
sion  wave  Apincreases  both  the  pressure  and  the  velocity,  while  a  compres¬ 
sion  wave  Ap  increases  the  pressure  but  decreases  the  velocity.  Density  and 
temperature  perturbations  are  determined  by  the  equations 

Afe)  =  MM)  .  (  1)  As(X}t)  (2-120) 

p  yp 

and 

AT(x,  t)  _  Ap(x,  t)  _  A p(x,  t)  (2-121) 

T  ~  p  p  '  ' 

2. 2.7.1  Basic  Flow  of  Infinite  Extent 

Consider  a  steady  flow  in  an  infinitely  long  duct  of  constant  cross 
section,  and  assume  that  certain  sources  of  disturbances,  p,  f,  and  q,  are 
prescribed  which  are  also  functions  of  time  and  space,  i.e.,  expressed  in  a 
coordinate  system  (£,r)  which  is  coincident  with  the  (x,  t)  coordinate  system. 
The  problem  is  then  to  find  the  flow  conditions  at  any  point  in  the  duct  char¬ 
acterized  by  the  coordinates  x  and  t.  These  conditions  can  be  influenced  only 
by  disturbances  which  propagate  along  the  characteristics  through  this  point 
(see  the  following  sketch  and  also  Subsec.  2. 2. 2. 2). 


I - -  x,£ 

The  equations  of  the  characteristic  lines  through  point  (x,  t)  are  given  by 

£  =  x  -  (u  +  a)  (t  -  t) 

%  =  x  -  (u  -  a)  (t  -  r)  (2-122) 

« 

|  =  x  -  u  (t  -  r) 


The  perturbations  at  point  (x,  t)  can  then  be  obtained  by  evaluating 
the  following  integrals  along  the  appropriate  characteristics: 
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Ap~(x,  t)  _  y 
P  "  2 


^  *  (r  -  1) 


4=x-(u~a)(t-T), 


dr 


as(x-‘>  MT  J  |[<l<«'T>]{=x-u(t-r)}  dT 


(2-124) 

(2-125) 


The  remaining  perturbations  are  given  by  Eqs.  2-116,  and  2-119  to  2-121.  In 
this  manner,  the  flow  conditions  may  be  determined  at  any  point  of  interest. 


2. 2. 7. 2  Uniform  Basic  Fiow  with  a  Moving  Discontinuity 

Consider  a  basic  flow  in  which  two  regions,  1  and  2,  are  separated 
by  a  discontinuity  which  pr  .pagates  along  the  duct  with  the  velocity  w.  This 
discontinuity  may  be  a  shock  wave,  a  contact  surface,  a  flame  front  or  an  end 
of  the  duct,  and  the  flow  changes  at  the  discontinuity  need  not  be  small.  The 
disturbance  waves  which  pass  through  point  (x,  t)  are  shown  as  lines  a,  b,  and 
c  in  the  following  sketch. 


(x,  t) 


The  sources  along  lines  a,  b,  and  c  contribute  directly  to  the  conditions  at 
point  (x,  t).  Suppose  lines  b  and  c  intersect  the  path  of  the  discontinuity  at 
points  B  and  C  respectively.  The  disturbance  waves,  d,  e,  and  f,  which  ar¬ 
rive  at  point  B  interact  with  the  discontinuity  and  generate  further  disturbances 
which  also  pass  along  b  to  the  point  (x,  t).  Similarly,  disturbances  from  g,  h, 
and  i  pass  along  the  line  c.  The  disturbance  wave  that  arrives  at  B  along 
line  d  in  region  2  is  symbolized  by  Ap„  u  and  its  reflected  disturbance  wave 

by  Apg  Similarly  the  disturbance  wave  that  arrives  at  C  along  line  h  in 

region  1,  Ap~  interacts  with  the  discontinuity  to  produce  the  wave  ASg  q 

along  line  c.  The  ratio  of  the  perturbation  wave  generated  by  interaction  with 
the  "incident"  wave  is  called  the  transfer  function  for  the  particular  interaction. 

Examples  of  transfer  functions  are  Apg  g/Ap^  g  and  ASg  ^/A pj  Several 

important  transfer  functions  are  given  in  the  following  subsection. 


The  solution  for  point  (x,  t)  for  the  example  of  the  preceding  sketch  is  given  by 


APa(x,  t)  _ 
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where 


and 


/.  \t  y.  p  ru.(€,r)  qM,r)  t^rfl 

ta  ta 

/ 

(XJ  dr 

\  u/r.  J  rA  sn 


dr  (2-129) 


(2-130) 


Where  subscript  j  denotes  the  flow  region  (1  or  2),  indicates  the  integra¬ 
tion  path  (lines  a,b,c...),  and  each  integration  must  be  carried  out  from  its 
appropriate  starting  point,  to  r  =  t. 

The  integration  paths  in  these  equations  are  given  by  Eq.  2-122 
and  the  coordinates  of  points  B  and  C  can  be  computed  for  a  prescribed  path 
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of  the  discontinuity.  For  example,  if  the  discontinuity  passes  through  the  ori¬ 
gin  of  the  coordinate  system,  the  coordinates  of  point  C  are  given  by 


and 


_  x  -  uat 
C  “  w  -  us 

?c  =  WTc 


(2-131) 

(2-132) 


Once  Eqs.  2-126  to  2-128  have  been  evaluated,  the  flow  conditions 
at  point  (x,  t)  follow  from  Eqs.  2-116,  and  2-119  to  2-121. 

Only  the  case  of  a  single  discontinuity  has  been  described  here;  how¬ 
ever,  it  is  easy  to  extend  the  method  to  include  additional  discontinuities. 

2. 2.7.3  Transfer  Functions  for  Wave  Interactions 

If  a  disturbance  wave  interacts  with  a  discontinuity  surface,  its  am¬ 
plitude  is,  in  general,  modified  and  new  waves  are  generated.  Since  the  trans¬ 
fer  function  is  the  ratio  of  the  amplitude  of  the  modified  or  newly  generated 
wave  to  that  of  the  incident  wave,  it  depends  on  the  nature  of  the  incident  wave 
and  of  the  discontinuity.  A  transfer  function  is  usually  derived  by  linearizing 
the  equations  of  the  steady-flow  boundary  conditions  associated  witji  the  parti¬ 
cular  discontinuity  (see  Subsec.  2.2.3)  for  small  perturbations  Ap  ,  Ap“,  and 
As  of  the  flow  on  both  sides  of  the  discontinuity.  The  transfer  function  is  then 
obtained  from  these  equations  as  the  ratio  of  the  appropriate  perturbations. 
Out  of  a  great  number  of  possible  transfer  functions,  some  of  the  more  im¬ 
portant  ones  are  given  below,  the  nomenclature  being  given  by  means  of  ap¬ 
propriate  sketches.  For  the  jsake  of  consistency,  the  relative  amplitudes  of 
the  pressure  perturbations,  ApVp,  are  written  in  the  transfer  functions  although 
the  denominator  could  be  omitted  in  some  of  the  cases.  Most  of  the  following 
transfer  functions  were  derived  in  their  stated  form  by  Mirels  (Ref.  76);  a 
number  of  them  may  also  be  found  in  the  literature  in  different  but  equivalent 
forms  (Refs.  75,  91  and  93). 


Contact  Surface 


Pressure  and  velocity  must  be  continuous  across  the  surface. 


m  vwiwnvtmjiruvimf  miiij\rtr i 


Duct  Flow  Theory 


2. 2.7. 3 


Incident  Wave  Ap,~ 

Incident  Wave  Ap£ 

+  .  i 

APi/Pi  _  Yi  a2 

(2-133) 

Apf/pi  _  2 

ApT/p.  y^t +  1 

yi  *2 

Apa/ps  2 

(2-134) 

y.i-**  - 1 

A  Pa  /  p2  _  Vs  aj 

Ap£/p2  2Aaa  +  1 
■  Fa/F3  ys  a: 

Constant  Velocity  Discontinuity 

(2-135) 


(2-136) 


This  case  corresponds  to  a  duct  terminated  by  a  moving  piston  or 
duct  with  a  closed  end. 


Piston  Path 


To  the  right  of  the  piston  /p  =  j 

Ap'/p 


To  the  left  of  the  piston  QE-/.2  =  i 

ApVp 


(2-137) 


Subsonic  Discharge 
Constant-  Pressure  Discontinuity 
This  case  corresponds  to  a  tube  with  an  open  end. 


For  the 
left  end 


Ap+/p  _ 
Ap"/p 


-  1 


For  the 
right  end 


-4£Ze  = .  i 

(2-138) 


Ap+/p 


51 


- ’•  •'  '9  ~  9 '  •  ■  •'  *  9T 


Duct  Flow  Theory 


2. 2.7.3 


For  a  right-end  inlet,  one  must  interchange  the  superscripts  +  and 
the  Mach  number  of  the  unperturbed  flow,  M,  is  always  taken  as  a  positive 
quantity. 


Shock  Wave 

Let  regions  1  and  2  represent  the  low-pressure  and  high-pressure 
sides  of  the  shock,  respectively.  The  following  relationships  then  apply  to 
P-shocks. 


The  corresponding  equations  for  Q-shocks  are  obtained  by  interchanging  the 
superscripts  +  and  -,  provided  the  shock  Mach  number,  Mg,  is  always  taken 

as  a  positive  quantity.  The  following  functions  ox  Mg  are  used  in  order  to  al¬ 
low  the  transfer  functions  to  be  written  in  a  concise  form. 


y  = 


(M|  -  I)2 


and 


z  = 


yM2  [(y  -  1)  M2  +  2] 

2(y  +  1)  Mg 
(2y  M2  -  y  +  1)  (M2  +  1) 


(2-142) 


(2-143) 


Incident  Wave 


z  -  1 


Incident  Wave  Ap,~ 


Apz/pg  _ _ a- 


Aps/ps  z  —  +  1 


(2-144) 


Apa/pa 

Api/Pi 


1  +  Z  1  - 


i  -  1> 

y  -  1  S 

y  +  1 


1  +  z  Js- 
a: 


ASs 


Apa/pa 


=  y/A^/es  +  1\  (2_14g)  __^S3_ 

VApJ/ps  /  Ap^/Pi 


=  y 


iZes  _  A 

;/p,  ) 


'APa 

lApl/p 


(2-146) 

(2-147) 
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•f 

Incident  Wave  Apt 


Ap^/pa 

APi+/Pi 


1 


z 


y  +  1  Mg  J 


1  + 


z 


3-2 

3-1 


(2-148) 


Ass 

Apt/Pi 


Incident  Wave  Ast 

Apa/pa 

ASj 


y(y  -  1)  (Mg  -  1)  z 
(r  ♦  1)  Ms  (i  ♦  z  5) 


(2-149) 


(2-150) 


=  1  +  V 

As1  y  ASj 


(2-151) 


Flame  Front 


The  transfer  functions  associated  with  a  flame  front  given  here  are 
derived  with  the  assumption  that: 

1)  [(wf  -  uu)/auf  «  1  and  [(w{  -  \)/\f  «  1 


2)  v{  = 


Wj  -  uu  =  constant 


3)  hi'  =  constant 


As  a  consequence  of  the  first  assumption,  the  pressure  in  the  burned 
gas  is  approximately  equal  to  that  in  the  unburned  gas.  Furthermore,  in  both 
the  burned  and  the  unburned  gases,  the  stagnation  temperature  in  a  coordinate 
system  fixed  with  respect  to  the  flame  front  is  approximately  equal  to  the  static 
temperature.  The  temperatures  on  the  two  sides  of  the  flame  are  then  re¬ 
lated  through  the  energy  equation 

(c^  T')u  +  h-  =  (c'p  T')b  •  (2-152) 

Since  the  thermodynamic  properties  of  the  gas  are  allowed  to  change 
across  the  flame  front,  the  dimensionless  entropies  by  definition  (see  Sub¬ 
sec.  2.2.1),  are  Asu  =  As^/yu  R^  and  Asb  =  As^  R^  . 
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The  entropy  levels  in  the  burned  and  unburned  gases  are  specified  as 
part  of  the  unperturbed  basic  flow. 


Let 


and  also  let 


and 


T'>b 

tt; 


yb\rb  -  1  X 


(2-153) 


(2-154) 

(2-155) 


The  transfer  functions  are  then  given  by  the  following  equations  which 
apply  if  the  unburned  gas  is  to  the  right  of  the  flame  front  as  shown  in  the 
sketch  below.  If  the  unburned  gas  is  on  the  left  side,  the  same  equations  ap¬ 
ply  provided  that  the  superscripts  +  and  -  are  interchanged,  and  that  v{  is  al¬ 
ways  taken  as  a  positive  quantity. 


Incident  Wave  Ap~ 
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Incident  Wave  Ap^ 


Incident  Wave  As 


u 


AVpb  .  j  +  ApX 
ApA  ApA 


Asb  =  Y  A;A 

a*A 


Ap  /p 
*V  *u 


ApA 

ApA 


1  +  z  - 


\\ 

yb  au 


1  +  Z  + 


yu  \ 
yb  au 


ApA  a?A 

=  1  + 


Aph/pl 


V*b 


ApA 


Asb  =  yApX 


*Pk/P 


■  b  Hb 


ApX 


Ap+/p 

Ml  mi 

As. . 


ApA 

As 

u 


y  z 

'u 


1  +  Z  + 


yb  au 


asb  _  1  L,  -  1  +  y  ApX 


As,  X  y.  -  1 
u  'b 


As 
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2.3  Two-  and  Three-Dimensional  Flow 

The  one -dimensional  theory  and  methods  outlined  in  Subsecs.  2. 1 
and  2. 2  ?re  adequate  for  determining  the  properties  of  flows  in  ducts  which 
have  neither  rapidly  changing  cross  sections  nor  rapidly  changing  flow  direc¬ 
tion.  Since  the  pattern  of  the  streamline*  may  be  determined,  one  is  able  to 
deal  with  simple  shock  waves.  This  uplified  approacn  has  also  been  shown 
to  be  applicable  to  cowl-lip  studies,  ,  •  re  the  duct  radius  is  sufficiently  large 
compared  with  the  leading  edge  radius  to  give  an  approximation  to  infinite 
plane  flow.  In  many  problems,  satisfactory  solutions  may  be  obtained  by  con¬ 
sidering  the  duct  flow  as  composed  of  two  rnore-or-less  independent  compon¬ 
ents,  i.e.,  a  potential  flow  and  a  boundary-layer  flow.  The  presence  of  shock 
waves  not  only  produces  rotational  flow,  but  may  set  up  iterated  interactions 
between  the  shock  regions  in  the  boundary  layer  and  in  the  so-called  potential 
flow. 

In  three-dimensional  flow  the  streamline  pattern  is  not  usually  known. 
The  equations  may  be  formulated  but  solutions  are  obtainable  only  for  a  few 
special  cases  or  under  certain  simplifying  assumptions.  Solutions  are  usually 
obtained  by  assuming  that  the  flow  is  frictionless  and  isentropic,  and  subse¬ 
quent  corrections  are  made  to  account  for  the  effects  of  viscosity  and  the  pres¬ 
ence  of  shock  waves.  In  regions  where  the  changes  in  entropy  are  small  the 
solutions  of  the  simplified  equations  give  very  good  predictions  of  the  flow 
properties. 

The  equations  of  three-dimensional  flow,  taking  into  account  viscosity 
and  heat  transfer,  have  been  expressed  in  varying  degrees  of  complexity  in 
such  texts  as  Refs.  2,  3,  7,  and  11  together  with  methods  ol  solution  for  cer¬ 
tain  simplifying  assumptions. 

Solutions  are  obtained  by  approximations  which  linearize  the  equa¬ 
tions,  by  transformations  of  the  variables,  or  by  numerical  and  graphical  in¬ 
tegration.  Assumptions  made  to  linearize  or  otherwise  simplify  the  equations 
often  limit  the  applicability  of  the  solutions  as  well  as  the  accuracy  of  the  re¬ 
sults.  Numerical  solutions,  although  tedious  to  obtain,  may  be  made  as  ac¬ 
curate  as  one  desires.  However,  the  form  of  the  solution  or  of  the  analysis 
as  it  proceeds  does  not  usually  indicate  general  trends  or  rules. 

Many  methods  of  solution  and  their  application  to  bodies  of  various 
shapes  are  given  in  some  detail  in  Section  8  of  the  Handbook  (Ref.  10).  In 
the  current  section,  however,  the  emphasis  is  on  flow  in  channels  rather  than 
around  objects.  For  the  analysis  of  this  type  of  flow  the  method  of  charac¬ 
teristics  is  most  suitable.  This  method  requires  a  carefully  detailed  step-by- 
step  procedure  if  it  is  to  be  used  under  any  but  the  most  simple  conditions. 
The  method  may  be  applied  to  two-dimensional,  general  three-dimensional,  and 
axially- symmetric  flows.  The  underlying  'heory  and  the  details,  of  its  practice 
can  be  found  in  aerodynamics  textbooks,  such  as  Refs.  2,  3,  7,  and  15.  One 
of  the  most  complete  treatments  of  the  method  is  given  ty  Ferri  (Refs.  2,  18, 
and  94)  who  not  only  deals  with  two-  and  three-dimensional  flows,  but  also  in¬ 
cludes  the  effects  of  rotationality  in  the  flow.  Various  aspects  of  the  method 
are  dealt  with  in  Refs.  95  to  99.  Pietrangeli,  et  jal  (Ref.  95)  applies  the 
method  to  rotational  flow  through  a  circular  conical  inlet. 
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2.4  Boundary -Layer  Correction 

For  calculations  involving  two-dimensional,  three-dimensional,  and 
axially- symmetric  flows,  it  is  customary  to  use  the  equations  lor  frictionless 
flow  and  then  adjust  the  solutions  to  account  for  viscous  and  heat-transfer  ef¬ 
fects.  At  moderate  supersonic  velocities  these  effects  may  be  considered  as 
concentrated  in  a  viscous  layer  over  all  surfaces  presented  to  the  flow.  The 
stream  velocity  is  reduced  to  zero  at  the  wall  (no  slip)  and,  by  definition, 
reaches  its  free-stream  value  at  a  distance,  6,  from  the  wall.  (Where  the 
velocity  is  found  by  measurement,  6  is  often  taken  to  be  the  distance  from  the 
wall  where  the  velocity  has  reached  99%  oi  its  free-stream  value.) 


In  laminar  flow,  the  velocity  distribution  is  usually  assumed  to  bear 
a  linear  relation  to  the  boundary-layer  thickness,  6,  i.e., 


y-  -  (|)  0  <  y  <  6 

CO 

V  =  V,  at  y  S  6 


(2-164) 


where 

V  =  stream  velocity  at  any  distance,  y,  from  the  wall 

V  =  free-stream  velocity 

co  ^ 


In  turbulent  flows  the  velocity  distribution  is  usually  given  by 


0  <  y  <  6 


(2-165) 


where 

n  =  a  numerical  parameter 
and  as  before 


V  =  V  at  y  £  6 

CO  J 

Reference  100  gives  the  empirical  relation  between  n  and  the  Reynolds  number 
as 

n  =  2.6  Re1//14  (2-166) 

The  Reynolds  number  may  be  given  in  terms  of  the  density  and  the  viscosity, 
either  of  the  free  stream  or  of  the  flow  adjacent  to  the  wall,  i.e., 
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When  Re  is  10”,  Eq.  2-166  gives  n  ~  7.  This  value  has  been  verified  exper¬ 
imentally  and  is  often  used  in  calculations  over  a  much  wider  range  of  Reynolds 
numbers  than  Eq.  2-166  would  allow. 


The  boundary-layer  displacement  thickness,  6*,  indicates  the  dis¬ 
placement  distance  of  the  streamlines  due  to  the  boundary  layer  and  is  given  by 


y~6 


6* 


■  1  (■  ■  *) 


dy 


(2-167) 


A  third  useful  form  of  boundary -layer  thickness  is  known  as  the 
momentum  thickness,  9,  or  the  thickness  which  will  account  for  the  loss  of 
momentum  due  to  the  boundary  layer.  It  is  given  by 


y=6 


-  J 

\  ' 


|dy 


(2-168) 


y=0 


Numerical  values  of  the  ratios,  8/6,  6*/6,  and  6*/0  are  tabulated  to  five  deci¬ 
mal  places  in  Re'.  100  for  0.1  <  M  <  1.0  (AM  =  0.1)  and  1.0  <  M  <  10. 0 
(AM  =  0.04)  with  n  =  5,  7,  9,  and  11.  The  values  of  5*/6  and  6*/8  for  n  =  7 
are  repeated  here  in  Table  2-1  to  four  significant  figures. 


In  calculating  duct  flow  characteristics,  viscous  corrections  are  usu¬ 
ally  made  by  considering  the  "effective"  area,  i.e.,  the  geometric  area  re¬ 
duced  by  the  boundary-layer  displacement  thickness.  The  displacement  thick¬ 
ness,  6*,  is  generally  taken  sis  the  appropriate  correction  in  order  to  maintain 
the  continuity  of  mass  flow. 


In  the  design  of  a  new  nozzle  or  duct,  the  contour  is  first  deter¬ 
mined  by  applying  the  characteristics  method  to  potential  flow.  The  actual  or 
design  contour  is  displaced  from  the  potential  contour  (as  shown  in  the  sketch 
below)  by  the  calculated  values  of  6*  at  all  points  along  the  surface. 
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It  will  be  shown  that  6*  is  dependent  upon  the  Reynolds  number  of  the  flow 
and  that  the  geometric  correction  therefore  will  be  accurate  for  only  a  limited 
range  of  pressures  and  temperatures  at  the  design  Mach  number.  However,, 
when  a  nozzle  with  a  potential  flow  profile  or  a  nozzle  corrected  for  a  specific 
Reynolds  number  is  used  for  off-design  Reynolds  numbers,  a  further  correc¬ 
tion  may  be  made  by  calculating  the  difference  between  the  actual  and  initial 
boundary -layer  thickness  on  the  test-section  walls.  The  "effective"  area  ratio 
of  the  nozzle  may  be  used  to  determine  the  Mach  number  and  pressure  ratio 
of  the  test  section  (see  Subsec.  2.1.8). 


2.4.1  Boundary -Layer  Thickness  in  Two-Dimensional  Flow 

Some  of  the  most  easily  applied  formulas  derived  by  Tucker  (Ref.  100) 
for  the  calculation  of  boundary-layer  thickness  along  a  surface  are  summarized 
below. 


2. 4. 1.1  Zero  Pressure  Gradient 

In  a  duct  of  uniform  cross  section  and  moderate  length,  the  Mach 
number  and  static  pressure  are  not  changed  appreciably  by  the  growth  of  bound¬ 
ary  layer.  In  this  case  the  change  in  momentum  thickness  between  two  points, 
a  and  b,  may  be  expressed  as 


0.0254 


; _ <‘tvTt 

pt  M(1  +  Ms) 


<V/7  -  *a,/7> 


(2-169) 


for  y  =  1.4  and  "wall"  values  of  density  and  the  coefficient  of  viscosity,  \i 


0,  -  0  =  0.0254 

b  a 


\ 

(>  *  Mf 

_  Pj  M 


(V/?  -  xaS/7> 


for  free-stream  values  of  the  parameters, 


where 


(2-170) 


x  =  distance  measured  from  effective  origin  of  boundary-layer 
development 

M  =  average  free-stream  Mach  number  in  the  interval  a  to  b. 


Since  the  numerical  coefficient  in  the  above  equations  is  dimensional,  the  method 
requires  careful  use  of  consistent  units  (i.e.,  the  slug-foot- second  system  with 
temperature  in  degrees  Rankine).  The  required  boundary-layer  displacement 
thickness,  6*,  is  found  from  6 */Q,  which  is  given  as  a  function  of  M  in  Ref.  100 
and  also  in  the  last  column  of  Table  2-1. 


Since  the  Mach  number  is  assumed  to  be  constant  along  a  duct  in 
which  there  is  no  pressure  gradient,  point  a  may  be  chosen  as  the  beginning 
of  the  duct  and  b  as  the  point  at  which  boundary-layer  corrections  are  required. 


2. 4. 1.2  Positive  or  Negative  Pressure  Gradient 

Where  a  negative  pressure  gradient  exists,  i.e.,  where  dM/dx  is 
positive,  one  has 


6,  =  0.0218 


12S 

x  p. 


B.  (Dl  -  D  )  +  6  A  B, 
b  dM  '  b  a '  a  a  b 


(2-171) 


For  a  positive  pressure  gradient 


7=rvi/7 


6.  =  0.0218 
b 


\i  P.  1 


dx 


Ap  m  <°b  -  Ca>  +  6a  \  Ba 


wnere  6  is  given  in  wall  values  of  the  parameters.  The  values  of  A,  B,  C, 
and  D  are  given  in  Ref.  100  for  the  same  range  of  parameter,  as  0/6,  etc., 
(see  p.  59),  and  are  presented  in  Table  2-1  for  n  =  7.  Accoj  .1-  to  Eq.  2-166 
these  values  should  be  restricted  to  regimes  where  the  Reyno.Js  number  is  in 

f* 

the  neighborhood  of  10  (based  on  free -stream  characteristics). 

In  Eqs.  2-171  and  2-172,  x  is  the  average  distance  of  all  points  in 
the  interval  a  to  b  from  the  origin  of  the  boundary  layer,  and  M  is  an  aver¬ 
age  Mach  number  in  the  interval.  The  accuracy  required  and  the  value  of 
dM/dx  v  il  dictate  the  length  of  the  interval  to  be  chosen. 

In  many  cases  the  nozzle  throat  is  assumed  to.be  the  region  of  zero 
boundary  layer,  and  hence  the  origin  for  calculations.  The  error  incurred  by 
such  a  simplification  may  easily  be  estimated  by  a  calculation  of  the  boundary- 
layer  growth  in  the  subsor'.c  portion  of  the  nozzle  (see  Subsec.  6.2.3). 

The  foregoing  step-by-step  correction  is  applied  to  the  contoured 
walls  of  a  two-dimensional  supersonic  nozzle.  The  two  plane  walls  are  usu¬ 
ally  left  uncorrected  or  else  diverged  to  allow  for  the  calculated  displacement 
thickness  at  the  entrance  to  the  test  section. 


2. 4. 1.3  Estimated  Test-Section  Correction 

The  preceding  subsection  presents  a  method  of  calculating  the  bound- 
ary-layer  correction  along  the  length  of  a  nozzle.  If  dM/dx  is  large,  this 
method  may  require  several  calculations  before  the  nozzle  exit  values  are  ob¬ 
tained.  Kuethe  and  Epstein  (Ref.  101)  give  a  method  of  estimating  the  bound¬ 
ary-layer  correction  in  a  two-dimensional  nozzle. 


2. 4.1. 3 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


For  turbulent  boundary  layer  originating  at  a  sonic  throat  and  having 
a  one-seventh  power  velocity  profile  in  the  test  section, 


6^  =  0.0677 


W6  h 


(2-173) 


where 


i  =  axial  length  from  throat  to  test  section 
h  =  a  function  of  test-section  Mach  number  (shown  in  Fig.  2-31) 

The  displacement  thickness  6*  is  given  by 

"f  f<*  ^  -  M  *  l)]\  <*-»« 


6*  =  <  1  - 


where 


d  =  1  +  5/M2 


The  value  of  y  =  1.4  is  implicit  in  these  equations. 

Maxwell  and  Jacocks  (Ref.  102)  have  derived  a  method  of  boundary- 
layer  correction  for  two-dimensional  supersonic  nozzles  which  does  not  require 
integrating  the  rate  of  boundary -layer  growth.  Their  work  is  based  on  that  of 
Tucker  (Ref.  100)  but  differs  from  it  in  several  ways.  In  the  first  place  the 
boundary -layer  thickness  is  non-dimensionalized  by  means  of  a  factor  based  on 
the  stagnation  conditions.  In  this  way  the  equations  may  be  integrated  with 
respect  to  distance  and  a  boundary-layer  thickness  parameter  obtained  which 
may  later  be  corrected  for  any  stagnation  conditions.  A  second  feature  of  the 
method  of  Ref.  102  is  that  the  x-coordinate  is  always  taken  in  terms  of  the 
total  nozzle  length  in  order  that  the  corrected  nozzle  may  always  be  a  scaled 
version  of  the  original  contour.  In  most  methods,  corrections  are  applied  to 
transverse  measurements  while  the  length  remains  unchanged.  The  displace¬ 
ment  thickness  at  the  nozzle  throat  is  calculated  by  Maxwell  and  Jacocks  as  a 
function  of  the  nozzle  geometry  and  the  exit  Mach  number;  in  most  methods  it 
is  assumed  that  the  boundary-layer  growth  starts  from  zero  at  the  throat. 
Reference  102  not  only  gives  all  necessary  equations,  but  includes  tables  of 
Mach  number  and  the  boundary-layer  parameter  as  a  function  of  distance  from 
throat  to  exit  for  Mach  numbers  from  1.5  to  8.0  with  y  =  1.4  and  a  one- 
seventh  velocity  profile.  An  experimental  verification  of  the  accuracy  of  the 
method  is  given  in  the  range  of  M  from  1.5  to  5. 


2.4.2  Boundary-Layer  Correction  for  Axially-Symmetric  Flow 

Tucker  (Ref.  100)  also  describes  an  iterative  method  for  boundary- 
layer  calculation  in  an  axially-symmetric  nozzle.  The  nozzle  is  divided  into 
a  number  of  segments,  each  of  which  is  replaced  by  a  conical  section  passing 
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2.4.2 


between  the  end  points  of  the  segment  as  shown  in  the  sketch  below. 


a 


b' 


S  and  S'  are  apparent  sink  or  source  points  for  the  first  two  segments,  ab 
and  a'b\  For  each  segment  it  is  necessary  to  know  the  Mach  number  at  a 
and  b,  i.e.,  M  and  M,  ;  the  average  distance,  x,  from  the  effective  origin 

of  the  boundary  layer;  and  the  average  distance,  r,  from  the  source  or  sink. 
When  the  pressure  gradient  is  positive  in  the  flow  direction  (i.e.,  subsonic 
divergent  flow  or  supersonic  convergent  flow  with  dM/dr  negative),  then 


=0.02181 


x  p. 


\l/7 


A  ~  JL 

D  dM  r, 
b 


gent  flow  or  supersonic  divergent  flow  with  dM/dr  positive) 


6b  =0.0218 


Y^tY7 


x  p. 


B,  —  (D.  -  D  )  +  6  A 
b  dM  r,  '  b  a7  a  a 
b 


B  -* 
arb 

(2-175) 

subsonic 

conver- 

b  rb 

(2-176) 

2-1  and 

the  con- 

ditions  appertaining  to  them  are  listed  in  Subsec.  2. 4. 1.2.  The  value  of  6* 
required  for  correcting  a  nozzle  contour  is  obtained  from  calculated  values  of 
6  and  the  value  of  6*/6  given  in  Table  2-1.  The  constants  in  the  equations 
imply  the  use  of  the  slug-foot- second  system  of  units . 


Intentionally  Blank 
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Table  2-1 


Table  2-1 

Functions  for  Use  in  Turbulent  Boundary-Layer  Correction. 
Plane  Flow  (Subsec.  2.4.1)  and  Axisymmetric  Flow  (Subsec.  2.4.2) 

(y  =  1.4  and  n  =  7) 


(a) 

Subsonic 

Flow 

M 

A 

B 

C 

D 

6*/6 

6*/e 

0.10 

1.000 

1.000 

0 

0 

0.1253 

1.290 

0.20 

9.5605 

0.1046 

0.4999 

5.6783 

0.1264 

1.304 

0.30 

35.0436 

0.02854 

0.5708 

31.2372 

0.1281 

1.326 

0.40 

86.1217 

0.01161 

0.5929 

100.4080 

0.1305 

1.357 

0.50 

109.1174 

0.005913 

0.6025 

243.5969 

0.1336 

1.398 

0.60 

287.0373 

0.003484 

0.6075 

494.4231 

0.1373 

1.447 

0.70 

439.2610 

0.002277 

0.6106 

885.9813 

0.1416 

1.505 

0.80 

621.7789 

0.001608 

0.6126 

1447.3937 

0.1465 

1.572 

0.90 

827.9143 

0.001208 

0.6141 

2201.1412 

0.1519 

U649 

1.00 

1049.2641 

0.000953 

0.6152 

3161.3698 

0.1578 

1.734 
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(b)  Supersonic  Flow 


M 

A 

B 

C 

D 

6*/6 

61/1 

1.00 

1.0000 

1.0000 

0 

0 

0.1578 

1.7336 

1.04 

1.0865 

0.9204 

0.3886 

0.4226 

0.1603 

1.7701 

1.08 

1.1733 

0.8523 

0.7450 

0.8774 

0.1629 

1.8080 

1.12 

1.2600 

0.7937 

1.0741 

1.3643 

0.1656 

1.8474 

1.16 

1.3459 

0.7430 

1.3795 

1.8827 

0.1683 

1.8882 

1.20 

1.4307 

0.6990 

1.6646 

2.4320 

0.1711 

1.9303 

1.24 

1.5137 

0.6606 

1.9319 

3.0114 

0.1739 

1.9739 

1.28 

1.5946 

0.6271 

2.1838 

3.6199 

0.1768 

2.0190 

1.32 

1.6730 

0.5977 

2.4223 

4.2564 

0.1798 

2.0654 

1.36 

1.7485 

0.5719 

2.6488 

4.9196 

0.1828 

2.1132 

1.40 

1.8208 

0.5492 

2.8650 

5.6082 

0.1859 

2.1625 

1.44 

1.8897 

0.5292 

3.0720 

6.3208 

0.1890 

2.2132 

1.48 

1.9548 

0.5116 

3.2709 

7.0559 

0.1922 

2.2653 

1.52 

2.0160 

0.4960 

3.4626 

7.8120 

0.1954 

2.3188 

1.56 

2.0732 

0.4824 

3.6481 

8.5873 

0.1987 

2.3737 

1.60 

2.1261 

0.4703 

3.8279 

9.3805 

0.2020 

2.4300 

1 . 64 

2.1749 

0.4598 

4.-0028 

10.1897 

0.2053 

2.4877 

1.68 

2.2193 

0.4506 

4.1734. 

11.0134 

0.2087 

2.5469 

1.72 

2.2594 

0.4426 

4.3402 

11.8499 

0.2121 

2.6074 

1.76 

2.2952 

0.4357 

4.5036 

12.6977 

0.2156 

2.6694 

1.80 

2.3268 

0.4298 

4.6641 

13.5552 

0.2191 

2.7328 

1.84 

2.3541 

0.4248 

4.8221 

14.4209 

0.2226 

2.7975 

1 . 88 

2.3774 

0.4206 

4.9780 

15.2932 

0.2261 

2.8637 

1.92 

2.3966 

0.4173 

5.1319 

16.1708 

0.2297 

2.9313 

1 . 96 

2.4120 

0.4146 

5.2844 

17.0522 

0.2333 

3.0003 

2.00 

2.4236 

0.4126 

5.4355 

17.9362 

0.2369 

3.0706 

2.04 

2.4316 

0.4113 

5.5857 

18.8214 

0.2405 

3.1424 

2.08 

2.4361 

0.4105 

5.7351 

19.7067 

0.2441 

3.2156 

2.12 

2.4373 

0.4103 

5.8840 

20.5908 

0.2478 

3.2902 

2.16 

2.4354 

0.4106 

6.0326 

21.4729 

0.2515 

3.3662 

2.20 

2. 4b 04 

0.4115 

6.1810 

22.3518 

0.2552 

3.4436 

2.24 

2.4227 

0.4128 

6.3295 

23.2265 

0.2589 

3.5223 

2.28 

2.4124 

0.4145 

6.4783 

24.0963 

0.2626 

3.6025 

2.32 

2.3996 

0.4167 

6.6276 

24.9603 

0.2663 

3.6841 

2.26 

2.3844 

0.4194 

6.7774 

25.8178 

0.2700 

3.7671 

2.40 

2.3672 

0.4225 

6.9280 

26.6679 

0.2738 

3.8514 

2.44 

2.3479 

0.4259 

7.0795 

27.5102 

0.2775 

3.9372 

2.48 

2.3268 

0.4298 

7.2321 

28.3441 

0.2813 

4.0243 

2.52 

2.3041 

0.4340 

7.3859 

29.1689 

0.2850 

4.1129 

2.56 

2.2798 

0.4386 

7.5411 

29.9843 

0.2888 

4.2028 

2.60 

2.2541 

0.4436 

7.6979 

30.7898 

0.2925 

4.2942 

2.64 

2.2272 

0.4490 

7.8563 

31.5851 

0.2962 

4.3869 

2.68 

2.1992 

0.4547 

8.0164 

32.3698 

0.3000 

4.4810 

2.72 

2.1702 

0.4608 

8.1786 

33.1435 

0.3037 

4.5765 

2.76 

2. 1403 

0.4672 

8.3427 

33.9061 

0.3075 

4.6734 
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Table  2-1 


M 

A 

B 

C 

D 

6*/6 

6*/e 

2.80 

2.1096 

0.4740 

8.5091 

34.6574 

0.3112 

4.7717 

2.84 

2.0782 

0.4812 

8.6778 

35.3972 

0.3149 

4.8714 

2.88 

2.0463 

0.4887 

8.8490 

36.1253 

0.3186 

4.9724 

2.92 

2.0139 

0.4965 

9.0228 

36.8416 

0.3223 

5.0749 

2.96 

1.9812 

0.5048 

9.1994 

37.5461 

0.3261 

5.1787 

3.00 

1.9481 

0.5133 

9.3788 

38.2386 

0.3297 

5.2840 

3.04 

1.9149 

0.5222 

9.5612 

38.9191 

0.3334 

5.3906 

3.08 

1.8814 

0.5315 

9.7468 

39.5877 

0.3371 

5.4986 

3.12 

1.8479 

0.5412 

9.9357 

40.2444 

0.3408 

5.6080 

3.16 

1.8143 

0.5512 

10.1280 

40.8890 

0.3444 

5.7188 

3.20 

1.7808 

0.5615 

10.3238 

41.5219 

0.3480 

5.8309 

3.24 

1.7474 

0.5723 

10.5233 

42.1428 

0.3517 

5.9445 

3.28 

1.7141 

0.5834 

10.7267 

<*2.7521 

0.3553 

6.0594 

3.32 

1.6810 

0.5949 

10.9341 

43.3496 

0.3589 

6.1757 

3.36 

1.6481 

0.6068 

11.1456 

43.9357 

0.3625 

6.2934 

3.40 

1.6154 

0.6190 

11.3614 

44.5102 

0.3660 

6.4125 

3.44 

1.5830 

0.6317 

11.5817 

45.0735 

0.3696 

6.5330 

3.48 

1.5510 

0.6448 

11.8065 

45.6256 

0.3731 

6.6548 

3.52 

1.5193 

0.6582 

12.0361 

46.1666 

0.3766 

6.7780 

3.56 

1.4879 

0.6721 

12.2706 

46.6967 

0.3802 

6.9027 

3.60 

1.4570 

0.6864 

12.5102 

47.2161 

0.3836 

7.0287 

3 . 64 

1.4264 

0.7011 

12.7550 

47.7248 

0.3871 

7.1560 

3.68 

1.3963 

0.7162 

13.0052 

48.2231 

0.3906 

7.2848 

3.72 

1.3666 

0.7318 

13.2610 

48.7112 

0.3940 

7.4150 

3.76 

1.3373 

0.7478 

13.5224 

49.1891 

0.3974 

7.5465 

3.80 

1.3086 

0.7642 

13.7899 

49.6571 

0.4008 

7.6794 

3.84 

1.2802 

0.7831 

14.0634 

50.1153 

0.4042 

7.8137 

3  •  88 

1.2524 

0.7985 

14.3432 

50.5640 

0.4076 

7.9493 

3.92 

1.2250 

0.8163 

14.6295 

51.0032 

0.4109 

8.0864 

3.96 

1.1982 

0.8346 

34.9224 

51.4331 

0.4143 

8.2248 

4.00 

1.1718 

0.8534 

15.2222 

51.8540 

0.4176 

8.3646 

4.04 

1.1459 

0.8727 

15.5290 

52.2660 

0.4209 

8.5058 

4.08 

1.1205 

0.8925 

15.8431 

52.6692 

0.4241 

8.6484 

4.12 

1.0955 

0.9128 

16.1647 

53.0639 

0.4274 

8.7923 

4.16 

1.0711 

0.9336 

16.4939 

53.4502 

0.4306 

8.9377 

4.20 

1.0472 

0.9550 

16.8310 

53.8283 

0.4338 

9.0844 

4.24 

1.0237 

0.9768 

17.1762 

54.1984 

0.4370 

9.2325 

4.28 

1.0007 

0.9993 

17.5297 

54.5606 

0.4402 

9.3819 

4.32 

0.9782 

1.0222 

17.8918 

54.9150 

0.4433 

9.5328 

4.36 

0.9562 

1.0458 

18.2626 

55.2620 

0.4465 

9.6850 

4.40 

0.9347 

1.0699 

15.6425 

55.6015 

0.4496 

9.8386 

4.44 

0.9136 

1.0946 

19.0317 

55.9338 

0.4527 

9.9936 

4.48 

0.8929 

1.1199 

19.4303 

56.2590 

0.4558 

10.1499 

4.52 

0.8728 

1.1458 

19.8388 

56.5773 

0.4588 

10.3077 

4.56 

0.8530 

1.1723 

20.2572 

56.8880 

0.4618 

10.4668 
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M 

A 

B 

C 

D 

6*/6 

6*/0 

4.60 

0.8337 

1.1994 

20.6859 

57.1937 

0.4649 

10.6273 

4.64 

0.8149 

1.2272 

21.1252 

57.4922 

0.4679 

10.7891 

4.68 

0.7964 

1.2556 

21.5753 

57.7843 

0.4708 

10.9524 

4.72 

0.7784 

1.2847 

22.0366 

58.0702 

0.4738 

11.1170 

4.76 

0.7608 

1.3144 

22.5091 

58.3501 

0.4767 

11.2830 

4.80 

0.7436 

1.3448 

22.9934 

58.6241 

0.4796 

11.4504 

4.84 

0.7268 

1.3759 

23.4897 

58.8923 

0.4825 

11.6192 

4.88 

0.7104 

1.4077 

23.9982 

59.1548 

0.4854 

11.7893 

4.92 

0.6943 

i.4402 

24.5193 

59.4118 

0.4883 

11.9608 

4.96 

0.6787 

1.4735 

25.0533 

59.6635 

0.4911 

12.1337 

5.00 

0.6634 

1.5075 

25.6005 

59.9098 

0.4939 

12.3079 

5.04 

0.6484 

1.5422 

26.1613 

60.1511 

0.4967 

12.4836 

5.08 

0.6339 

1.5777 

26.7360 

60.3873 

0.4995 

12.6606 

5.12 

0.6196 

1.6139 

27.3249 

60.6186 

0.5023 

12.8390 

5.16 

0.6057 

1.6510 

27.9283 

60.8450 

0.5050 

13.0187 

5.20 

0.5921 

1.6888 

28.5467 

61.0668 

0.5077 

13.1999 

5.24 

0.5789 

1.7275 

29.1804 

61.2840 

0.5104 

13.3824 

5.28 

0.5660 

1.7670 

29.8297 

61.4968 

0.5131 

13.5663 

5.32 

0.5533 

1.8073 

30.4951 

61.7051 

0.5158 

13.7516 

5.36 

0.5410 

1.8485 

31.1769 

61.9092 

0.5184 

13.9382 

5.40 

0.5290 

1.8905 

31.8754 

62.1091 

0.5210 

14.1262 

5.44 

0.5172 

1.9334 

32.5912 

62.3050 

0.5236 

14. 3156 

5.48 

0.5058 

1.9772 

33.3246 

62.4968 

0.5263. 

14.5064 

5.52 

0.4946 

2.0219 

34.0760 

62.6848 

0.5288 

14.6986 

5.56 

0.4837 

2.0676 

34.8459 

62.8689 

0.5314 

14.8921 

5.60 

0.4730 

2.1142 

35.6346 

63.0494 

0.5339 

15.0870 

5.64 

0.4626 

2.1617 

36.4427 

63.2262 

0.5364 

15.2833 

5.68 

0.4525 

2.2102 

37.2705 

63.3994 

0.5389 

15.4809 

5.72 

0.4425 

2.2597 

38.1186 

63.5692 

0.5414 

15.6800 

5.76 

0.4329 

2.3102 

38.9873 

63.7357 

0.5438 

15.8804 

5.80 

0.4234 

2.3617 

39.8772 

63.8988 

0.5463 

16.0822 

5.84 

0.4142 

2.4142 

40.7887 

64.0586 

0.5487 

16.2853 

5.88 

0.4052 

2.4677 

41.7224 

64.2153 

0.5511 

16.4898 

5.92 

0.3965 

2.5224 

42.6787 

64.3690 

0.5535 

16.6957 

5.96 

0.3879 

2.5781 

43.6580 

64.5196 

0.5559 

16.9030 

6.00 

0.3795 

2.6348 

44.6611 

64.6673 

0.5582 

17.1117 

6.04 

0.3714 

2.6927 

45.6884 

64.8120 

0.5606 

17.3217 

6.08 

0.3634 

2.7518 

46.7403 

64.9540 

0.5629 

17.5331 

6.12 

0.3556 

2.8119 

47.8175 

65.0932 

0.5652 

17.7459 

6.16 

0.3480 

2.8732 

48.5206 

65.2298 

0.5675 

17.9601 

6.20 

0.3406 

2.9357 

50.0500 

65.3636 

0.5698 

18.1755 

6.24 

0.3334 

2.9994 

51.2064 

65.4950 

0.5720 

18.3925 

6.28 

0.3263 

3.064G 

52.3903 

65.6238 

0.5742 

18.6107 

6.32 

0.3195 

3.1304 

53.6025 

65.7502 

0.5765 

18.8304 

6.38 

0.3127 

3.1978 

54.8434 

65.8741 

0.5787 

19.0514 
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M 

A 

B 

C 

D 

6*/6 

6*/e 

6.40 

0.3062 

3.2664 

56.1137 

65.9957 

0.5809 

19.2739 

6.44 

0.2997 

3.3363 

57.4140 

66 .1150 

0.5830 

19.4976 

6.48 

0.2935 

3.4076 

58.7450 

66.2321 

0.5852 

19.7228 

6.52 

0.2874 

3.4801 

60.1073 

66.3470 

0.5873 

19.9493 

6.56 

0.2814 

3.5540 

61.5016 

66.4597 

0.5894 

20.1772 

6.60 

0.2755 

3.6292 

62.9287 

66.5704 

0.5916 

20.4065 

6.  b4 

0.2699 

3.7058 

64.3890 

66.6790 

0.5937 

20.6371 

6.68 

0.2643 

3.7838 

65.8834 

66.7855 

0.5957 

20.8692 

6.72 

0.2589 

3.8632 

67.4126 

66.8901 

0.5978 

21.1026 

6.76 

0.2536 

3.9441 

68.9773 

66.9928 

0.5998 

21.3374 

6.80 

0.2484 

4.0264 

70.5782 

67.0936 

0.6019 

21.5736 

6.84 

0.2433 

4.1101 

72.2161 

67.1926 

0.6039 

21.8111 

6.88 

0.2384 

4.1954 

73.8918 

67.2898 

0.6059 

22.0500 

6.92 

0.2335 

4.2822 

75.6060 

67.3852 

0.6079 

22.2903 

6.96 

0.2288 

4.3705 

77.3595 

67.4789 

0.6099 

22.5319 

7.00 

0.2242 

4.4604 

79.1532 

67.5709 

0.6118 

22.7749 

7.04 

0.2197 

4.5519 

80.9879 

67.6613 

0.6138 

23.0193 

7.08 

0.2153 

4.6449 

82.8643 

67.7500 

0.6157 

23.2651 

7.12 

0.2110 

4.7396 

84.7834 

67.8372 

0.6176 

23.5122 

7.16 

0.2068 

4.8359 

86.7460 

67.9228 

0.6195 

23.7608 

7.20 

0.2027 

4.9339 

88.7530 

68.0069 

0.6214 

24.0107 

7.24 

0.1987 

5.0336 

90.8052 

68.0896 

0.6233 

24.2619 

7.28 

0.1947 

5.1350 

92.9035 

68.1707 

0.6251 

24.5146 

7.32 

C. 1909 

5.2381 

95.0490 

68.2505 

0.6270 

24.7687 

7.36 

0.1872 

5.3430 

97.2425 

68.3289 

0.6288 

25.0240 

7.40 

0.1835 

5.4496 

99.4849 

68.4059 

0.6306 

25.2808 

7.44 

0.1799 

5.5581 

101.7773 

68.4816 

0.6325 

25.5390 

7.48 

0.1764 

5.6684 

104.1207 

68.5560 

0.6342 

25.7985 

7.52 

0.1730 

5.7805 

106.5159 

68.6291 

0.6360 

26.0594 

7.56 

0.1697 

5.8945 

108.9640 

68.7009 

0.6378 

26.3217 

7.69 

0.1664 

6.0104 

111.4660 

68.7715 

0.6396 

26.5853 

7.64 

0.1632 

6.1282 

114.0231 

68.8410 

0.6413 

26.8503 

7.68 

0.1601 

6.2479 

116.6362 

68.9092 

0.6430 

27.1167 

7.72 

0.3570 

6.3696 

119.3064 

68.9763 

0.6447 

27.3846 

7.76 

0.1540 

6.4933 

122.0349 

69.0423 

0.6465 

27.6536 

7.80 

0.1511 

6.6191 

124.8227 

69.1071 

0.6481 

27.9243 

7.84 

0.1482 

6.7468 

127.6710 

69.1709 

0.6498 

28.1962 

7.88 

0.1454 

6.8767 

130.5810 

69.2336 

0.6515 

28.4693 

7.92 

0.1427 

7.0086 

133.5537 

69.2953 

0.6532 

28.7440 

7.96 

u.  1,00 

7.1427 

136.5904 

69.3560 

0.6548 

29.0201 

8.00 

0.1374 

7.2789 

139.6924 

69.4156 

0.6564 

29.2975 

8.04 

0.1348 

7.4173 

142.8609 

69.4743 

0.6581 

29.5762 

8.08 

0.1323 

7.5579 

146.0970 

69.5320 

0.6597 

29.8564 

8.12 

0.1299 

7.7007 

149.4019 

69.5888 

0.6613 

30.1379 

8.16 

0.1275 

7.8457 

152.7771 

69.6447 

0.6628 

30.4208 
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M 

A 

B 

C 

D 

6*/6 

6*/ 6 

8.20 

0.1251 

7.9931 

156.2238 

69.6997 

0.6644 

30.7051 

8.24 

0.1228 

8.1427 

159.7433 

69.7537 

0.6660 

30.9908 

8.28 

0.1206 

8.2947 

163.3368 

69.8069 

0.6675 

31.2778 

8.32 

0.1184 

8.4490 

167.0059 

69.8593 

0.6691 

31.5661 

8.36 

0.1162 

8.6058 

170.7520 

69.9108 

0.6706 

31.8560 

8.40 

0.1141 

8.7649 

174.5762 

69.9615 

0.6721 

32.1471 

8.44 

0.1120 

8.9266 

178.4802 

70.0114 

0.6736 

32.4396 

8.48 

0.1100 

9.0906 

182.4654 

70.0605 

0.6751 

32.7336 

8.52 

0.1080 

9.2572 

186.5332 

70.1088 

0.6766 

33.0288 

8.56 

0.1061 

9.4264 

190.6851 

70.1564 

0.6781 

33.3254 

8.60 

0.1042 

9.5981 

194.9227 

70.2033 

0.6796 

33.6234 

8.64 

0.1023 

9.7724 

199.2475 

70.2494 

0.6810 

33.9230 

8.68 

0.1005 

9.9493 

203.6609 

70.2948 

0.6825 

34.2236 

8.72 

0.09873 

10.1289 

208.1646 

70.3395 

0.6839 

34.5258 

8.76 

0.09698 

10.3111 

212.7601 

70.3835 

0.6853 

34.8293 

8.80 

0.09527 

10.4961 

217.4492 

70.4268 

0.6868 

35.1343 

8.84 

0.09360 

10.6838 

222.2333 

70.4694 

0.6882 

35.4406 

8.88 

0.09196 

10.8743 

227.1143 

70.5115 

0.6896 

35.7481 

8.92 

0.09035 

11.0677 

232.0936 

70.5528 

0.6910 

36.0573 

8.96 

0.08878 

11.2638 

237.1735 

70.5936 

0.6923 

36.3677 

9.00 

0.08724 

11.4629 

242.3552 

70.6337 

0.6937 

36.6794 

9.04 

0.08573 

11.6648 

247.6406 

70.6732 

0.6951 

36.9926 

9.08 

0.08425 

11.8697 

253.0316 

70.7122 

0.6964 

37.3072 

9.12 

0.08280 

12.0775 

258.5299 

70.7505 

0.6977 

37.6230 

9.16 

0.08138 

12.2884 

264.1373 

70.7883 

0.6991 

37.9402 

9.20 

0,07999 

12.5023 

269.8559 

70.8255 

0.7004 

38.2590 

9.24 

0.07862 

12.7193 

275.6873 

70.8622 

0.7017 

38.5789 

9.28 

0.07728 

12.9393 

281.6337 

70.8983 

0.7030 

38.9003 

9.32 

0.07597 

13.1626 

287.6968 

70.9339 

0.7043 

39.2232 

9.36 

0.07469 

13.3889 

293.8788 

70.9690 

0.7056 

39.5474 

9.40 

0.07343 

13.6185 

300.1817 

71.0036 

0.7069 

39.8730 

9.44 

0.07220 

13.8514 

306.6073 

71.0376 

0.7081 

40.1998 

9.48 

0.07099 

14.0875 

313.1579 

71.0712 

0.7094 

40.5280 

9.52 

0.06980 

14.3269 

319.8352 

71.1043 

0.7106 

40.8578 

9.56 

0.06864 

14.5697 

326.6417 

71.1369 

0.7119 

41.1887 

9.60 

0.06750 

14.8158 

333.5795 

71.1690 

0.7131 

41.5212 

9.64 

0.06638 

15.0654 

340.6508 

71.2007 

0.7143 

41.8552 

9.68 

0.06528 

15.3184 

347.8575 

71.2319 

0.7156 

42.1902 

9.72 

0.06421 

15.5750 

355.2020 

71.2627 

0.7168 

42.5287 

9.76 

0.06315 

15.8350 

362.6866 

71.2931 

0.7180 

42.8646 

9.80 

0.06212 

16.0986 

370.3136 

71.3230 

0.7191 

43.2040 

9.84 

0.06110 

16.3658 

378.0854 

71.3525 

0.7203 

43.5448 

9.88 

0.06011 

16.6367 

386.0043 

71.3816 

0.7215 

43.8867 

9.92 

0.05913 

16.9112 

394.0728 

71.4103 

0.7227 

44.2302 

9.96 

0.05818 

17.1895 

402.2931 

71.4385 

0.7238 

44.5750 

10.00 

0.05724 

17.4715 

410.6677 

71.4664 

0.7250 

44.9212 
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Fig.  2-1 


Heat  Withdrawn 
( No  Shock)  t 


Heat  Addition 
(No  Shock) 
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.  Imaginary 

-  Simple  Combustion  (No  Shock) 

-  Strong  Detonation  (Normal  Shock) 


O  C-J  Points 

_ 1 _  l  i  i  i  i  i 


0.2  0.3  0.4  0.6  0.8  1.0 


2.0  3.0  4.0 


Fig.  2-1.  Mach  numbers  upstream  and  downstream  of  a  temperature 
discontinuity;  y  =  1.4  (see  Subsec.  2.1.2). 


732-359  0  -64-7 


Initial  Temperature,  (  °R  x  103) 
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Fig.  2-3 


Fig.  2-3 


Initial  temperature  vs  detonation  Mach  number 
f/a  =  0.02,  0.04,  0.06;  y  =  1.4. 
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Fig.  a-5 
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Burner  Inlet  Mach  Number,  M, 


Fig.  2-8.  Plot  of  f5  for  M  s  0.6;  C  =  0  to  10;  and  y  =  1.3  and  1.4 
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See  Eq.  2-20 
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Fig.  2-11.  Plot  of  f6  for  M  s  1.0;  K  £  0.3;  and 
y  ~  1.15,  1.25,  and  1.35. 
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Fig,  2-12.  Temperature  rise  vs  equivalence  ratio  for  octene-1  and 
carbon;  T,  =  100,  500,  and  900°F, 
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Fig.  2-13.  Temperature  rise  vs  equivalence  ratio  for  pentaborane 
hydrogen,  and  magnesium;  T.  =  100,  500,  and  900°F. 
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Fig,  2-16.  Ratio  of  specific  heats  vs  temperature  for  magnesium; 
equivalence  ratio  of  0  to  0.6. 
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Fig.  2-24.  Y3  vs  Mf  ;  parameter  G/r  (see  Subsec.  2.1,  <J) 
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Duct  Flow  Theory 


Fig.  2-26 


Average  thrust  per  unit  area  as  a  function  of  M’  and  £>/r 
(see  Subsec.  2.1.8). 
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Fig.  2-30.  RelationsMp  between  the  shock  Mach  number  and  the  function 

(See  Subsec.  2.2.6) 
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3.  Supersonic  Inlets 

The  function  of  a  ramjet  diffuser  is  to  decelerate  the  air  from  its 
free -stream  velocity  at  the  intake  to  a  velocity  at  the  combustor  which  is  com¬ 
patible  with  the  available  flame  velocity.  Because  the  latter  is  usually  a  low 
velocity,  the  diffuser  also  helps  to  minimize  the  drag  across  the  combustor 
itself.  Efficient  diffusion  results  in  a  static  pressure  as  high  as  possible  in 
order  to  support  the  maximum  momentum  that  can  be  imparted  to  the  air  by 
heating. 


It 's  usual  to  define  a  supersonic  diffuser  as  one  which  decelerates 
a  supersonic  stream  to  approximately  sonic  speed  and  a  subsonic  diffuser  as 
one  which  completely  converts  the  kinetic  energy  in  a  subsonic  stream  into 
pressure  energy.  However,  a  complete  ramjet  diffuser  is  often  called  a  super¬ 
sonic  diffuser  although  it  is .  generally  composed  of  both  a  supersonic  and  a 
subsonic  diffuser,  i.e.,  the  inlet  speed  is  usually  supersonic  and  the  combustor 
Mach  number  has  a  low  subsonic  value.  Although  a  ramjet  diffuser  designed 
for  a  supersonic  missile  is  usually  axisymmetric,  a  two-dimensional  design  is 
often  used  when  the  ramjet  is  incorporated  into  a  more  complex  vehicle.  For 
hypersonic  speeds  the  two-dimensional  diffuser  may  even  be  preferred.  Al¬ 
though  the  discussions'  that  appear  in  this  subsection  usually  refer  to  axisym¬ 
metric  configurations,  they  may  be  applied  in  general  with  equal  validity  to  the 
two-dimensional  configurations. 

Diffusion  may  be  effected  either  inside  the  diffuser  itself  or  exter¬ 
nal  to  it,  or  it  may  be  effected  by  a  combination  of  external  and  internal  com¬ 
pression.  Diffusers  may  also  be  classified  according  to  their  shape  or  accord¬ 
ing  to  the  type  and  number  of  shocks  effecting  the  compression. 

The  basic  design  of  a  highly  efficient  diffuser  for  the  flow  of  an 
ideal  non-viscous  gas  at  a  constant  free- stream  Mach  number  presents  rela¬ 
tively  few  problems.  However,  viscous  forces  cannot  be  ignored  since  they 
cause  complex  shock  patterns,  shock  instability,  and  separated  flow  in  the  duct 
as  well  as  vortex  sheets  in  the  spilled  flow.  Some  of  these  effects  may  be 
accounted  for  by  semi-empirical  theories  but  many  can  be  assessed  only  by 
experimental  means.  The  wide  variations  in  Mach  number  that  a  vehicle  ex¬ 
periences  in  accelerating  to  a  steady  flight  speed,  as  well  as  the  variations 
in  angle  of  attack  often  required  in  climb  and  maneuver,  increase  many  fold 
the  problems  in  the  design  of  an  optimum  diffuser. 

Test  data  will  bp  given  for  operation  at  both  the  design  Mach  num¬ 
ber  and  also  under  off -design  conditions.  Such  data  will  serve  to  indicate  the 
performance  levels  attainable  with  certain  basic  and  conventional  designs.  They 
will  also  show  the  effect  of  many  modifications  made  to  specific  models  tested 
under  limited  conditions.  Many  of  the  problems  and  alternatives  will  be  dis¬ 
cussed,  but  the  ultimate  solutions  and  the  choice  of  a  diffuser  design  will  also 
be  dependent  upon  the  propulsion  system  and  the  flight  characteristics  of  the 
missions  of  the  vehicle  in  which  it  is  to  be  housed. 

The  simplified  theory  of  the  basic  designs  will  be  given  with  a  dis¬ 
cussion  of  the  relevant  parameters  upon  which  the  performance  depends.  Ad¬ 
justments  and  improvements  that  have  been  incorporated  into  the  basic  designs 
will  be  presented  and  supplemented  by  test  data  for  both  design  and  off-design 
operation. 

101 


3.1 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


3 . 1  Diffuser  Performance  Parameters 

Before  discussing  the  various  diffuser  designs  it  is  necessary  to  es¬ 
tablish  some  standards  by  which  their  usefulness  and  efficiency  may  be  assessed. 
The  performance  of  an  inlet  diffuser  is  related  to  three  basic  characteristics. 
They  are,  the  magnitude  and  quality  of  the  pressure  recovery,  the  capture- 
area  ratio  (or  mass-flow  ratio),  and  the  total  drag  of  the  diffuser.  These 
characteristics  are  discussed  briefly  in  this  subsection.  They  will  be  treated 
in  more  detail  in  relation  to  the  various  types  of  diffusers  to  be  discussed  in 
the  following  subsections.  Quantitative  values  derived  from  simple  theory  will 
be  compared  with  those  obtained  experimentally.  The  over-all  worth  of  a  dif¬ 
fuser  must  always  be  arrived  at  by  simultaneously  assessing  all  three  charac¬ 
teristics  since  the  gain  in  one  is  often  achieved  at  the  expense  of  another.  It 
should  also  be  borne  in  mind  that  the  most  serious  aspect  of  the  engine-inlet 
problem  is  concerned  with  off-design  operation;  none  of  the  characteristics 
should  deteriorate  rapidly  under  conditions  of  overspeed  or  underspeed  or  at 
angles  of  attack.  Experimentally  determined  performance  data  will  be  pre¬ 
sented  in  subsequent  subsections  for  each  diffuser  type  and  modification. 

In  actual  vehicles  many  compromises  have  to  be  made  in  order  to 
achieve  an  acceptable  performance  throughout  the  variations  of  flight  Mach  num- . 
ber,  angles  of  attack,  and  sidesli  ''S  well  as  variations  in  the  properties  of 
the  atmosphere.  Variations  of  the  iniet  geometry  often  achieve  a  better  com¬ 
promise  than  may  be  possible  with  a  fixed-geometry  diffuser. 

3.1.1  Total  Pressure  Recovery 

Although  efficient  diffusion  prescribes  that  the  final  static  pressure 
be  as  high  as  possible,  it  is  more  usual  to  measure  the  efficiency  in  terms  of 
the  total  pressure  recovery.  Since  at  any  Mach  number  the  ratio  between  the 
static  and  total  pressures  is  a  constant,  there  is  no  loss  of  generality  in  using 
one  form  of  pressure  rather  than  the  other.  Diffuser  efficiency,  t?d,  is  then 
defined  as 


"d  *  PtA,  <3_1) 

where  subscripts  t  and  3  refer  to  the  inlet  and  exit  (combustor)  stations  re¬ 
spectively. 


The  total  pressure  loss  is  composed  of  the  viscous  losses  and  the 
shock  losses,  neither  of  which  are  amenable  to  exact  calculation.  The  shock 
loss  may  be  estimated  by  a  knowledge  of  some  of  the  properties  of  the  shock, 
i.e.,  whether  normal  or  oblique,  the  Mach  number  at  which  it  occurs,  or  the 
position  at  wnich  it  occurs.  In  actual  practice  only  the  losses  through  attached 
bow  shocks  may  be  known  with  any  degree  of  accuracy.  The  nature  of  most 
other  shocks  is  complicated  by  the  interaction  of  the  shock  and  the  boundary 
layer.  What  is  usually  considered  as  a  simple  normal  shock  in  the  throat  of 
a  diffuser  channel  is  actually  a  complex  shock  system  occupying  a  length  many 
times  the  equivalent  diameter  of  the  duct  (see  Subsec.  5.3).  Total  pressure 
losses,  calculated  for  basic  diffuser  configurations  with  the  assumption  of  sim¬ 
ple,  normal  shocks  at  known  stations,  will  be  included  in  each  section  and  will 
be  compared  with  experimental  data. 
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3.1.2 


One  of  the  important  features  of  the  total  pressure  recovery  that  is 
sometimes  ignored  when  assessing  diffuser  performance  is  the  quality  of  the 
flow  at  the  exit,  i.e.,  the  pressure  (or  velocity)  distribution  over  the  exit  area. 
This  is  most  critically  affected  during  angle-of-attack  operation,  at  which  time, 
lai’ge,  separated  areas  may  occur  in  the  subsonic  ducting.  Unevenly  distributed 
mass  flow  may  cause  less  efficient  burning  than  a  lower  but  evenly  distributed 
pressure  recovery  over  the  combustor  region.  An  often-used  measure  of  the 
flow  quality  or  flow  distortion,  D,  is  given  by 


D  *  max  -  Pt  min)/Pt  av  (3-2) 

However,  such  an  expression  should  also  be  supplemented  by  a  pressure  con¬ 
tour  in  order  to  make  it  of  real  value.  Examples  of  such  contours  and  dis¬ 
tortion  factors  are  shown  in  Fig.  3-1,  taken  from  Ref.  103. 

3.1.2  Capture -Area  Ratio  or  Mass- Flow  Ratio 

The  second  characteristic  of  a  diffuser  that  is  used  in  rating  its 
effectiveness  is  its  capture-area  ratio  or  its  mass-flow  ratio. 


In  the  sketch  above 

Aq  =  cross-sectional  area  of  the  entering  stream  tube 

A1  =  cross-sectional  area  of  the  diffuser  entrance. 

The  capture -area  ratio  is  defined  as  Aq/Ai  .  When  the  shock  is  swallowed, 
A  =  At .  Wiien  the  shock  is  expelled  some  of  the  air  that  would  have  entered 
the  diffuser  is  spilled  around  the  lips.  The  ratio  of  the  mass  that  enters  to 
the  maximum  mass  that  could  enter  is 

m  rn  p„  V  A„ 

*>  _  O  0  0  0 

mT  ~  mT  ~  PQ  V0  Ai 

which  reduces  to  the  capture-area  ratio,  A  /A1 .  It  may  be  noted  that  here, 
and  in  cases  where  the  diffuser  entrance  is  in  the  free  stream,  the  subscripts 
o  and  00  are  used  interchangeably  for  the  flow  characteristics  at  station  o. 

The  capture -area  ratio  may  be  measured  in  a  wind  tunnel  by  the  use 
of  a  throttling  plug  (as  shown  above)  which  is  adjusted  to  produce  a  sonic  throat 
of  "effective"  area  A^.  Continuity  of  mass  flow  gives 


.2 
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which  by  means  of  Eqs.  2-1,  2-2,  2-5,  and  3-1,  and  the  assumption  that  the 
total  temperature  remains  constant  down  the  duct,  may  be  transformed  into 


A 


o 


Ai 


(3-4) 


where  the  total  pressure,  p,  ,  is  assumed  to  be  the  same  as  p,  ,  the  recovery 

r 

pressure  actually  measured  by  a  rake  upstream  of  the  throttle.  The  value  of 
An  is  usually  determined  beforehand  as  a  function  of  the  throttle  setting  by 

using  a  simple  normal- shock  diffuser  with  swallowed  shock.  A°  the  area  A^ 

is  decreased,  the  normal  shock  is  forced  further  upstream  in  the  diffuser  until, 
at  the  critical  condition,  the  shock  rests  on  the  rim.  Since  A  =  as  long 
as  the  shock  remains  in  the  duct  (i.e.,  during  supercritical  operation)  and 
since  may  be  measured,  the  effective  value  of  A^  can  be  calculated  from 

Eq.  3-4  for  each  position  of  the  throttle  setting. 


A  few  typical  curves  of  pressure  recovery  as  a  function  of  capture- 
area  ratio  are  shown  in  the  sketch  below.  Such  curves  will  be  discussed  fully 
under  the  headings  of  the  various  types  of  diffusers  (Subsecs.  3.2  to  3.4). 
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In  general  the  pressure  recovery  rises  rapidly  to  a  peak  value  as  AN  is  de¬ 
creased.  The  peak  pressure  recovery  may  or  may  not  coincide  with  the  criti¬ 
cal  point.  As  the  shock  is  expelled,  the  pressure  recovery  drops  with  varying 
degrees  of  rapidity.  While  it  is  usually  desirable  to  have  complete  flow  cap¬ 
ture  at  the  design  Mach  number,  it  is,  however,  sometimes  advisable  to  ac¬ 
cept  some  spill-over  at  the  design  condition  in  order  to  give  improved  engine 
performance  at  angles  of  attack  (see  Subsec.  3.1.3).  If  the  vehicle  is  to  oper¬ 
ate  over  a  wide  range  of  high  Mach  numbers,  variable  geometry  becomes  im¬ 
perative.  Plots  of  bj-,  vs  Ao/A!  with  Mach  number  and  angle  of  attack  as 

parameters  are  usually  obtained  by  means  of  wind-tunnel  testing  for  each  spe¬ 
cific  diffuser.  Examples  will  be  given  in  conjunction  with  the  discussion  'of 
particular  diffuser  designs  in  Subsecs.  3.2,  3.3,  and  3.4. 
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3.1.3  Diffuser  Drag 

The  third  parameter  by  which  the  merit  of  a  diffuser  is  assessed  is 
the  total  drag  of  the  diffuser.  The  first  component  of  the  total  drag  is  that 
of  the  cowl  itself  and  is  made  up  of  the  wave  drag  and  skin-friction  drag.  At 
small  angles  of  attack  with  no  spill-over,  the  cowl  wave  drag  is  amenable  to 
calculation  by  the  methods  discussed  in  Subsec.  6.3  of  Section  8  of  the  Hand¬ 
book  (Ref.  10).  The  skin  friction  is  discussed  in  the  same  volume  (Subsec.  6.10) 
and  will  be  treated  more  fully  in  Sections  13  and  14.  When  the  drag  of  the 
diffuser  is  to  be  considered  separately  from  that  of  the  whole  missile,  it  is 
necessary  to  take  the  reference  station  far  enough  downstream  of  the  cowl 
shoulder  for  the  ambient  pressure  to  have  recovered  from  the  effect  of  the 
bow  shock  wave.  The  theoretical  cowl  drag  is  based  on  a  sharp  lip  and  must 
be  corrected  for  the  presence  of  a  blunt  lip  where  one  is  used.  The  change 
in  cowl  drag  due  to  spill-over  at  various  angles  of  attack  is  usually  found  ex¬ 
perimentally. 

Another  component  of  the  spill-over  drag  is  known  as  the  additive 
drag,  D^,  and  is  the  sum  of  the  pressure  forces  acting  parallel  to  the  axis 

along  the  streamlines  AB.  When  Aq  =  Alt  i.  e.,  when  there  is  no  spill-over, 

there  is  no  additive  drag.  The  additive  drag  is  usually  kept  relatively  small 
in  the  supercritical  regime,  i.e.,  swallowed  shock,  by  suitable  diffuser  de¬ 
sign,  but  in  the  subcritical  regime  of  operation,  i.e.,  expelled  shock,  it  rises 
rapidly  with  increased  spill-over  and  accounts  for  a  large  part  of  the  sub- 
critical  drag. 

An  internal -compression  diffuser  operating  with  a  detached  normal 
shock  is  not  only  a  good  illustration  of  how  the  additive  drag  arises,  but?  is 
one  in  which  the  value  may  be  calculated  in  a  simple  manner. 


Application  of  Newton's  second  law  of  motion  to  the  flow  shown  in  the  above 
sketch  gives 


Ao  Pw  +  Da  -  A:  Pl  =  p,  A,  V?  -  po  Ao  V*  .  (3-5) 

Since  the  additive  drag  will  ultimately  be  combined  with  the  cowl  drag  it  is 
necessary  that  the  pressures  for  both  are  considered  on  the  same  basis,  i.e., 
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as  differences  between  the  measured  pressure  and  the  free-stream  static  pres¬ 
sure,  p^.  Using  this  fact,  Eq.  3-5  may  be  written  as 


D, 


=  Pco  A1 


^  (1  +  y  Mf) 


(3-6) 


Assuming  that  the  shock  is  normal  to  the  free-stream  direction  over  the  cross 
section,  AC,  it  is  possible  by  means  of  normal-shock  and  isentropic-flow  tables 
to  calculate  D.  from  Eq.  3-6  in  terms  of  A  /A1}  the  known  free-stream  con- 

ix  O 

ditions  and  the  known  value  of  A,  . 


Moeckel  (Ref.  104)  considers  a  more  realistic  shape  for  the  detached 
shock  and  obtains  an  expression  for  the  additive  drag  for  two-dimensional  and 
axisymmetric  diffusers  which  have  the  sonic  point  at  the  cowl  lip.  However, 
since  in  all  practical  considerations  a  diffuser  with  a  detached  shock  would  be 
avoided,  both  of  the  above  methods  are  of  somewhat  academic  interest. 

N 

The  additive  drag  of  paramount  importance  to  the  ramjet  designer 
is  that  due  to  spill-over  caused  by  operation  at  below-design  Mach  numbers. 
Such  spill-over  for  an  isentropic-spike  diffuser  is  shown,  in  the  sketch  below. 


The  additive  drag  is  found  by  integrating  the  pressure  over  the  surface  AB. 
This  demands  a  detailed  knowledge  of  the  properties  of  the  flow  field  in  the  , 
vicinity  of  AB.  For  two-dimensional  diffusers  the  flow  field  is  readily  amen¬ 
able  to  calculation  as  the  compression  waves  are  linear.  For  axially-symmetric 
diffusers,  the  flow  field  must  be  analyzed  by  means  of  a  characteristics  cal¬ 
culation  (Refs.  95,  97,  and  98).  A  detailed  example  of  such  a  calculation  is 
given  in  Ref.  105.  The  calculated  additive  drag  for  isentropic  spike  diffusers  - 
designed  for  M  =  3.5  and  M  =  5  is  shown  in  Figs.  3-38,  3-42,  and  3-46  as 
a  function  of  the  cowl-lip  position  and  the  free-stream  Mach  number.  Fig¬ 
ures  3-47,  3-48,  and  3-49  give  similar  information  as  a  function  of  design 
Mach  number  in  the  range  of  2  ^  M^  £  5. 

It  has  been  shown  experimentally  that  better  angle-of-attack  per¬ 
formance  may  be  obtained  if  about  4%  flow  spillage  is  allowed  for  at  the  de¬ 
sign  Mach  number  and  zero  angle  of  attack.  It  is  fortunate  that  under  such 
conditions  the  total  external  drag  is  not  always  increased.  When  the  normal 
shock  is  expelled,  the  spilled  flow  is  subsonic,  and  thus  the  cowl-lip  pressure 
drag  may  decrease  significantly  and  compensate  for  the  additive  drag  due  to 
spill-over.  However,  where  a  conical  shock  from  an  innerbody  falls  outside 
the  cowl  lip  and  causes  supersonic  spill-over,  the  cowl-lip  drag  will  increase 
unless  the  Mach  number  behind  the  shock  is  less  than  about  1.4. 
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Sometimes  the  diffuser  performance  is  improved  by  bleeding  off  some 
or  all  of  the  boundary  layer  on  the  innerbody  or  inner  cowl  surfaces  (see  Sub¬ 
sec.  3.7).  In  such  cases  the  drag  must  take  into  account  the  introduction  of 
the  bleed  air  into  the  free  stream. 

The  following  sketch  shows  how  the  total  external  drag  at  zero  angle 
of  attack  and  at  a  constant  Mach  number  is  made  up  and  particularly  how  rapidly 
the  additive  drag  increases  with  increased  spill-over. 


The  following  sketch  from  Ref.  103  shows  the  typical  variation  of 
the  drag  components  for  supercritical  flow  as  a  function  of  Mach  number  for 
a  diffuser  designed  to  operate  at  M  =  3. 


2.2  2.4  2.6  2.8 

Free-Stream  Mach  Number,  M 


107 


3.1.3 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


Diffusers  designed  to  optimize  the  pressure  recovery,  capture-area 
ratio,  and  external  drag  are  discussed  in  the  next  three  subsections,  together 
with  experimental  data.  The  analysis  of  experimental  results  has  shown  that 
the  diffuser  drag  is  of  such  importance  in  the  design  of  long-range  cruise  mis¬ 
siles  that  it  is  often  desirable  to  compromise  the  external  compression  in  order 
to  minimize  the  cowl  drag.  For  a  maximum-thrust  missile,  the  pressure  re¬ 
covery  is  of  paramount  importance,  and  hence  design  emphasis  is  laid  on  the 
inlet  rather  than  the  cowl. 


3.2  Internal-Compression  Diffusers 

Theoretically  it  is  possible  to  compress  the  flow  isentropically  from 
supersonic  speed  to  sonic  speed  by  duct  contraction  and  then  by  duct  expansion 
to  decelerate  the  subsonic  flow  to  the  required  terminal  velocity.  A  .averse 
Laval  nozzle,  as  shown  in  the  sketch  below,  is  such  a  diffuser. 


In  the  absence  of  viscous  forces  the  required  compression  would  involve  no 
losses.  However,  even  under  such  ideal  flow  conditions  the  diffuser  vould  be 
impractical  for  a  ramjet  inlet  because  it  would  operate  only  at  precisely  the 
design  inlet  Mach  number.  If  the  throat  area  were  too  small  'in  terms  of  the 
inlet  Mach  number  and  area  ratio)  the  flow  would  choke,  ami  if  it  were  too 
large  the  flow  would  not  reach  the  sonic  critical  speed  and  hence  wou’d  reac¬ 
celerate  downstream  of  the  throat.  It  is,  however,  readily  adaptable  to  wind- 
tunnel  diffusion  Uee  Subsec.  5.4).  In  real  flows,  viscous  forces  may  not  be 
neglected  and  furthermore  the  viscous  losses  ir>  a  reverse  Laval  nozzle  em¬ 
ployed  as  a  diffuser  may  be  much  greater  than  when  the  same  nozzle  is  used 
as  an  effusor,  because  when  the  boundary  layer  undergoes  compression  it  is 
more  likely  to  separate  than  when  it  is  undergoing  expansion.  Because  of  this, 
a  reverse  Laval  nozzle,  in  practice,  is  never  free  from  shocks. 

3.2.1  Normal-Shock  Diffusion 

The  next  most  simple  theoretical  approach  to  an  interna! -compression 
type  of  diffuser  is  one  in  which  all  the  supersonic  compression  is  achieved  by 
means  of  a  single  normal  shock.  In  this  case  the  losses,  apart  from  those  due 
to  viscosity,  are  dependent  upon  the  Mach  number  at  which  the  shock  occurs. 
They  are  zero  at  M  =  1  and  increase  with  increasing  Mach  number.  The  ideal 
normal-shock  diffuser  then  would  be  a  Laval  nozzle  with  the  normal  shock  oc¬ 
curring  at  the  throat.  It  has  beti  shewn  (Ref.  3)  that  the  shock  is  not  stable 
when  it  occurs  upstream  of  the  throat,  or  even  at  the  throat,  but  must  sta¬ 
bilize  itself  in  some  position  downstream  of  the  throat  and  consequently  at  a 
velocity  in  excess  of  sonic.  A  stable  shock  then  implies  supersonic  flow  down¬ 
stream  of  the  throat  which  in  turn  implies  a  throat  somewhat  larger  than  a 
sonic  throat,  i.e.,  At  -  A*.  It  also  involves  a  pressure  loss  since  the  shock 
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no  longer  actually  occurs  at  M  =  1.  If  the  back  pressure  is  such  that  the 
shock  occurs  upstream  of  the  throat,  it  will  emerge  from  the  duct  and  stand 
in  front  of  the  opening  as  shown  below. 


A,  “o  >  1 


Flow  Spill-over 

A  J  M  <  1  A*  or  A 
—  Expelled  Shock 


The  diffuser  cannot  be  started,  or  the  shock  re-swallowed  once  it  has  been 
expelled,  unless  the  throat- to- inlet  area  ratio  is  equal  to  or  greater  than  that 
shown  in  curve  B  of  Fig.  3-2.  This  limiting  area  ratio  is  found  by  assuming 
that  the  normal  shock  is  on  the  lip,  i.e.,  in  the  critical  position.  The  area 
ratio,  A  /A1(  is  that  found  from  Eq.  2-4  for  Ma  which  is  the  Mach  number 


behind  a  normal  shock  at  Mq,  i.e.,  given  by  Eq.  2-21.  Combining  these  two 
equations  gives  1 


The  values  shown  in  Fig.  3-2  are  based  on  y  =  1.4.  Once  the  flow  is  started, 
i.e.,  the  shock  swallowed,  the  area  may  be  reduced  to  the  vaL '  shown  in 
curve  A  (calculated  from  Eq.  2-4). 

Actual  area  ratios  at  which  such  diffusers  have  operated  are  shown 
for  comparison  in  Fig.  3-2.  The  difference  between  the  theoretical  curve  A 
and  experimental  data  gives  a  good  estimate  of  the  viscous  losses.  It  may  be 
seen  that  the  curve  of  experimental  values  follows  curve  A  quite  closely,  al¬ 
though  the  increase  in  actual  throat  area  varies  from  about  16%  of  the  isen- 
tropic  value  at  M  =  2  to  100%  at  M  =  5. 

If  a  ramjet  having  such  a  diffuser  with  fixed  area  ratio,  (A*/Aj  or 
Aj./A.),  is  accelerating  as  shown  by  the  arrow  in  Fig.  3-2,  the  shock  will  not 

be  expelled  at  the  point  P  but  will  remain  swallowt.’  until  the  Mach  number  of 
point  Q  is  reached.  However,  if  the  same  missile  is  decelerating,  the  shock 
will  not  be  expelled  at  Q  but  will  remain  swallowed  until  point  P  is  reached. 
Thus  the  position  of  the  shock  for  conditions  between  curves  A  and  B  will  de¬ 
pend  on  its  previous  history.  To  offset  this  "hysteresis”  effect,  the  diffuser 
will  require  a  "starting”  value  of  At/A.  (curve  B),  or  else  the  missile  will 

have  to  overspeed  until  tne  shock  is  swallowed. 

Tnis  type  of  diffusion  is  discussed  more  fully  in  Ref.  2  and  in  Sub¬ 
sec.  5.4  since  it  is  applied  to  wind  tunnels  more  successfully  than  to  ramjets. 
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The  total  pressure  recovery  for  a  single-shock  internal-compres¬ 
sion  diffuser,  assuming  non-viscous  flow  is  shown  in  Fig.  3-3.  In  the  opti¬ 
mum  case,  i.e.,  with  area  ratios  of  curve  A  in  Fig.  3-2,  the  shock  would 
occur  at  a  sonic  throat  giving  a  shock  pressure  recovery  of  1.0.  If  the  throat 
has  the  minimum  area  required  for  starting  (curve  B  of  Fig.  3-2),  the  highest 
pressure  recovery  is  achieved  when  the  normal  shock  occurs  at  the  throat. 
The  Mach  number  at  which  this  shock  occurs  is  found  by  compressing  isen- 
tropically  from  Mo  at  the  inlet  area,  Aj ,  to  at  the  given  throat  area,  A^. 

The  pressure  recovery  in  this  case  is  given  by  curve  B  in  Fig.  3-3.  When 
the  shock  oi  this  diffuser  is  at  the  point  of  being  expelled,  i.e.,  at  the  entrance, 
the  pressure  recovery  is  shown  by  curve  B'  which  is  the  normal-shock  recovery 
at  the  free-stream  Mach  number.  In  actual  practice,  the  pressure  losses  due  to 
viscous  effects  will  have  to  be  included.  They  will  depend  on  the  Reynolds 
number  of  the  flow,  i.e.,  on  the  temperature,  pressure,  and  velocity  of  the 
air  flow  and  the  length  of  the  duct. 

The  outstanding  advantages  of  the  simple,  fixed-throat,  normal- shock 
diffuser  are  the  low  external  drag  that  may  be  associated  with  it  and  the  sim¬ 
plicity  of  construction.  The  main  disadvantage  is  that  the  large  area  ratio  re¬ 
quired  for  starting  such  a  diffuser  gives  rise  to  low  efficiency  once  the  shock 
is  swallowed.  The  efficiency  may  be  much  improved  by  opening  up  the  throat 
after  shock- swallow;  however,  the  mechanical  complexity  of  such  an  operation 
and  the  additional  weight  required  do  much  to  counter  its  usefulness  in  a  ram¬ 
jet.  A  second  disadvantage  of  the  normal-shock  diffuser  is  that  the  length  of 
the  convergent  section  required  to  compress  to  sonic  conditions  without  flow 
disturbance  gives  rise  to  a  thick  boundary  layer  at  the  throat.  Thirdly,  the 
duct  requires  an  extended  throat  region  for  the  complex  normal-shock  system 
(see  Subsec.  5.4).  At  moderate  Mach  numbers,  it  has  been  shown  that  a  throat 
length  of  about  four  times  the  throat  diameter  gives  the  most  satisfactory  re¬ 
sults.  The  throat  length  may,  however,  be  reduced  by  the  insertion  of  a  vor¬ 
tex  trap  or  subsonic  dump  as  described  in  Subsec.  3.7.2.  The  above  features 
of  the  simple  inlet  are  increasingly  detrimental  as  the  free-stream  Mach  num¬ 
ber  increases. 

For  these  reasons,  this  type  of  diffuser  is  usually  limited  to  flight 
Mach  numbers  less  than  about  1.6  where  the  pressure  recovery  is  high  and 
the  h’vteresis  effect  small.  This  type  of  diffusion  is  applied  to  wind  tunnels 
more  successfully  than  to  ramjets  and  is  discussed  further  in  Subsec.  5.4. 
It  is  also  treated  fully  in  Ref.  2.  However,  because  of  its  inherent  simplicity 
and  low  drag,  a  good  deal  of  effort  has  been  exerted  toward  finding  methods 
of  overcoming  its  disadvantages.  Methods  of  varying  the  inlet-to-throat  area 
ratio  will  be  discussed  in  the  next  two  subsections.  Methods  of  controlling 
the  boundary  layer  and  minimizing  flow  distortion  will  be  treated  in  Subsec.  3.7. 

3.2.2  Variable -Area  Diffusers 

Performance  of  a  fixed -geometry  diffuser  deteriorates  rapidly  at 
Mach  numbers  other  than  the  design  Mach  number.  Above  the  optimum  Mach 
number,  the  throat  area  is  larger  than  necessaiv  ar.d  the  efficiency  drops  off 
due  to  increasing  throat  snock  losses.  Below  the  optimum  iviach  number,  the 
throat  is  not  large  enough  and  the  inlet  flow  breaks  down  giving  a  strong  shock 
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in  front  of  the  diffuser  with  attendant  high  drag  and  low  efficiency.  It  is  there¬ 
fore  imperative  to  employ  variable  geometry  devices  to  alleviate  these  adverse 
effects  as  well  as  to  overcome  the  heavy  penalty  of  the  starting  area  ratio. 
Many  ways  of  varying  the  throat  area  have  been  devised.  One  of  the  most 
direct  methods  is  by  employing  flexible  plates  to  form  two  opposite  walls  of  a 
two-dimensional  diffuser.  Investigation  of  such  a  diffuser  for  flows  in  the  Mach 
number  range  from  2.5  to  4.0  is  described  by  Gunther  in  Ref.  106.  Flexible 
plates  of  constant  thickness  were  deflected  by  two  sets  of  levers  as  shown  in 
the  following  sketch. 

Throat  Block 
Lip  Edge  Lever 


Pivot  Points 


The  mechanism  functioned  satisfactorily  but  the  resulting  pressure  recoveries 
were  limited  by  the  thick  boundary  layers  which  developed  in  the  throat  region 
especially  on  the  side  walls.  Substantial  improvement  in  the  diffuser  efficiency 
was  achieved  by  several  methods  of  bleeding  off  the  boundary  layer.  The  plate 
surface  s  were  designed  to  give  isentropic  compression  to  sonic  velocity  at  the 
throat.  Actually,  because  of  the  effective  area  change  due  to  the  boundary 
layer,  the  lowest  Mach  number  at  which  the  normal  shock  occurred  was  about 
1.4.  Since  the  boundary-layer  problem,  in  varying  degrees,  is  common  to 
most  diffusers,  a  general  discussion  of  it  will  be  found  in  Subsec.  3.7. 

A  second  method  of  varying  the  contraction  ratio  is  by  means  of  a 
translating  centerbody  in  an  axisymmetric  duct.  A  typical  configuration  is 
shown  in  the  sketch  below 


Starting  Position 
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In  an  arrangement  of  this  type,  the  duct  entry  area  and  the  minimum  area  are 
varied  simultaneously  giving  rise  to  quite  rapid  changes  in  the  contraction  ratio. 
A  typical  plot  of  the  contraction  ratio  as  a  function  of  the  translation  of  the 
centerbody  is  shown  in  the  following  sketch.  The  diffuser  with  whicn  this  ratio 
is  associated  was  designed  for  operation  at  Mach  numbers  from  2  to  3. 


0  0.4  0.8  1.2  1.6  2.0  2.4 

x/D 


The  most  stringent  requirements  of  the  starting  contraction  ratio  are  further 
ameliorated  by  the  presence  of  the  oblique  shock  caused  by  the  centerbody  tip. 
For  completely  internal  compression  this  shock  must  lie  within  the  duct.  (Op¬ 
eration  with  the  shock  outside  the  duct  is  discussed  in  Subsec.  3.3.)  The 
shock  and  its  reflections  from  the  duct  walls  reduce  the  Mach  number  at  which 
the  normal  shock  occurs.  Mossman  and  Pfyl  in  Ref.  107  describe  an  experi¬ 
mental  investigation  of  axisymmetric  diffusers  with  translating  innerbodies. 
Their  first  model  had  a  conical-tipped  innerbody  and  a  small-angle  conical 
frustum  as  the  annulus.  In  the  second  model,  the  two  surfaces  were  designed 
to  give  a  uniform  longitudinal  pressure  gradient  from  entry  to  throat.  A  third 
model  was  designed  by  the  method  of  characteristics  to  eliminate  all  strong 
shocks  from  entry  to  throat.  They  concluded  that  the  first  model  gave  the  best 
pressure  recovery  in  the  range  2.1  s  M  s  2.7  and  the  second  in  the  range 
2.7  £  M  s  3.0.  In  all  models,  even  the  third  one,  there  is  a  small  inclina¬ 
tion  between  the  free  stream  and  the  inner  cowl  surface.  This  virtual  wedge 
angle  produces  an  oblique  shock  (and  reflections)  that  further  reduces  the  Mach 
number  at  which  the  normal  shock  occurs.  The  values  of  the  pressure  recovery 
for  several  internal  compression  diffusers  are  shown  in  Fig.  3-3. 

Similar  oblique  shocks,  of  course,  also  occur  in  a  practical  reverse 
Laval  nozzle  in  which  the  purely  isentropic  nozzle  is  shortened  to  prevent  un¬ 
due  boundary-layer  growth.  The  necessary  finite  lip  thickness  also  gives  rise 
to  a  shock  and  pressure  loss  on  the  outer  surface,  or  the  inner  surface  or 
both.  For  the  innerbody  diffusers  of  Ref.  107  the  flow  distortion,  as  computed 
from  Eq.  3-2,  is  about  0.035  for  Mach  numbers  from  2.1  to  2.5.  At  the 
higher  test  Mach  numbers  there  is  some  evidence  of  an  effective  angle  of  at¬ 
tack  of  1.0  to  1.5  deg  which  distorts  the  total  pressure  profile  at  the  diffuser 
exit.  For  the  two  profiles  (at  these  small  angles  of  attack)  the  flow  distortion 
jumps  from  0.035  to  0.18.  The  evidence  is  too  slim  to  be  taken  as  more  than 
an  indication  of  typical  performance  at  angles  of  attack.  It  has  been  shown 
that  the  performance  has  been  much  improved  by  the  use  of  boundary-layer 
bleeds  (see  Subsec.  3.7). 
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3.2.3  Perforated  Convergent  ••Divergent  Diffusers 

Varyirg  the  physical  contraction  ratio  of  a  diffuser  by  means  of  flex¬ 
ible  plates  or  a  translating  spike,  as  discussed  in  the  preceding  subsection,  is 
readily  applicable  to  wind-tunnel  diffusion  (see  Subsec.  5).  As  an  inlet  dif¬ 
fuser  for  ramjet  vehicles  its  beneficial  effect  is  somewhat  cancelled  by  the 
added  weight  of  the  required  mechanisms.  In  addition,  the  rapid  velocity  fluc¬ 
tuations  that  may  occur  in  flight  would  necessitate  a  very  sensitive  and  rapid 
throat  control.  It  must  also  be  remembered  that  if  the  shock  is  ever  regur¬ 
gitated  during  flight,  an  extreme  change  of  contraction  ratio  would  be  required 
for  restarting  the  diffuser. 

As  an  alternative  to  controlling  the  area  ratio,  one  may  control  the 
mass  flow  passing  through  the  throat.  This  control  may  be  achieved  by  per¬ 
forating  the  convergent  section  of  the  diffuser.  Evvard  and  Blakey  (Ref.  108) 
calculated  the  required  size  and  spacing  of  such  perforations  as  a  function  of 
the  local  Mach  number  and  inlet  geometry  and  estimated  the  subsonic  flow  co¬ 
efficient  through  the  holes.  Tests  were  made  at  M  =  1.85.  At  zero  angle  of 
attack,  the  total  pressure  recovery  was  increased  from  0.838  to  0.931  by  means 
of  the  perforations.  It  dropped  back  to  0.920  at  three  degrees  angle  of  attack 
and  to  0.906  at  five  degrees. 


One  of  the  attractive  features  of  such  a  diffuser  is  its  "self-adjusting" 
capability.  If  the  shock  is  detached  and  the  flow  in  the  converging  section  is 
subsonic,  the  pressure  differential  (assuming  a  free-stream  static  pressure  on 
the  outer  surface)  causes  flow  through  the  perforations,  thereby  reducing  the 
spill-over  and  moving  the  shock  closer  to  the  inlet.  If  the  perforated  area  is 
large  enough  the  shock  is  ultimately  swallowed.  When  the  flow  in  the  conver¬ 


gent  section  is  supersonic,  the  mass  flow  is  greatly  reduced,  due  to  the  com¬ 
bined  effect  of  the  reduced  pressure  differential  and  the  increased  speed  of  the 
flow  past  the  holes.  The  relationship  between  free-stream  speed,  mass  flow 
through  the  perforations,  and  the  shock  position  is  shown  in  the  following  sketch 
taken  from  Ref.  108.  4 
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(a)  Normal  Shock  Ahead  of  Inlet 
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(b)  Normal  Shock  Partly  Swallowed  (c)  Normal  Shock  Near  Throat 
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Further  tests  were  made  by  Hunczak  and  Kremzier  (Ref.  109)  for  similar  in¬ 
lets  at  M  =  1.9.  The  average  diameter  of  the  sharp-edged  (i.e.,  countersunk) 
holes  was  of  the  order  of  0.1  in.  Under  these  test  conditions  the  subsonic 
flow  coefficient  was  determined  to  be  0.5.  A  maximum  total  pressure  recovery 
of  9v,?o  was  obtained  with  18%  of  the  mass  flow  being  spilled  through  the  per¬ 
forations  of  a  diffuser  with  a  contraction  ratio  of  1.63.  A  maximum  relative 
mass  flow  of  98%  was  obtained  with  a  peak  pressure  recovery  of  90%  in  an  in¬ 
let  with  a  contraction  ratio  of  1.40.  During  supercritical  operation  the  theo¬ 
retical  and  measured  values  of  the  mass-flow  ratios  agreed  within  about  1%. 

Although  these  results  appear  very  promising,  they  have  never  been 
assessed  in  terms  of  the  external-drag  increment  due  to  the  escaping  air.  The 
effect  of  perforations  at  higher  Mach  numbers  has  not  been  tested.  Perhaps 
the  continuation  of  this  study  has  been  limited  by  the  fact  that  the  interest  is 
now  focussed  on  high  flight  Mach  numbers  and  isentropic- spike  diffusers. 

3.3  Oblique -Shock  Diffusers 

The  use  of  an  internal  oblique  shock  as  a  means  of  reducing  the 
Mach  number  at  which  the  normal  shock  occurs  has  been  described  in  the  pre¬ 
ceding  subsection.  Greater  flexibility  of  operation  is  achieved  if  the  compres¬ 
sion  through  the  oblique  shock  takes  place  externally.  The  shock  attached  to 
the  tip  of  a  central  body  eliminates  the  starting  problem  and  the  hysteresis  ef¬ 
fect  associated  with  the  internal-compression  diffuser. 

Since  this  idea  was  put  forward  by  Oswatitsch,  such  diffusers  usually 
bear  his  name.  The  basic  principles  are  illustrated  in  the  following  sketch. 


The  diffuser  is  said  to  be  operating  critically  when  the  heat  released  by  the 
burner  is  of  such  magnitude  that  the  back  pressure  maintains  the  normal  shock 
at  the  cowl  lip.  If  the  back  pressure  is  less  than  its  critical  value,  the  shock 
is  in  a  stable  position  downstream  of  the  cowl  lip.  Such  operation  is  said  to 
be  supercritical.  When  the  back  pressure  exceeds  its  critical  value,  the  nor¬ 
mal  shock  is  detached  from  the  cowl  lip  giving  subcritical  flow.  These  three 
flow  regimes  are  shown  in  the  sketch  below. 


Operation  Operation  Operation 
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At  the  design  Mach  number  the  conical  shock  is  usually  assumed  to  graze  the 
cowl  lip,  i.e.,  there  is  no  supersonic  flow  spill-over.  The  relationship  be¬ 
tween  the  pressure  recovery  and  the  capture-area  ratio  during  the  three  types 
of  operation  may  be  seen  in  the  sketch  on  page  104.  During  supercritical  opera¬ 
tion  the  mass  capture  is  a  maximum  and  the  pressure  recovery  increases  as 
the  shock  moves  toward  the  cowl  lip.  If  there  is  100%  mass  capture,  the  pres¬ 
sure  recovery  reaches  its  peak  as  the  shock  reaches  the  cowl  lip,  i.e.,  the 
critical  point,  and  drops  as  soon  as  the  normal  shock  is  expelled.  If  the  coni¬ 
cal  shock  does  not  impinge  upon  the  lip,  supersonic  flow  is  spilled  even  in  the 
supercritical  regime,  and  the  mass-flow  ratio  is  less  than  one.  The  peak 
pressure  recovery  does  not  always  occur  at  the  maximum  mass-flow  ratio,  but 
is  dependent  on  the  cowl  geometry  and  the  relative  position  of  the  innerbody  and 
the  cowling.  By  a  judicious  combination  of  external  compression  and  variation 
of  the  duct  area,  a  diffuser  may  be  designed  to  operate  over  a  wide  range  of 
flight  conditions. 

In  the  absence  of  boundary-layer  effects,  the  recovered  stagnation 
pressure  increases  as  the  number  of  oblique  shocks  increases,  since  the  sum 
of  the  total  pressure  losses  across  a  series  of  weak  shocks  is  less  than  the 
loss  across  a  single  oblique  shock  leading  to  the  same  terminal  Mach  number 
(see  Fig.  5-8).  The  same  principle  may  be  carried  to  its  limit  and  a  con¬ 
tinuous  curve  designed  which  will  give  rise  to  an  infinite  number  of  very  weak 
waves.  By  means  of  such  an  "isentropic  surface"  the  flow  velocity  may  be  re¬ 
duced,  in  theory,  to  the  sonic  value  without  incurring  any  shock  losses.  The 
limitations  which  are  imposed  upon  such  an  isentropic  compression  will  be  dis¬ 
cussed  in  Subsec.  3.4.1. 

The  primary  design  variables  which  affect  the  performance  of  an 
oblique -shock  diffuser  are: 

1.  The  shape  of  the  external  compressing  surface,  i.e.,  a 
single  cone  or  wedge  (Subsec.  3.3.1),  a  double  cone  or 
double  wedge  (Subsec.  3.3.2),  or  an  isentropic  spike  or 
ramp  (Subsec.  3.4). 

2.  The  position  of  the  cowl  lip  with  respect  to  the  inner- 
body  tip. 

3.  The  position  and  shape  of  the  "shoulder"  of  the  inner- 
body  with  respect  to  the  cowl  lip. 

4.  The  geometry  of  the  cowl  Up. 

5.  The  cross-sectional  area  distribution  of  the  annular  dif¬ 
fuser  downstream  of  the  inlet,  as  determined  by  the 
inner  surface  of  the  cowl  and  the  aft  portion  of  the  in¬ 
nerbody. 

The  last  named  is  often  considered  a  secondary  design  variable  since  its  ef¬ 
fect  on  the  pressure  recovery  is  usually  small  in  comparison  with  the  external 
compression.  However,  it  does  have  far-reaching  effects  on  the  flow  stability 
(Subsec.  3.8)  and  on  the  boundary-layer  development  in  the  duct  (Subsec.  3.7). 
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3.3.1  Single -Cone  Diffusers 

The  simplest  oblique-shock  diffuser  employs  an  innerbody  with  a 
conical  nose. 


The  basic  design  parameters  are: 

0  =  semi-angle  of  the  nose  cor.e 

s 

0^  =  angle  between  the  axis  and  the  line  joining  cone  tip  and  cowl  lip 

6i  =  interior  cowl  lip  angle 
=  exterior  cowl  lip  angle 

The  maximum  diameter  of  the  innerbody,  its  shape  at  the  maximum  diameter, 
and  the  shape  of  the  inner  and  outer  cowl  walls  also  must  be  chosen  to  give 
stable,  unseparated  flow  in  the  duct  as  well  as  minimum  external  drag. 

The  nose  angle,  8„,  should  be  chosen  small  enough  to  prevent  shock 

’  .  s 

detachment  at  the  lowest  Mach  number  it  will  encounter  and  yet  sufficiently 
large  to  minimize  the  length  of  the  conical  tip  and  the  boundary-layer  growth 
thereon.  Angles  between  25  and  30  deg  have  been  found  satisfactory  at  Mach 
numbers  from  1.8  to  5.4  (Refs.  110,  111,  and  112). 

The  theoretical  pressure  recovery  for  inviscid  flow  has  been  calcu¬ 
lated  as  a  function  of  the  Mach  number  and  the  cone  angle.  The  calculations 
assume  that  the  cowl  lip  is  situated  on  the  conical  shock.  A  first  case  assumes 
that  the  normal  shock  occurs  at  the  duct  entrance.  A  second  case  incorporates 
the  maximum  contraction  ratio  (from  curve  B  of  Fig.  3-3)  for  shock-swallow 
associated  with  the  average  Mach  number,  Ma,  at  the  duct  entrance.  The  dif¬ 
ferent  flow  regions  are  shown  in  the  sketch  below. 
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The  values  of  the  Mach  number  behind  the  conical  shock,  Mx ,  and  the  Mach 
number  on  the  cone  surface,  M  ,  may  be  found  as  a  function  of  M  and  0  in 

Kennedy's  tables  of  supersonic  conical  flow  (Ref.  36).  The  average  Mach  num¬ 
ber,  M2,  before  the  normal  shock  is  taken  as  (Mj  +  M  )/2,  although  this 

S 

value  is  only  approximately  true  in  axisymmetric  flow.  The  calculated  pres¬ 
sure  recovery  for  both  the  above  cases  is  shown  in  Fig.  3-4  as  a  function  of 
Mr  and  0  .  From  this  figure  the  advantage  of  a  combination  of  external  and 

internal  compression  may  be  seen.  Although  there  is  definitely  an  optimum 
cone  angle  for  each  Mach  number,  its  value  is  not  critical.  The  spread  of 
cone  angles  within  which  the  pressure  recovery  drops  by  2 %  from  the  maxi¬ 
mum  is  indicated  by  the  bars  on  the  curves  of  Fig.  3-4.  Figure  3-5  gives  the 
optimum  cone  angle  as  a  function  of  Mach  number  and  also  shows  the  pres¬ 
sure  recovery  associated  with  that  optimum  value  for  both  cases.  Experimental 
data  from  several  sources  are  included  for  purposes  of  comparison  with  the 
theoretical  values.  The  difference  between  the  calculated  and  the  experimental 
values  consists  largely  of  the  viscous  losses  which  are  ignored  in  these  calcu¬ 
lations. 


The  internal  cowl-lip  angle,  6^,  may  be  made  equal  to  the  flow  in¬ 
clination  behind  the  bow  shock  in  the  neighborhood  of  the  lip,  i.e.,  the  inner 
cowl  surface  will  then  be  coincident  with  a  streamline  of  the  entering  flow. 
Sometimes  6..  is  made  slightly  less  than  this  value  in  order  to  produce  a  weak 

"wedge"  shock  by  means  of  which  further  compression  may  be  effected.  The 
external  cowl-lip  angle,  6„,  is  usually  determined  by  the  value  of  6,,  the  de- 

0  X 

gree  of  sharpness  of  the  lip,  and  the  cowl  thickness  dictated  by  structural  re¬ 
quirements.  Although  a  sharp  lip  is  usually  preferred  in  order  to  minimize 
the  pressure  drag,  a  blunt  lip  may  reduce  the  additive  drag  by  delaying  the 
expulsion  of  the  normal  shock.  It  does  this  by  virtue  of  the  fact  that  the  stag¬ 
nation  point  moves  inside  the  cowl  as  the  inlet  mass-flow  ratio  diminishes. 
Such  an  effect  is  illustrated  below. 


With  no  spill-over  the  stagnation  point  is  at  A,  but  it  moves  around  to  B  as 
the  capture-area  ratio  diminishes. 

For  optimum  performance  at  the  design  Mach  number  the  bow  shock 
from  the  conical  nose  should  impinge  on  the  cowl  lip.  In  this  position  there 
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is  no  additive  drag,  i.e.,  Aq/A.  =  1.  At  the  same  time  the  internal  ducting 

should  be  designed  to  give  a  slightly  increasing  area  behind  the  lip  in  order  to 
stabilize  the  shock  on  the  rim.  Such  a  design  was  first  suggested  by  Ferri 
and  such  a  diffuser  often  bears  his  name.  More  often  the  duct  is  of  the  con¬ 
vergent-divergent  type  with  the  throat  area  optimized  for  starting  the  diffuser. 
The  area  variation  of  the  internal  ducting  is  usually  the  result  of  a  compromise 
between  the  desire  for  a  flat,  low-drag  cowl  and  the  need  for  a  gradual  turn¬ 
ing  of  the  innerbody  to  prevent  flow  separation. 

For  off-design  operation  the  position  of  the  innerbody  in  relation 
to  the  cowl  and  the  distribution  of  the  duct  cross-sectional  area  must  be  op¬ 
timized  with  respect  to  each  other.  As  the  centerbody  is  translated  along  the 
axis  the  longitudinal  distribution  of  the  duct  cross-sectional  area  varies.  In 
the  ultimate  design  of  a  ramjet  vehicle  many  compromises  must  be  made.  The 
operating  characteristics  at  all  required  Mach  numbers  and  angles  of  attack 
muse  be  known  in  order  to  calculate  the  performance  throughout  the  whole  range 
of  a  flight.  Even  when  the  geometry  may  be  varied  in  flight,  it  may  be  neces¬ 
sary  to  take  less  than  optimum  conditions  at  the  design  Mach  number  in  order 
to  provide  sufficient  thrust  during  climb-out  or  to  assure  stable  operation  during 
the  high  angles  of  attack  demanded  by  prescribed  maneuvers. 

Tests  at  M  =  5.4  which  are  described  in  Ref.  112  show  how  critical 
the  relative  position  of  nose  and  cowl  lip  may  be.  The  design  model  operated 
supercritically  at  a  mass-flow  ratio,  m2 /mo,  of  0.96.  Retraction  of  the  cone 

by  0.01  in.,  i.e.,  an  increase  of  (~32  deg)  by  0.2  deg  allowed  100%  mass 

capture  for  all  supercritical  operation.  How  critical  this  improved  flow  cap¬ 
ture  may  be  is  ultimately  dependent  on  the  tactical  requirements  of  the  vehicle. 
Perhaps  more  significant  is  the  fact  that  when  the  bow  shock  was  slightly  with¬ 
in  the  cowl,  the  inlet  operated  with  high  mass-flow  ratios  for  angles  of  attack 
of  3  and  4  deg  whereas  with  shock-on-rim,  there  was  a  large  amount  of  flow 
spillage  even  at  2  deg  angle  of  attack. 

The  most  suitable  position  of  the  throat  in  the  duct  is  dependent  on 
the  nose  and  inlet  geometry  and  on  the  flow  parameters.  When  the  spike  is 
translated  to  give  the  maximum  mass-flow  ratio  at  several  Mach  numbers,  the 
optimum  rate  of  internal  expansion  is  strongly  dependent  on  the  Mach  number 
range  within  which  the  diffuser  must  operate.  The  shape  that  gives  a  gradual 
rate  of  internal  expansion  for  the  highest  Mach  number  may  give  a  too-rapid 
internal  contraction  when  operating  at  the  lowest  Mach  number. 

It  is  also  important  that  the  rate  of  change  of  the  duct  area  be  very 
small  in  the  region  of  the  throat.  It  has  been  shown  to  be  even  better  to  have 
a  constant-area  section  at  the  throat.  The  optimum  length  of  this  section 
varies  with  Mach  number  (see  Subsec.  5.4).  However,  in  a  diffuser  with  in¬ 
ternal  as  well  as  external  compression,  the  normal  shock  occurs  at  an  almost 
constant  Mach  number  not  much  greater  than  one  and  hence  the  throat  length 
need  not  vary.  At  moderate  free-stream  Mach  numbers  it  has  been  shown  that 
a  throat  length  of  about  four  times  the  throat  height  gives  the  most  satisfactory 
results. 

Typical  total  pressure  recoveries  for  single-cone  inlets  are  shown 
in  Fig.  3-6  as  a  function  of  mass-flow  ratio  for  M^  =  Mp  =  1.8,  2.0,  3.85, 


Supersonic  Inlets 


3.3.1 


and  5.4.  The  effect  of  small  angles  of  attack  (under  slightly  different  test 
conditions)  is  shown  in  Fig.  3-7.  The  systematic  degradation  of  pressure  re¬ 
covery  with  increasing  angle  of  attack  may  be  seen  for  all  Mach  numbers. 

The  effect  of  translating  the  spike  was  tested  at  M  =  1.8  and  2.0 
and  reported  in  Ref.  110;  some  of  these  results  are  shown  in  Fig.  3-8.  As 
the  spike  was  moved  out  of  the  inlet  to  reduce  0^  from  41.6  deg  to  37.4  deg, 

the  effect  on  the  additive  drag  and  the  drag  of  the  cowl  was  quite  marked, 
whereas  the  pressure  recovery  showed  relatively  little  change. 

Two  basic  modifications  were  made  in  the  tesf  models  of  Ref.  111. 
The  first  was  concerned  with  reducing  the  cowl  drag  and  the  second  with  im¬ 
proving  the  pressure  recovery  by  bleeding  off  the  low-energy  boundary  layer. 
By  going  from  a  relatively  steep  cowl  (6g  =38.3  deg  and  6^  =  29.2  deg)  to  a 

flat  cowl  (6g  =  4  deg  and  6.  =  0  deg),  the  pressure-drag  coefficient  at  M  =  3.85 

was  reduced  from  0.112  to  0.007.  However,  at  the  same  time  the  maximum 
inlet  mass-flow  ratio  was  reduced  from  0.95  to  0.81  and  the  total  pressure 
recovery  from  0.32  to  0.285.  The  pressure  loss  is  due  primarily  to  separated 
flow  in  the  vicinity  of  the  sharp  shoulder  of  the  innerbody  dictated  by  the  shape 
of  the  low-drag  cowl  as  shown  in  the  sketch  below. 


The  reduced  value  of  the  pressure  recovery  was  later  restored  to  the  original 
value  and  the  inlet  mass-flow  rate  increased  to  0. 925  by  bleeding  off  the  bound¬ 
ary  layer  through  a  double  row  of  staggered  1/8  in.  -diameter  holes  immediately 
downstream  of  the  shoulder  of  the  conical  innerbody  (Ref.  111).  In  the  tests 
at  M  =  1.8  and  2.0,  the  boundary  layer  was  bled  off  through  three  subinlets 
which  consisted  of  slots  in  the  inner  wall  of  the  cowl  downstream  of  the  nar¬ 
rowest  section  as  shown  in  the  sketch  below. 


Each  inlet  carried  about  3%  of  the  total  mass  flow.  The  inlets  not  only  im¬ 
proved  the  pressure  recovery  by  two  or  three  per  cent,  but  also  resulted  in  a 
better  pressure  distribution  at  the  diffuser  outlet  as  shown  in  Fig.  3-9.  This 
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latter  improvement  was  most  marked  at  6  deg  angle  of  attack.  It  may  be  noted 
that  these  inlets  had  no  significant  effect  on  the  mass-flow  ratio.  With  the  in¬ 
lets  closed  there  was  a  considerable  region  of  separated  flow  in  the  duct  which 
did  not  appear  when  the  boundary  layer  was  removed. 


3 . 3 . 1 . 1  Probe  Diffusers 

Occasionally  a  bluff  surface,  in  which  a  dish  homing  system  may  be 
installed,  is  required  in  the  centerbody  of  a  diffuser.  The  consequent  detached 
shock,  with  its  high  pressure  losses  and  high  drag,  demands  heavy  penalties 
from  both  the  aerodynamic  and  propulsive  viewpoints.  A  simple  probe  pro¬ 
truding  from  the  nose  cap  may  produce  a  flow  regime  comparable  to  that  of 
a  conical  tip  and  thus  it  may  satisfy  the  aerodynamic  requirements  without 
jeopardizing  the  guidance  system.  The  performance  of  such  a  probe  on  a  hem¬ 
ispherical  and  on  a  flat-capped  central  body  of  a  diffuser  is  described  by  Dean 
in  Ref.  113.  Sketches  of  the  two  models  are  shown  below. 


Tests  in  which  the  probe  length  was  varied  were  run  in  a  free  jet  at  M  =  1.8. 
When  equilibrium  is  established  the  flow  field  resembles  that  due  to  a  conical 
spike.  In  order  to  facilitate  comparison,  a  22.75  deg  cone  diffuser  was  run 
under  the  same  test  conditions.  Typical  flow  sketches  of  the  two  models,  with 
different  probe  lengths,  are  shown  in  Fig.  3-10  for  both  swallowed-shock  and 
detached-shock  conditions.  The  flow  was  unstable  for  detached-shock  condi¬ 
tions  with  the  greater  probe  length.  The  measured  total  pressure  recovery  at 
zero  angle  of  attack  is  shown  as  a  function  of  the  capture-area  ratio  in  Fig.  3-11 
where  it  is  compared  with  that  of  a  single-cone  diffuser.  It  may  be  seen  that 
the  pressure  recovery  of  the  probe  attached  to  a  spherical  head  is  as  high 
(~  0.875)  as  that  of  the  single-cone  diffuser.  However,  since  there  is  more 
spill-over  in  the  probe  configuration  the  additive  drag  will  also  be  higher.  It 
may  also  be  seen  from  this  figure  that  the  flow  field  due  to  the  probe  becomes 
unstable  as  the  spill-over  increases  and  that  the  diffuser  is  inoperable  for  cap¬ 
ture-area  ratios  between  about  0.73  and  0.87.  The  effect  on  the  pressure  re¬ 
covery  of  angles  of  attack  of  3  and  6  deg  is  shown  in  a  similar  manner  in 
Fig.  3-12.  The  formation  of  a  strong  shock  on  one  side  of  the  diffuser  and 
the  loss  of  a  large  part  of  the  separation  cone  on  the  other  side  results  in 
lower  pressure  recoveries.  However,  if  the  probe  is  aligned  with  the  free- 
streain  when  the  diffuser  is  at  an  angle  of  attack,  the  losses  are  reduced  as 
shown  in  Fig.  3-13. 

The  length  of  the  probe  was  shown  to  be  an  important  parameter  in 
determining  the  stability  of  the  diffuser  operation.  At  the  test  Mach  number 
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the  maximum  probe  length  for  stable  operation  was  found  to  be  about  three 
cimes  the  radius  of  the  base  of  the  separation  cone.  The  position  of  the  bluff 
body  with  respect  to  the  cowl  inlet  was  also  found  to  be  a  critical  function  of 
probe  length. 

Similar  tests  at  Mach  numbers  of  1.76,  1.93,  and  2.10  are  reported 
by  Moeckel  and  Evans  in  Ref.  114.  They  also  found  that  at  zero  angle  of  at¬ 
tack  the  pressure  recovery  and  mass-flow  ratio  are  comparable  to  those  of  a 
solid  conical-nosed  innerbody.  However,  even  at  small  angles  of  attack  the 
diffuser  efficiency  is  greatly  reduced. 

3.3.2  Double-Cone  Diffusers 

Theoretically,  a  diffuser  with  two  oblique  shocks  will  give  a  better 
pressure  recovery  than  one  with  a  single  shock  (see  Fig.  5-8).  The  addition 
of  some  internal  compression  not  only  improves  the  pressure  recovery  but  may 
also  assist  in  stabilizing  the  normal  shock. 

The  double-cone  diffuser  is  usually  designed  to  allow  the  two  oblique 
shocks  to  coalesce  at  the  cowl  lip  as  shown  in  the  sketch  below. 


In  the  region  behind  the  bow  shock,  AB,  the  flow  is  conical  and 
isentropic.  When  this  flow  strikes  the  second  cone  a  curved  shock,  BC,  is 
produced,  the  curvature  being  due  to  the  variation  of  flow  angle  and  Mach  num¬ 
ber  in  the  conical  region.  In  the  region  downstream  of  the  curved  second  shock 
the  flow  is  rotational.  A  normal  shock,  BD,  may  occur  at  the  lip  or  it  may 
occur  near  a  throat  in  the  annular  duct,  i.e.,  the  double-cone  diffuser  may 
employ  all  external  compression  or  a  combination  of  external  and  internal  com¬ 
pression. 


By  means  of  the  method  of  characteristics,  Kennedy  (Ref.  37)  has 
analyzed  the  flow  field  around  several  biconic  bodies  for  a  wide  range  of  Mach 
numbers.  Calculations  which  include  the  effect  of  the  rotationality  show  that 
even  at  the  highest  Mach  numbers  used  (~  5)  the  accuracy  of  the  results  is 
not  appreciably  impaired  (s  1.5%  change  in  M)  when  this  entropy  variation  is 
neglected.  Included  in  Ref.  37  are  the  cartesian  coordinates,  the  Mach  num¬ 
ber,  and  the  flow  orientation  for  all  mesh  points,  as  well  as  the  flow  vari¬ 
ables  on  both  sides  of  the  curved  shock  and  along  the  cone  surfaces.  Equa¬ 
tions  for  the  curved  shocks  and  for  the  loci  of  the  point  of  intersection  of  the 
conical  and  curved  shocks  are  also  included.  Table  3-1,  derived  from  this 
material,  permits  the  reader  to  reconstruct  the  curved  shock  front  for  many 
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different  biconic  inlets  over  a  wide  range  of  Mach  numbers.  Table  3-2  and 
Figs.  3-14  and  3-15  give  the  position  of  the  point  of  intersection  of  the  two 
shocks  as  well  as  the  flow  characteristics  immediately  behind  it  as  a  function 
of  the  free-stream  Mach  number  and  the  cone  angles. 


The  total  pressure  recovery  may  be  obtained  from  the  data  in  Ref.  37 

by  using 


where  the  total  pressure  is  assumed  constant  in  any  region  between  shocks, 
i.e.,  p,  =  p.  and  p.  =  p.  (see  sketch  below). 

4  ta  t3  t* 


P«A. 


is  obtained  from  either  oblique  or  normal- shock  tables  using  any  pair 
of  values  from  among  M  ,  Mj ,  9  ,  and  . 

03  Wj 


is  found  in  a  similar  manner  for  each  mesh  point  along  the  shock  and 
averaged. 


/Pt 

5 


is  the  normal-shock  recovery  found  by  using  the  mesh  point  values  of 
M*  averaging  the  pressure  ratio. 


If  the  normal  shock  occurs  within  the  duct  rather  than  at  the  entrance,  it  may 
be  assumed  to  occur  at  the  station  of  least  cross-sectional  area.  The  Mach 
number  at  that  station  is  found  by  comparing  with  A..  In  order  to  avoid 

time  consuming  averaging  of  the  values  at  the  curved  shock  and  at  the  diffuser 

entrance,  a  short-cut  method  has  been  based  on  that  of  Connors  and  Meyer 

(Ref.  115).  In  it  the  average  Mach  number,  M2,  is  taken  as  (Mx  +  M  )/2 

& 

and  the  average  flow  deflection  in  front  of  the  second  shock  as  (p  +  p,  )/2. 

s 

The  flow  direction  behind  the  second  shock  is  taken  as  (9  +  6  )  (see  above 

sketch)  throughout  its  length.  Sl  2 

This  method  has  been  used  to  construct  the  curves  of  Fig.  3-16  which 
give  the  pressure  recovery  of  double  cones  for  Mach  numbers  from  2  to  6  and 
a  wide  range  of  cone  angles.  Two  limiting  cases  have  been  considered.  The 
first  case  deals  with  both  external  and  internal  compression,  the  internal  con¬ 
traction  being  the  "starting  throat”  for  the  average  entering  Mach  number.  In 
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the  second,  the  compression  is  completely  external  with  the  terminal  normal 
shock  occurring  at  the  cowl  lip.  FigUx'e  3-17  gives  the  maximum  pressure  re¬ 
covery  as  a  function  of  Mach  number  and  shows  the  values  of  the  first  and 
second  cone  angles  that  are  associated  with  maximum  pressure  recovery.  It 
may  be  seen  from  this  figure  that  the  optimum  first  cone  angle  is  relatively 
insensitive  to  Mach  number,  but  that  the  optimum  second  cone  angle  varies 
rapidly  with  Mach  number,  particularly  in  the  Mach  number  range  below  four. 

Calculations  using  average  values  from  the  Kennedy  data  and  those 
using  the  simplified  method  o:  Ref.  115  were  compared  for  25-40  deg  biconic 
noses  at  Mach  numbers  of  2.3604,  3.9260,  and  5.1233.  In  spite  of  the  un¬ 
realistic  assumptions,  the  short  method  underestimated  the  total  pressure  re¬ 
covery  by  only  about  one-half  of  one  per  cent  at  the  lowest  Mach  number  and 
by  two  per  cent  at  the  highest  Mach  number.  The  simpler  method  does  not, 
of  course,  give  any  information  about  the  flow  field  as  does  the  Kennedy  method. 

The  calculation  of  the  internal  com,  -v:sion  contains  two  known  areas 
of  over-simplification.  In  the  first  place,  it  m  assumed  that  the  ultimate  com¬ 
pression  is  achieved  by  a  single,  simple  normal  shock  at  the  throat.  In  re¬ 
ality  the  shock  is  usually  a  complex  shock  system  (see  Subsec.  5.4)  and  is 
stable  only  when  it  occurs  downstream  of  the  throat.  This  shock  system  does, 
however,  allow  a  somewhat  smaller  throat  than  the  one  calculated  under  the 
simple  assumptions  and  thus  provides  a  compensating  error. 

The  second  over-simplification  is  that  the  internal  compression  be¬ 
fore  the  normal  shock  is  assumed  to  be  isentropic,  i.e.,  that  6.  is  equal  to 

the  flow  angle  and  creates  no  oblique  shocks.  If  the  entering  flow  angle  is 
large,  a  high  cowl  drag  would  be  associated  with  the  maximum  pressure  re¬ 
coveries  shown  in  Fig.  3-17. 

Representative  measured  pressure  recoveries  for  double-cone  dif¬ 
fusers  are  taken  from  Refs.  Ill  and  116.  When  the  inlets  were  operated 
at  below-design  Mach  numbers,  the  spike  was  translated  to  allow  he  second 
shock  to  touch  the  cowl  lip.  The  measured  maximum  pressure  recoveries  are 
shown  in  Fig.  3-17.  The  difference  between  the  actual  pressure  loss  and  the 
theoretical  one  increases  as  the  Mach  number  increases  and  is  due  mainly  to 
the  viscous  forces  that  are  neglected  in  the  calculations. 

Tests  designed  to  assess  the  relative  merits  of  optimizing  the  in¬ 
ternal  flow  and  minimizing  the  external  cowl  drag  are  reported  in  Ref.  103. 
Two  versions  of  the  20-35  deg  biconic  spike  were  mad ..  In  one  the  inter¬ 
nal  flow  was  turned  very  gradually  and  in  the  other,  much  more  sharply.  The 
projected  are;  :  of  the  cowl  were  20%  and  40%  of  the  maximum  cross-  seetiona* 
area.  The  pressure  recovery  as  a  function  of  the  mass-flow  ratio  and  angle 
of  attack  is  shown  for  the  two  models  at  four  Mach  numbers  in  Fig.  3-18. 

The  total-drag  coefficient  for  the  same  models  was  obtained  by  force 
measurements  and  the  cowl  drag  from  integrated  pressure  measurements.  The 
skin  friction  was  computed  and  the  additive  drag  determined  by  subtracting  the 
last  two  components  from  the  total  drag.  The  values  of  thrust-minus-drag 
are  shown  as  a  function  of  Mach  number  in  Fig.  3-19.  They  are  normalized 
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with  respect  to  the  ideal  thrust  coefficient,  i.e.,  that  with  no  pressure  losses. 
It  may  be  seen  that  the  drag  penalty  of  the  deeper  cowl  more  than  outweighs 
the  improved  flow  due  to  the  more  gradual  turning  at  the  shoulder  of  the  in- 
nerbody. 


The  critical  total  pressure  recovery  at  angle  of  attack  is  shown  in 
Fig.  3-20  together  with  the  associated  supercritical  mass-flow  ratio.  For  a 
valid  assessment  of  the  worth  of  such  a  diffuser  at  angles  of  attack,  these 
graphs  should  be  considered  in  conjunction  with  those  of  Fig.  3-21  which  gives 
the  flow-distortion  contours  at  the  diffuser  exit.  Large  areas  cf  separated 
flow  or  an  unbalanced  pressure  distribution  at  the  exit  due  to  angles  of  attack 
would  be  unsatisfactory  for  the  propulsion  requirements.  In  the  particular  dif¬ 
fuser  of  these  tests,  the  flow -distortion  parameter  (Ref .  103)  was,  as  would  be 
expected,  greater  with  the  low-drag  cowl  than  with  the  high-drag  one. 

The  external  and  internal  cowl-lip  angles  for  these  models  were 
32.6  deg  and  27.6  deg.  The  latter  angle  is  smaller  than  the  flow  angle  of  the 
entering  stream  at  that  point  md  therefore  causes  another  oblique  shock  from 
the  lip.  It  is  often  advantageous  to  position  the  spike  so  that  the  second  ob¬ 
lique  shock  stiikes  the  inner  surface  of  the  cowl  rather  than  grazing  the  lip. 
This  ensures  an  internal  oblique  shock  and  consequent  improved  pressure  re¬ 
covery. 


The  effect  of  translating  the  spike  at  the  design  Mach  number  is 
shown  in  Fig.  3-22.  When  the  spike  is  moved  further  from  the  cowl  lip  both 
the  mass-flow  ratio  and  the  pressure  recovery  deteriorate.  With  spike  re¬ 
traction,  100%  mass  flow  is  achieved  at  the  expense  of  an  8  to  10%  loss  in 
critical  total  pressure  recovery.  Furthermore,  the  retracted  spike  in  con¬ 
junction  with  the  gradually  curved  shoulder  of  the  innerbody  gives  stable  sub- 
critical  flow  down  to  a  mass-flow  ratio  of  0.6.  The  same  effect  was  obtained 
at  Md  =  3.85  (Ref.  Ill)  by  a  slight  extension  of  the  cowl. 

The  effect  of  translating  the  spike  to  give  the  optimum  shock  con¬ 
figuration  at  Mach  numbers  less  than  the  design  Mach  number  is  shown  in 
Fig.  3-23.  The  critical  pressure  recovery  of  the  model  with  the  translating 
spike  shows  a  slight  improvement  over  that  of  a  fixed-geometry  model  for  Mach 
numbers  between  2  and  the  design  Mach  number  of  3.  The  improvement  of 
the  mass-flow  ratio  is  much  more  marked.  The  same  figure  shows  the  slight 
further  improvement  in  both  critical  pressure  recovery  and  mass-flow  ratio 
due  to  a  more  gradual  expansion  of  the  subsonic  duct  (see  tests  of  Ref.  116). 

Fig-are  3-24  (from  Ref.  116)  shows  a  comparison  of  the  supercritical 
external-drag  coefficient  for  the  fixed-geometry  model  and  for  the  two  versions 
of  the  translating- spike  diffuser.  A  significant  decrease  in  drag  is  obtained 
by  the  variable  geometry  at  Mach  numbers  less  than  3.0.  This  improvement, 
however,  will  ultimately  have  to  be  assessed  in  terms  of  the  additional  weight 
required  for  the  translating  mechanism. 

Boundary-layer  effects  show  up  very  strongly  in  the  operation  of  the 
fwo-cone  diffuser.  The  advantage  due  to  the  double  cone  is  often  offset  by  the 
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"bridging"  effect  of  the  boundary  layer  at  the  junction  of  the  two  conical  sur¬ 
faces,  as  shown  in  the  sketch  below. 


This  flow  separation  and  subsequent  re-attachment  not  only  changes  the  effec¬ 
tive  spike  geometry  but  also  may  induce  a  greatly  modified  shock  pattern.  It 
is  generally  agreed  that  such  separation  takes  place  only  in  laminar  flow  and 
thus  may  be  alleviated  or  entirely  eliminated  by  roughening  the  spike  tip  to 
ensure  boundary-layer  transition  before  the  juncture  of  the  two  surfaces.  (This 
phenomenon  has  been  discussed  in  Section  8  of  the  Handbook,  Subsec.  4.1.4.) 
Figure  3-25  shows  the  effect  of  tip  roughness  on  the  pressure  recovery  at 
M  =  3.85  for  a  biconic  inlet;  both  pressure  recovery  and  mass-flow  ratio  are 
much  improved  at  all  angles  of  attack  included  in  the  test  except  the  highest 
(9  deg).  Almost  identical  results  were  obtained  by  applying  suction  to  a  ring 
of  holes  j*nt  upstream  of  the  juncture  between  the  surfaces.  This  latter  method 
allowed  the  diffuser  to  operate  up  to  an  angle  of  attack  of  11  deg.  Off-setting 
this  improve  xent  is  the  fact  that  the  mass  flow  is  reduced  by  the  amount  of 
the  bleed  flow .  Bridging  has  also  been  alleviated  by  the  use  of  a  porous  inner- 
body  through  which  passed  about  1-1/2  to  2%  of  the  total  mass  flow  (Ref.  111). 

The  presence  of  a  thickened  boundary  layer  may  cause  poor  quality 
flow  at  the  diffuser  exit  and,  under  critical  conditions,  may  be  responsible  for 
premature  choking  of  the  subsonic  duct.  Methods  of  boundary-layer  control 
which  provide  improved  duct  flow  are  discussed  in  Subsec.  3.7. 

The  interaction  of  the  shock  system  with  the  boundary  layer  initiates 
flow  instability  or  "buzz".  This  will  be  discussed  in  Subsec.  3.8. 


Isentropic -Spike  Diffusers 


If  the  external  compression  is  achieved  by  means  of  multiple  shocks 
rather  than  by  just  one  or  two  shocks  as  described  in  preceding  subsections, 
the  pressure  recovery  will  improve  as  the  shock  strength  diminishes.  Carry¬ 
ing  this  concept  to  its  limit,  the  spike  may  be  designed  so  that  the  flow  is 
isentropic,  i.e.,  all  shocks  are  reduced  to  Mach  shocks  and  may  be  made  to 
coalesce  at  a  single  point.  Such  compression,  if  continued  to  the  sonic  velocity, 
theoretically  involves  no  total  pressure  loss.  Viscous  effects  and  practical 
design  considerations  preclude  such  ideal  isentropic  compression. 


3.4.1  Design  Considerations 

The  length  of  a  true  isentropic  spike  would  be  impractical.  Not 
only  would  the  needle -like  tip  be  structurally  unstable  but  the  long  spike  would 
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give  rise  to  a  boundary  layer  which  would  be  very  thick  by  the  time  the  flow 
entered  the  subsonic  duct.  When  a  conical  tip  is  used  in  conjunction  with  an 
otherwise  isentropic  spike,  the  value  of  the  pressure  recovery  associated  with 
a  conical  tip  may  be  found  from 


_>L 


pt2  _ 

■  (y+1)  M8  sin8  9  " 

w 

y-1 

(y+1) 

pt, ' 

(y-1)  M2  sin8  0^  +  2 

2y  M8  sin8  0^  -  (y-1) 

1 

y-1 


where 


M  =  free-stream  Mach  number 


6  -  shock-wave  angle, 

w  b 


(3-8) 


The  bow  shock  may  be  considered  as  a  plane  shock  everywhere  except  in  the 
vicinity  of  the  nose  itself. 

Associated  values  of  M,  0t  ,  and  the  cone  semi-angle,  0  ,  may  be 

found  from  such  tables  as  Refs.  21,  22,  23,  and  26.  Calculated  values  of  the 

pressure  recovery  are  rhown  in  Fig.  3-26  as  a  function  of  the  Mach  number 

for  various  values  of  0  .  The  compromise  between  pressure  recovery  and 

s 

boundary-layer  build-up,  or  between  pressure  recovery  and  satisfactory  per¬ 
formance  over  a  range  of  angles  of  attack,  will  have  to  be  made  In  the  light 
of  the  anticipated  flight  and  maneuver  conditions.  Connors  and  Meyer  (Ref.  115) 
suggest  the  use  of  a  conical  tip  whose  attached  shock  has  a  total  pressure  re¬ 
covery  of  99%.  Brumbaugh  and  Konrad,  in  unpublished  studies  on  diffuser  de¬ 
sign  for  Mach  numbers  from  3  to  7,  use  a  constant  tip  angle  of  15  deg  in 
order  to  maintain  a  spike  of  short  length. 

The  ideal  isentropic  compression  is  limited  in  extent.  There  are  two 
entirely  separate  and  distinct  design  criteria  to  be  observed  for  satisfactory 
performance  of  an  isentropic  spike;  one  dependent  on  the  shockwaves  associated 
with  the  innerbody,  and  the  other  on  the  shock  waves  associated  with  the  cowl  lip. 

From  the  point  of  intersection  of  the  shock  wave  and  the  compres¬ 
sion  fan  there  arises  a  vortex  eneet  and  also  there  is  usually  a  reflected  wave 
as  shown  in  the  sketch  opposite.  The  vortex  sheet  adjusts  itself  until  the  pres¬ 
sure  and  the  flow  direction  are  the  same  on  either  side  of  it,  i.e.,  p  =  p. 

in  the  terminology  of  the  sketch.  The  pressure  ratio,  pa/pM,  as  a  function 

of  Mro,  and  the  flow  deflection,  <p,  is  most  easily  obtained  from  graphs  (Ref.  22 

or  23)  since  there  is  no  convenient  explicit  function  by  which  it  may  be  calcu¬ 
lated.  The  curves  of  p  /p  vs  <p  for  various  values  of  M„  are  shown  in 

Fig.  3-27.  The  same  figure  shows  the  value  of  Pr/p„  for  an  isentropic  com¬ 
pression.  They  are  obtained  by  the  use  of  reverse  Prandtl-Meyer  expansions. 
These  calculations  are  valid  only  in  the  immediate  vicinity  of  the  point  P. 
When  a  conical  tip  is  used  the  expansion  begins  at  the  Mach  number  behind  the 
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Shock 


bow  shock  and  the  static  pressure  recovery  is  the  product  of  that  through  the 
bow  shock  and  that  due  to  the  flow  deflection  along  the  "isentropic"  part  of  the 
spike  surface. 

If  there  is  no  reflected  wave  the  pressures  p  and  p  will  be  equal, 

a  C 

and  the  only  possible  flow  deflection  angle  at  each  Mach  number  will  be  that 
given  by  the  intersection  of  the  p_/px  and  p  /p  curves.  Where  there  is  a 

reflected  wave  its  deflection  will  be  equal  in  value  but  opposite  in  sign  to  that 
of  the  isenirope.  Possible  values  of  the  flow  deflection  will  be  found  where 
lines  of  such  slope  intersect  the  shock  polars.  The  limiting  condition  occurs 
at  a  point  on  the  isentrope,  e.g.,  A,  B,  or  C  from  which  the  reflected  wave 
will  be  tangent  to  the  polar.  The  tangent  points,  T^,  Tg,  and  T^  are  shown 

in  Fig.  3-27.  Enlargements  of  the  critical  regions  at  Mach  numbers  of  3 
and  6  are  shown  in  Fig.  3-28,  since  they  exemplify,  respectively,  a  compres¬ 
sive  and  an  expansive  reflection  wave.  In  these  enlargements  the  local  pres¬ 
sures  have  been  related  to  the  stagnation  rather  than  the  static  pressure.  The 
values  of  the  limiting  expansion  Mach  number,  Mp,  and  the  limiting  flow  angle, 

<Pp,  are  shown  as  a  function  of  the  free-stream  Mach  number  and  the  cone  tip 

angle  in  Fig.  3-29.  The  maximum  pressure  recovery  associated  with  these 
conditions  is  shown  in  Fig.  3-30  for  the  cases  of  a  normal  shock  occurring 
either  just  inside  the  lip  or  at  the  minimum  "starting"  throat.  In  a  practical 
design,  the  cowl  lip  is  often  placed  slightly  below  the  point  of  intersection  of 
the  compression  waves  and  on  the  conical  shock  of  the  design  Mach  number. 
This  ensures  that  the  vortex  sheet  does  not  enter  the  diffuser  where  it  could 
cause  serious  flow  separation. 

The  second  criterion  for  the  limiting  value  of  the  isentropic  expan¬ 
sion  is  derived  from  a  consideration  of  the  flow  characteristics  at  the  cowl  lip. 
Experimental  investigation  has  shown  the  cowl-lip  angle  to  be  one  of  the  most 
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critical  design  parameters.  The  nomenclature  used  in  connection  with  the  cowl 
lip  is  shown  in  the  sketch  below. 


It  is  required  that  the  shock  caused  by  the  incoming  flow  will  not  detach  from 
the  internal  or  external  cowl-lip  surfaces.  The  critical  incidence  6.,  of  the 

inner  cowl  surface  must  be  evaluated  at  the  lowest  Mach  number  anticipated, 
and  hence  may  be  defined  by 


6. 

l 


=  <Pt 


where  <pp  and  Mp  are  the  flow  direction  and  Mach  number  after  the  last  per¬ 
missible  compression  wave,  and  (6)^  is  the  limiting  wedge  angle  for  shock 

attachment  at  Mp.  For  a  given  free-stream  Mach  number  and  flow  direction, 
each  value  of  Mp  uniquely  determines  a  value  of  <pp  and  (6)M  and  hence  of 

6..  Critical  values,  i.e.,  lower  limits,  of  6.  vs  M_.  for  free-stream  Mach 

i  ’  ’  i  P 

numbers  from  2  to  8  and  various  tip  configurations  are  shown  as  curves  A  in 
Figs.  3 -3 la,  b,  and  c.  An  upper  limit  (shown  by  curve  B)  is  placed  on  by 

the  requirement  of  an  attached  shock  at  the  free-stream  Mach  number.  The 
value  of  (6g  -  6.)  is  usually  defined  by  structural  requirements  as  about  3  or 

4  deg  and  hence  an  upper  limit  may  be  placed  on  6p  This  limit  for  a  lip  angle 

of  4  deg  is  shown  as  curve  C  in  Figs.  3-31.  Also  shown  on  the  same  set  of 
figures  by  curve  D  is  the  limiting  value  of  Mp  determined  from  the  vortex- 

sheet  criterion.  The  values  of  that  lie  to  the  left  of  curve  D  and  above  curve 

i 

C  are  those  that  fulfull  the  requirements  of  both  the  vortex  sheet  and  the  at¬ 
tached  lip-shock  criteria.  The  limiting  values  taken  from  Figs.  3-31  are  shown 
as  a  function  of  Mach  number  in  Fig.  3-32.  The  difference  between  6g  and  6i 

should  include  not  only  the  lip  thickness  but  also  a  safety  factor  of  about  4  deg 
in  order  to  allow  for  viscous  effects  and  ensure  only  supersonic  spillage  and 
hence  minimum  additive  drag  during  all  critical  and  supercritical  operation. 
An  analysis  also  should  be  made  of  the  effect  of  the  proposed  cowl  lip  on  the 
flow  characteristics  at  all  anticipated  off-design  Mach  numbers  and  angles  of 
attack  (see  Subsec.  3.4.2).  It  may  be  necessary  to  sacrifice  efficiency  at  the 
design  Mach  number  in  order  to  increase  the  range  of  operable  conditions. 
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The  pressure  recovery  will  increase  as  Mp  decreases,  and  as  Mp 

decreases,  the  critical  value  of  6.  increases.  Thus,  high  pressure  recovery 

may  be  indirectly  associated  with  higher  values  of  S..  On  the  other  hand,  high 

values  of  6.  mean  still  higher  values  of  6g  and  a  consequent  increase  in  the 

external  wave  drag.  The  fact  that  6.  has  a  lower  limit  means  that  there  is 

always  at  least  a  minimum  cowl  drag  for  this  type  of  diffuser  whereas  an  all¬ 
internal-compression  diffuser  may  be  designed  to  have  zero  cowl  drag.  The 
optimum  value  will  be  determined  not  only  by  consideration  of  6g  and  6.  but 

will  also  have  to  take  into  account  the  allowable  contraction  ratios  given  by 
the  geometry  of  the  innerbody  and  the  annular  ducting. 


After  ha  ving  decided  on  the  tip  angle  of  the  isentropic  spike  and  the 


The  calculations  start  at  P,  a  point  on  the  conical  nose  shock  which  is  a  speci¬ 
fied  distance  from  the  cone  axis.  Values  of  M  and  ip  (flow  direction)  at  P,  as 
well  as  along  all  rays  emanating  from  the  cone  tip,  may  be  determined  from 
cone -flow  tables  such  as  Refs.  35  and  36.  The  left  running  characteristic 
from  P  has  an  inclination  of  <Pp  +  ap  +  180  deg,  where  0!p  is  the  Mach  angle 

at  P.  The  boundary  curve,  PQ,  of  the  characteristics  net  is  constructed  in 
short  segments  whose  end  points  lie  on  adjacent  rays.  The  inclination  of  each 
segment  is  made  equal  to  the  average  of  the  inclinations  of  the  two  ends.  This 
construction  is  continued  until  the  characteristics  line  meets  the  cone  surface 
at  Q.  Each  subsequent  characteristics  line  starts  from  P,  has  an  arbitrary 
increment  of  turning,  and  is  continued  until  it  meets  the  streamline  passing 
through  Q.  This  streamline  forms  the  isentropic  surface  and  is  developed  in¬ 
crementally  until  the  flow  inclination  behind  the  last  characteristics  line  from 
P  is  equal  to  some  predetermined  value  (equal  to  or  less  than  that  given  in 
Fig.  3-29).  The  non-compressing  surface  is  generated  by  a  straight  line  which 
is  drawn  tangent  to  the  compressing  surface  at  the  terminal  point  R.  The  Mach 
number  increase  along  this  surface,  and  along  all  the  streamlines  of  the  non¬ 
compressing  flow,  results  in  an  approximately  constant  Mach  number  along  a 
line  normal  to  the  flow  drawn  from  the  point  of  shock  intersection. 

An.  example  of  the  calculation  of  an  axially-symmetric  isentropic 
spike  is  given  by  Kennedy  in  Ref.  117.  A  more  detailed  method  for  the  use 
of  characteristics  in  axially- symmetric  flow  may  be  found  in  Refs.  96  and  98. 
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Contours  have  been  calculated  by  Connors  and  Meyer  (Ref.  115)  for  isentropic 
spikes  with  conical  tips  whose  shocks  cause  a  1%  loss  in  total  pressure.  The 
coordinates  of  the  surfaces  are  given  in  Fig.  3-33  and  the  surface  Mach  num¬ 
ber  and  flow  direction  in  Fig.  3-34,  both  for  design  Mach  numbers  from  2  to 
4.  Similar  information  from  the  same  source  is  given  for  two-dimensional 
wedge-type  inlets  in  Figs.  3-33  and  3-35.  The  position  of  the  focal  point  is 
indicated  in  the  figures.  The  Mach  number  at  the  focal  point  is  that  given  by 
the  compression  limitations  in  Fig.  3-29.  Figure  3-36  gives  the  surface  co¬ 
ordinates  for  an  axisymmetric  isentropic  spike  with  a  15  deg  tip  and  Fig.  3-37 
gives  the  surface  Mach  number  and  flow  inclination. 

For  operation  with  the  normal  shock  at  the  cowl  lip,  or  just  inside 
it,  the  turning  surface  of  the  spike  and  the  inner  surface  of  the  cowl  must  be 
adjusted  as  shown  in  the  following  sketch.  Both  the  inner  and  outer  cowl  sur¬ 
faces  in  this  case  are  composed  of  two  straight  sections  extended  by  tangent 
arcs. 


A  line  from  the  cowl  lip,  normal  to  the  flow,  intersects  the  non¬ 
compressing  surface  at  N.  From  this  point  the  turning  surface  begins.  The 
shape  of  the  arc  is  determined  by  the  required  area  variation  in  the  entrance 
of  the  annulus. 

If  the  required  cowl-lip  angles  and  the  flow  direction  allowed  by  the 
limiting  compression  result  in  too  great  a  contraction  ratio,  it  may  be  neces¬ 
sary  to  undercut  the  turning  surface  as  shown  below. 
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Where  the  cowl  angles  are  critical,  i.e.,  the  drag  or  the  structural  load  is 
critical,  it  may  be  necessary  to  sacrifice  some  of  the  allowable  external  com¬ 
pression  (see  Fig.  3-29)  in  order  to  stay  within  the  possible  range  of  flow 
turning. 


It  is  often  desirable  to  incorporate  some  internal  compression  by 
means  of  area  variation  in  the  ducting.  In  a  typical  long  range  missile,  an 
area  reduction  of  0.09  A.  slightly  downstream  of  the  cowl  lip  was  found  to 

give  the  lowest  shock  loss  and  highest  pressure  recovery  ir>  the  turning  region. 
In  this  case  it  is  necessary  to  place  a  further  limitation  on  the  turning  surface 
to  prevent  the  normal  shock  occurring  at  the  lip.  The  required  geometry  is 
shown  in  the  sketch  below. 


The  point  of  critical  importance  is  the  intersection,  T,  of  the  non¬ 
compressing  surface  and  the  oblique  shock  from  the  cowl  lip.  If  the  turning 
of  the  surface  is  delayed  beyond  the  point  T  the  flow  deflection  will  be  too 
great,  causing  the  reflected  shock  to  detach  from  the  surface  and  form  either 
a  Mach  reflection  or  a  lambda  shock.  On  the  other  hand,  if  the  surface  turns 
before  T  an  expansion  fan  will  occur  upstream  of  the  oblique  shock  causing  an 
increase  in  the  total  pressure  loss.  Careful  choice  of  the  point  T  with  re¬ 
spect  to  the  flow  field  is  of  increasing  importance  as  the  free-stream  Mach 
number  increases. 

The  desired  rate  of  change  of  the  cross-sectional  area  along  the 
annular  duct  will  depend  on  the  type  of  operation  for  which  the  diffuser  is  in¬ 
tended.  The  same  considerations  that  were  discussed  in  relation  to  conical 
innerbodies  will  apply  to  isentropic  tips  also.  Experience  has  shown  that  for 
an  all-external-compression  inlet  it  is  desirable  to  have  the  surfaces  of  the 
cowl  lip  generated  by  straight  lines  which  lead  tangentially  into  the  arcs  which 
generate  the  remaining  cowl  surfaces.  In  addition,  a  short  constant-area  sec¬ 
tion  downstream  of  the  lip  is  necessary  to  stabilize  the  normal-shock  system. 

At  Mach  numbers  in  excess  of  about  three,  the  inlet  duct  area  is 
affected  by  the  differential  heating  rates  of  the  innerbody  and  the  cowl  struc¬ 
tures.  The  materials  from  which  they  are  constructed  and  the  position  and 
thickness  of  the  struts  which  join  them  are  among  the  factors  that  disturb  the 
matching  between  diffuser  and  combustor  as  a  function  of  time.  Buzz  (see 
Subsec.  3.8)  or  thrust  degradation  may  result. 
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3.4.2  Off-Design  Operation 

The  determination  of  the  performance  of  a  supersonic  diffuser  at 
Mach  numbers  below  the  design  value  is  a  factor  of  paramount  importance  in 
the  ultimate  assessment  of  the  total  worth  of  a  vehicle  in  terms  of  its  pre¬ 
scribed  mission. 

A  diffuser  designed  to  give  a  maximum  total  pressure  recovery  at 
the  design  Mach  number  may  be  severely  limited  in  its  climb-out  capabilities 
due  to  excessive  spillage  and  consequent  additive  drag  at  below-design  Mach 
numbers.  However,  it  must  be  remembered  that  a  reduced  mass  flow  may 
allow  the  engine  to  burn  a  richer  fuel  mixture  and  hence  produce  a  greater 
gross  thrust.  At  the  same  time  the  net  thrust  may  be  reduced  by  the  associ¬ 
ated  additive  drag.  The  optimum  mass-capture  ratio  will  depend  on  the  ve¬ 
hicle  configuration  and  the  combustion  characteristics.  One  means  of  increas¬ 
ing  the  capture-area  ratio  without  excessive  additive  drag  at  below-design  Mach 
numbers  is  to  locate  the  cowl  lip  on  the  conical  shock  of  the  design  Mach  num¬ 
ber  but  at  a  radial  position  less  than  that  of  the  intersection  of  the  conical 
shock  and  compression  fan.  In  this  case  the  reduction  of  additive  drag  is  ac¬ 
companied  by  a  reduction  in  the  total  pressure  recovery  at  the  design  Mach 
number.  A  second  method  of  reducing  the  additive  drag  is  by  means  of  a 
translating  spike.  Not  only  does  this  involve  extra  weight  but  may  require  ex¬ 
tensive  modification  of  the  design  of  the  internal  ducting  to  prevent  choking 
when  the  innerbody  is  in  its  retracted  position. 

The  extreme  angles  of  attack  sometimes  encountered  during  vehicle 
maneuvers  may  cause  complete  and  sudden  separation  of  the  flow  from  the  lee¬ 
ward  side  of  the  spike  and  missile  body  with  consequent  large  reduction  in 
pressure  recovery  leading  to  combustion  failure.  It  has  been  shown  that  this 
can  be  forestalled  by  means  of  spike  translation  with,  however,  its  attendant 
disadvantages. 

For  an  isentropic-spike  diffuser,  the  off-design  flow  analysis  is  al¬ 
most  the  reverse  of  the  design  a..?  'is.  In  the  latter  the  shock  intersection 
and  consequent  characteristics  network  determines  the  surface  variables  where¬ 
as  in  the  off-design  analysis  the  surface  variables  and  the  free-stream  Mach 
number  start  the  network  and  determine  the  flow  variables  near  the  cowl.  In 
particular,  one  is  able  to  determine  the  capture-area  ratio,  the  additive-drag 
coefficient  and  the  flow  parameters  at  the  cowl  lip  for  any  free-stream  Mach 
number  and  prescribed  surface.  The  characteristics  curves  do  not  coalesce 
in  the  off-design  network  as  they  do  in  the  on-design  analysis. 

A  below-design  Mach  number  flow  analysis  has  been  carried  out  by 
Kennedy  (Ref.  105)  for  15  deg  conical-tipped  isentropic  spikes  designed  for 
M  =  3.5  and  M  =  5.  The  cowl  was  translated  first  along  the  design  conical 
shock  and  then  in  an  axial  direction  as  illustrated  in  the  sketch  on  the  opposite 
page. 


The  following  parameters  were  considered:  1)  maximum  allowable 
compression  (see  Fig.  3-29)  and  compression  less  than  maximum;  2)  three 
free-stream  Mach  numbers  less  than  the  design  Mach  number;  3)  five  to  eight 
positions  of  the  cowl  at  each  free-stream  Mach  number.  The  values  of  these 
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parameters  may  be  seen  in  Figs.  3-38  to  3-45  which  show  the  calculated  values 
of  the  additive  drag,  the  capture-area  ratio,  the  Mach  number,  and  the  flow 
inclination  at  the  cowl  lip  as  functions  of  the  cowl-lip  position,  free- stream 
Mach  number,  and  design  Mach  number.  To  estimate  the  pressure  recovery 
for  any  of  these  cases  it  is  necessary  to  set  the  mass  flow  of  the  entering 
stream  'ube  (station  o)  equal  to  that  in  front  of  the  normal  shock  at  the  cowl 
lip,  i.e., 


Ao  pt 


At\ 


(A/A*)0  =  (A/A*)t 


or 


Ai 


<A/n  ■  v  aj  •  if  (A/A,,° 


(3-9) 


A  /A!  is  given  in  Figs.  3-39  and  3-43;  p  /p  is  the  pressure  recovery  through 
0  rt  lo 

the  bow  shock;  (A/A*)  is  found  from  tables.  The  throat  area,  A.,  generated 

by  CN,  is  a  cone  frustum  whose  radii  are  yc  (known)  and  y^  (to  be  found  either 
graphically  or  by  computation).  (A/A*)^  derived  from  Eq.  3-9  allows  the  eval¬ 
uation  of  M.  and  the  ratio  p,  /p,  from  tables.  The  pressure  recovery  of  the 
t  ts  tt 

inlet  is  then  p,  /p,  •  p,  /p,  .  Figure  3-46  shows  the  shock  pressure  recovery 
8  t  o 

calculated  by  this  method  for  a  few  representative  cases  for  the  M^  =3.5  dif¬ 
fuser.  The  associated  additive  drag  is  also  shown  in  this  figure. 


Cross-plots  of  the  additive-drag  and  capture-area  ratio  as  a  func¬ 
tion  of  both  design  and  free-stream  Mach  numbers  from  2.25  to  5  are  given  in 
Figs.  3-47  to  3-49  for  y/yp  of  1.0,  0.98,  and  0.96  and  the  cowl  lip  on  the 
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design  conical  shock  where  yp  is  the  ordinate  of  the  focal  point  of  the  compres¬ 
sion  waves  at  the  design  Mach  number.  These  figures  (from  Konrad)  show  the 
effect  of  operating  at  below-design  Mach  numbers.  The  vertical  scales  on 
Figs.  3-48  and  3-49  have  been  exaggerated  to  facilitate  the  reading  of  the  data. 

3 . 5  Comparative  Evaluation 

Throughout  this  subsection,  stress  has  been  laid  upon  the  fact  that 
the  ultimate  evaluation  of  a  ramjet  diffuser  can  only  be  made  in  terms  of  the 
associated  engine  characteristics  and  of  its  prescribed  range  or  mission.  How¬ 
ever,  a  few  generalized  comparisons  may  be  made  which  will  assist  the  de¬ 
signer  to  limit  the  field  of  choice  for  a  given  range  of  desired  operating  con¬ 
ditions. 

3.5.1  Mach  Number  Range  of  Basic  Diffusers 

The  maximum  theoretical  pressure  recovery  for  the  basic  diffuser 
types  operating  in  frictionless  flow  is  shown  in  Fig.  3-50.  Two  extreme  cases 
are  shown.  The  first  assumes  a  simple  normal  shock  at  the  lip  and  the  second 
has  the  maximum  internal  contraction  allowed  by  the  entering  Mach  number  and 
a  simple  normal  shock  at  the  associated  minimum  throat.  These  values  must 
be  considered  in  conjunction  with  the  diffuser  drag  and  off-design  performance. 

It  has  been  shown  that  not  only  does  the  performance  of  the  normal- 
shock  diffuser  deteriorate  rapidly  with  increasing  Mach  number  but  at  the  same 
time  the  hysteresis  effect  increases.  Its  drag,  however,  may  be  kept  very 
small.  The  single-  and  double-cone  innerbodies  give  high  pressure  recoveries 
in  the  low  Mach  number  range,  but  as  the  number  of  oblique  shocks  is  in¬ 
creased  the  drag  is  also  increased,  and  hence  there  may  be  but  little  gain  in 
tie  net  thrust. 


3.5.2  Performance  Comparison 

Connors  and  Woollett  (Ref.  Ill)  have  combined  the  experimentally 
determined  characteristics  of  a  single -cone,  a  double-cone,  and  an  isentropic- 
spike  diffuser  with  the  performance  of  a  hypothetical  ramjet  engine  operating 
at  zero  angle  of  attack.  The  pressure  recovery  and  the  mass-flow  ratio  of 
the  diffusers  which  were  designed  for  a  Mach  number  of  3.85  are  given  in 
Figs.  3-6,  3-25,  and  3-51  for  the  three  innerbody  noses.  They  are  compared 
in  the  next  two  sketches. 


Maximum  Total  Pressure  Recovery 
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Mass-Flow  Ratio 


where 


at 7m  Single  Cone 

b  1222  Single  Cone  (Low -Angle  Cowl) 
c  £23  Double  Cone  (Tip  Roughness) 
d  ES3  Isentropic  Spike 


The  external  drag  coefficient  comprises  three  parts.  The  cowl  pres¬ 
sure  drag  was  determined  experimentally.  The  friction  drag  was  computed 
with  the  assumption  of  an  average  skin  friction  coefficient  cf  0.0013.  The  ad¬ 
ditive  drag  was  also  calculated.  In  the  case  of  the  isentropic  spike,  since  the 
character  of  the  flow  spillage  may  vary,  two  extreme  possibilities  were  con¬ 
sidered.  Supersonic  flow  spillage  was  assumed  to  give  a  minimum  additive 
drag,  and  a  complete  loss  of  momentum  in  the  spilled  flow  resulted  in  a  maxi¬ 
mum  additive  drag.  The  comparison  of  the  external  drag  coefficients  for  the 
three  diffusers  is  shown  in  the  next  sketch. 

External-Drag  Coefficient 


A  =  Additive 
C  =  Cowl 
F  =  Friction 


The  missile  is  assumed  to  cruise  at  80,000  ft;  the  fuel-to-air  ratio  is  0.024 
and  the  combustion  efficiency  is  90%.  A  comparison  of  the  specific  fuel  corn- 
sumption  for  each  missile  is  shown,  in  the  next  sketch. 


Specific  Fuel  Consumption 
1.5  2.0  2.5 


732-359  0-64-11 
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The  single  cone  with  the  low-drag  cowl,  the  double  cone  and  the  isentropic 
spike  (with  minimum  additive  drag)  have  approximately  equal  fuel  consumption 
which  is  about  14%  lower  than  tt  t  of  the  single  cone  with  high-drag  cowl. 

If  the  hypothetical  engine  in  each  case  is  to  produce  the  same  net 
thrust,  the  relative  engine  size  may  be  considered  an  index  of  efficiency.  The 
following  sketch  relates  the  engine  diameters  to  that  of  the  single-cone  engine. 

Maximum  Diameter  in  Terms  of  Single-Cone  Diameter 


0  0.2  0.4  0.6  0.8  1.0 


tn 

rt* 


This  criterion  indicates  that  smaller  engine  sizes  are  linked  to  high  pressure- 
recovery  inlets. 

Within  the  scope  of  their  investigation,  i.e.,  angles  of  attack  up  to 
9  deg  at  M  =3.85,  Connors  and  Woollett  (Ref.  Ill)  found  that  the  isentropic 
inlets  which  gave  the  highest  pressure  recoveries  at  zero  angle  of  attack  were 
more  sensitive  to  angle-of-attack  effects  than  either  the  single-  or  double-cone 
inlets.  However,  by  accepting  a  decrease  in  the  mass-flow  ratio  at  zero  angle 
of  attack,  i.e.,  by  retracting  the  cowl,  the  range  of  angle-of-attack  operation 
could  be  extended  without  flow  separation  from  the  upper  portion  of  the  spike 
surface. 

3.6  Two-Dimensional  Diffusers 

Feasibility  studies  concerned  with  a  hypersonic  transport  (Ref.  118) 
have  indicated  a  preference  for  two-dimensional  engine  configurations  for  very 
high  Mach  number  flight  applications.  Such  a  design  offers  a  number  of  aero¬ 
dynamic  as  well  as  mechanical  ac  vantages  over  an  axisymmetric  design.  Aero- 
dynamically,  the  two-dimensional  design  allows  additive  lift  to  be  associated 
with  diffuser  additive  drag  and  by  using  a  plug  exit  nozzle  (see  Subsec.  6.4.5) 
lift  is  obtained  as  a  result  of  the  under -expanded  exit  flow  from  the  nozzle. 
Mechanically,  the  two-dimensional  design  permits  simpler  geometric  variations 
in  both  the  diffuser  and  the  exit  nozzle.  Furthermore,  the  plug  exit  nozzle 
allows  the  supersonic  portion  of  the  nozzle  to  be  cooled  by  radiation. 

The  theoretical  limitations  imposed  on  the  compression  produced  by 
the  isentropic  wedge  may  be  computed  in  a  manner  similar  to  that  of  the  axi¬ 
symmetric  case  (Subsec.  3.4.1).  The  results  of  such  calculations  f^r  initial- 
wedge  angles  from  0  to  15  deg  for  Mach  numbers  from  2  to  8  are  shown  in 
Fig.  3-52  which  also  shows  the  maximum  pressure  recovery  for  the  case  of  a 
horizontal  cowl  with  no  internal  compression,  i.e.,  with  normal  shock  on  the 
cowl  lip.  It  may  be  seen  from  this  figure  that  the  requirement  of  a  horizontal 
cowl  causes  a  significant  reduction  in  the  pressure  recovery  over  that  allowed 
by  the  vortex-sheet  criterion.  However,  the  pressure  recovery  may  be  im¬ 
proved  by  including  some  internal  contraction.  For  the  near-optimum  case  of 
M  =  1.4  behind  the  wedge  shock  from  the  cowl  lip,  the  pressure  recovery  is 
shown  in  Fig.  3-53. 
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In  order  to  meet  the  requirements  of  all  the  criteria  of  Subsec.  3.4.1 
in  a  diffuser  to  operate  over  a  range  of  high  Mach  numbers,  it  is  essential 
that  both  the  shape  of  the  innerbody  and  its  position  with  respect  to  the  cowl 
lip  be  readily  varied.  Calculations  in  the  range  of  M  =  3  to  M  =  7  for  such 
two-dimensional  inlets  with  initial  wedges  of  9  deg  and  15  deg  have  been  car¬ 
ried  out  by  Konrad  (unpublished  APL  study).  Figure  3-54  illustrates  the  flexi¬ 
bility  required  in  the  isentropic  surface  as  well  as  the  cowl  position  and  throat 
area.  It  may  be  noted  that  the  axial  motion  of  the  throat  position  associated 
with  the  15  deg  wedge  i5  about  half  of  that  for  the  9  deg  case.  The  15  deg 
initial  wedge  results  in  greater  throat  heights  and  is  thus  less  sensitive  to  in¬ 
accuracies  of  positioning  the  throat  normal  to  the  inner  cowl  surface.  These 
mechanical  advantages  associated  with  the  larger  wedge  angle  may  well  out¬ 
weigh  the  decrease  in  pressure  recovery  in  comparison  with  the  smaller  wedge 
angle. 


A  two-dimensional  internal-compression  inlet  for  Mach  numbers  from 
2.5  to  4.0  has  been  discussed  briefly  in  Subsec.  3.2.2  and  will  be  discussed 
more  fully  in  the  next  subsection,  since  boundary -layer  bleed  and  the  conse¬ 
quent  drag  penalty  are  critical. 

3.7  Boundary-Layer  Problems 

The  growth  of  boundary  layer  on  the  surfaces  of  a  ramjet  inlet  may 
cause  problems  in  many  areas  of  the  diffuser.  The  boundary-layer  displace¬ 
ment  thickness  effectively  changes  the  surface  contours,  often  critically  affect¬ 
ing  nose  shapes  and  minimum  area  regions.  Not  only  does  the  boundary  layer 
vary  with  altitude  and  missile  velocity,  but  it  is  also  affected  by  the  pressure 
gradient  and  heat  transfer  associated  with  each  surface.  Contour  corrections 
may  be  made  to  include  (at  a  particular  Reynolds  number),  the  effects  of  the 
first  two  parameters  but  at  present,  quantitative  effects  of  pressure  gradient 
and  heat  transfer  cannot  be  determined  with  accuracy. 

Under  the  effect  of  adverse  pressure  gradients  caused  by  either  the 
surface  slope  or  shock  interactions,  the  boundary  layer  may  cause  flow  sepa¬ 
ration  from  the  diffuser  walls.  Under  certain  conditions,  as  shown  below,  the 
pressure  recovery  may  be  improved  by  boundary-layer  effects  but  this  improve¬ 
ment  is  at  the  expense  of  air  capture. 

Non-Viscous  Flow 


The  sketch  also  illustrates  the  effect  of  boundary-layer  growth  on  <-he  shape  of 
the  surface.  In  this  case  the  biconic  inlet  has  virtually  been  changed  to  a 
muiticonic  inlet  at  off-design  conditions. 
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Boundary-layer  problems  in  diffusers  may  be  divided  into  two  groups: 
growth  and  separation  on  the  compressing  surface  and  shock-interaction  effects 
in  the  throat  region  with  subsequent  separation  in  the  subsonic  regime.  It 
will  bt  seen  that  this  division  is  somewhat  arbitrary.  When  the  minimum  sec¬ 
tion  occurs  at  the  cowl  lip  its  boundary-layer  problems  are  closely  related  to 
those  of  the  compressing  surface,  i.e.,  arc  due  more  to  boundary-layer  build¬ 
up  than  to  the  shock  interactions  tnat  complicate  the  flow  at  a  minimum  sec¬ 
tion  in  the  annulus.  In  this  subsection  the  problems  will  be  discussed  briefly 
and  a  description  given  of  some  corrective  measures  that  have  been  suggested. 


3.7.1  Boundary  Layer  on  the  Compressing  Surface 

The  sensitive  relation  betweer  the  positions  of  the  cowl  lip  and  th< 
spike  surface  of  an  isentropic  inlet  and  their  effect  on  the  pressure  recovery, 
flow  spillage  and  even  flow  stability  has  been  mentioned  (Subsac.  3.3.1). 

Any  correction  to  the  spike  contour  for  the  boundary-layer  thick¬ 
ness  will  of  necessity  be  associated  with  a  specific  altitude  and  Mach  number. 
Before  a  decision  can  be  reached  for  the  optimum  conditions  of  boundary-layer 
correction,  the  performance  of  the  corrected  diffuser  will  have  to  be  calcu¬ 
lated  for  other  Mach  numbers  and  altitude  conditions.  Where  the  performance 
is  critical,  the  process  may  require  iteration.  The  diffuser  performance  will 
have  to  be  matched  with  the  engine  characteristics  over  the  expected  require¬ 
ments  of  the  climb-out,  cruise,  and  maneuver  phases  of  flight. 

The  separation  of  the  boundary  layer  from  the  compression  surface 
is  particularly  critical  in  two  regions,  both  of  which  contain  a  rapid  change  in 
the  slope  of  the  contour.  It  has  already  been  noted  (Subsec.  3.3.2)  that  sepa¬ 
ration  or  bridging  occurs  at  the  juncture  of  the  two  cone  surfaces  in  the  bi¬ 
conic  spike  and  at  the  beginning  of  the  curved  section  of  the  isentropic  spike. 
It  has  been  shown  that  this  phenomenon  occurs  only  in  laminar  flow  and  hence 
one  simple  remedy  is  to  apply  sufficient  roughness  to  create  boundary -layer 
transition  upstream  of  the  discontinuity  in  the  slope.  Tests  on  biconic  inlets 
at  M  =  3.85  show  not  only  an  increased  supercritical  mass-flow  ratio  due  to 
a  roughened  tip  but  also  show  that  the  flow  detachment  at  the  engine  face  was 
delayed  from  6  deg  angle  of  attack  to  nearly  9  deg  by  the  roughness  (Ref.  111). 

A  second  method  of  alleviating  bridging  is  by  means  of  boundary- 
layer  suction.  Bridging  did  not  occur  and  the  total  pressure  recovery  increased 
from  U.56  to  0.62  when  about  2%  of  the  air  mass-flow  was  withdrawn  through 
a  porous  isentropic  spike  made  of  sintered  bronze  (Ref,  111).  Angle-of-attaclc 
performance  was  also  impi’oved  by  this  technique.  However,  in  comparison 
tests  it  was  shown  that  the  roughened  tip  gave  better  results  than  in  the  case 
of  the  porous  spike. 

3.7.2  Boundary  Layer  in  the  Throat  Region 

The  boundary  layer  in  the  throat  region  may  give  rise  to  many  prob¬ 
lems.  Even  under  the  simplified  assumption  of  a  single  normal  shock  in  the 
minimum-ar  section  the  boundary-layer  displacement  thickness  is  critical. 
High  pressure  recovery  through  the  nose  shock  demands  a  long  slender  spike 
which  produces  a  thick  boundary  layer  by  the  time  the  flow  reaches  the  inlet. 
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The  lower  the  Mach  number  at  the  throat  the  less  the  shock  loss  but  also  the 
thicker  the  boundary  layer  that  may  easily  occupy  a  large  percentage  of  the 
area,  which  is  a  minimum  at  this  point.  Problems  also  arise  from  the  com¬ 
plex  interactions  of  the  boundary  layer  with  the  oblique  or  normal  shock  of  the 
diffuser. 


If  the  throat  is  at  or  very  near  the  cowl  lip,  boundary-layer  sepa¬ 
ration  is  apt  to  occur  when  the  flow  is  turned  too  rapidly  over  the  innerboay 
near  the  diffuser  throat.  The  most  obvious  remedy,  that  of  turning  the  flow 
more  gradually,  implies  an  increased  cowl-lip  angle  and  hence  an  increased 
external-drag  penalty.  Boundary-layer  bleed  immediately  downstream  of  the 
sharp  turn  has  been  found  effective  provided  there  is  no  internal  compression. 
Both  circular  perforations  and  slots  have  proved  satisfactory  for  about  a  1% 
bleed  flow.  The  sketches  below  are  of  two  configurations  that  have  prevented 
flow  separation. 


Isentropic  Spike 


Single  Cone 
(Low-Angle  Cowl) 


Ferri  (Ref.  119)  used  bou  vary -layer  suction  slots  on  the  tips  of  both  25  and 
30  deg  conical  noses;  however,  they  were  too  close  to  the  tip  and  allowed  the 
boundary  layer  to  separate  further  downstream.  Three  variations  of  boundary- 
layer  bleed  at  the  diffuser  entrance  are  described  in  Ref.  116  and  are  shown 
in  the  sketch  below. 


Ram  Scoop  1  Ram  Scoop  2  Flush  Slot 

The  first  two  are  ram  scoops  and  the  third  is  a  flush  slot.  The  middle  one, 
with  a  sharp  entrance  tip  in  the  flow  direction,  and  height  equal  to  the  bound¬ 
ary-layer  thickness,  gave  the  most  satisfactory  results.  Figure  3-55  shows  the 
critical  pressure  recovery  and  the  supercritical  mass-flow  ratio  as  a  function 
of  Mach  number  in  the  test  range  from  M  =  1.97  to  the  design  Mach  number 
of  3.0.  may  be  noted  that  the  maximum  recovery  improvement  occurred  at 
the  design  Mach  number  using  the  first  ram  scoop,  but  at  all  test  Mach  num¬ 
bers  below  this  value  the  shock  detached.  The  best  performance  through  the 
test  range  was  shown  by  the  scoop  with  its  entrance  normal  to  the  stream. 
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The  recovery  gains  are  reduced  as  the  Mach  number  decreases.  Part  of  the 
reduction  in  mass-flow  ratio  is  due  to  the  2%  by-passed  flow.  The  effective¬ 
ness  of  the  optimum  bleed  system  at  angles  of  attack  up  to  10  deg  is  shown 
in  Fig.  3-56.  The  gain  in  pressure  recovery  is  reduced  as  both  the  angle  of 
attack  and  the  free-stream  Mach  number  increase,  but  even  at  10  deg  and 
M  =  3.0  the  bleed  system  still  has  a  slight  advantage  over  the  system  with¬ 
out  bleed.  The  increase  in  cowl  and  flow-spillage  drag  with  this  scoop  is 
shown  in  Fig.  3-57  together  with  the  net  thrust  ratio  (F  -  -  D^)/fi(jeai 

which  is  based  on  the  assumption  of  engine  matching  at  the  critical  condition 
for  each  Mach  number.  At  M  =  3.0  the  use  of  bleeds  increases  the  propul¬ 
sive  thrust  by  22%. 

In  diffusers  \.  ith  a  considerable  amount  of  compression  the  boundary 
layer  reacts  with  the  normal  shock  and  creates  an  extensive  shock  region. 
Elongating  the  throat  tends  to  stabilize  the  shock,  but  at  the  same  time  in¬ 
creases  the  boundary -layer  thickness  and  often  creates  flow  separation.  In 
such  a  case  the  desired  pressure  recovery  may  be  bought  at  the  cost  of  a  poor 
pressure  distribution  at  the  diffuser  exit,  as  well  as  the  penalty  of  additional 
weight  due  to  the  long  throat. 

One  of  the  most  successful  ways  of  improving  the  throat  flow  is  by 
means  of  what  is  known  as  a  dump  or  sometimes  as  a  vortex  trap.  In  the 
sketch  below  the  dump  is  preceded  by  a  boundary-layer  bleed  gap. 


In  tests  of  such  a  diffuser  at  M^  =3.85  (Ref.  120)  it  was  shown  that  the  over¬ 
all  performance  was  the  same  as  for  a  well-designed  conventional  diffuser. 
However,  the  pressure  recovery  had  achieved  its  peak  value  at  a  distance  equal 
to  1.25  diameters  from  the  cowl  lip  (point  A  on  the  sketch)  which  is  about  one- 
quarter  of  the  length  of  the  conventional  diffuser.  This  saving  in  weight  and 
internal  drag  is  of  considerable  importance  in  assessing  the  over-all  perform¬ 
ance  of  the  vehicle.  The  frictional  losses  of  the  long,  conventional  annulus 
are  traded  for  losses  in  dynamic  head  due  to  the  incomplete  mixing  at  the  abrupt 
area  discontinuity.  The  pressure  distribution  at  three  stations  along  the  dump 
diffuser  is  shown  in  Fig.  3-58  for  recovery  levels  corresponding  to  supercriti¬ 
cal,  critical,  and  subcritical  flow  regimes.  The  flow  distortion  is  seen  to  be 
quite  small,  especially  in  the  case  of  the  critical  flow.  It  may  also  be  noted 
from  this  figure  that  the  high-energy  air  is  at  the  inner  wall  of  the  annulus  in 
supercritical  flow  and  moves  across  to  the  outer  wall  during  subcritical  opera¬ 
tion.  The  diffuser  gave  good  recovery  characteristics  up  to  8  deg  angle  of 
attac  k. 
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Another  method  of  improving  the  conditions  at  the  minimum  annulus 
section  is  by  means  of  a  scoop  or  pitot  device.  Many  modifications  of  such  a 
method  were  incorporated  by  Carr  and  Gunther  in  a  two-dimensional  diffuser 
(Ref.  121)  and  were  tested  at  Mach  numbers  of  3.5  to  5.0.  The  essentials  of 
the  diffuser  are  shown  in  the  sketch  below. 


i 

! 


Both  the  contoured  compression  plates  and  the  enclosing  side  plates  were  flexi¬ 
ble  and  capable  of  being  shaped  by  means  of  mechanical  actuation  in  order  to 
provide  suitable  area  ratios  for  starting  and  for  steady  supersonic  flow.  The 
throat  height  was  also  adjustable.  The  supersonic  compression  of  the  diffuser 
proved  very  efficient  but  the  normal- shock  system  was  stable  only  when  situa¬ 
ted  far  downstream  of  the  minimum  section.  Since  the  relatively  high  Mach 
number  at  that  station  resulted  in  poor  normal-shock  recovery,  this  part  of 
the  diffuser  to  a  great  extent  nullified  the  good  performance  of  the  supersonic 
portion.  The  remedy  consisted  of  capturing  only  the  high-energy  central  core 
of  the  throat  flow.  By  *h:  ;  means  the  subsonic  pressure  recovery  was  much 
improved.  The  penalties,  however,  are  high.  Compensation  must  be  made  for 
the  internal  drag  of  the  scoop  itself  as  well  as  its  additional  weight.  In  these 
particular  tests  up  to  one-third  of  the  air  mass  was  bled  off.  This  presents 
not  only  the  problem  of  reduced  mass  flow  to  the  engine  face  but  also  the  prob¬ 
lem  of  either  using  the  bleed  or  dumping  it  overboard.  If  the  by-passed  air  is 
re-expanded  to  free-stream  static  pressure  and  ejected  as  a  rearward  jet  it 
will,  at  least  theoretically,  provide  a  source  of  thrust  to  compensate  for  a  part 
of  the  drag  increase.  Many  design  refinements  have  been  tried  with  both  sub¬ 
sonic  and  supersonic  flow  in  the  by-pass  ducts  and  though  considerable  im¬ 
provements  have  been  made  in  the  net  thrust,  the  standard  of  achievement  is 
still  below  that  required.  This  problem  is  discussed  further  in  Subsec.  6.4.3. 

An  a  dally- symmetric  diffuser  with  much  less  boundary-layer  suction 
than  that  described  in  the  above  paragraph  has  already  been  discussed  and  il¬ 
lustrated  on  page  119  and  its  pressure  recovery  shown  in  Fig.  3-9.  The  drag 
penalty  associated  with  the  by-pass  flow  was  not  estimated.  It  may  be  noticed 
that  in  the  second  sketch  on  page  119  that  there  is  also  a  rearfacing  step  in 
the  innerbody  of  the  diffuser.  This  device  has  been  found  helpful  in  stabilizing 
the  normal  shock  and  also  in  preventing  separation  of  the  boundary  layer. 

In  most  of  the  preceding  examples  the  penalties  of  extra  weight  and 
of  additional  drag  have  been  pointed  out.  In  the  final  analysis  the  complexity 
of  operation  and  of  manufacture  as  well  as  the  cost  would  have  to  be  considered. 


3.7.3  Boundary  Layer  in  the  Subsonic  Diffuser 

Shoemaker  and  Henry  (Ref.  122),  in  an  effort  to  obtain  high  perform¬ 
ance  in  a  short  subsonic  diffuser,  investigated  the  effectiveness  of  boundary- 
layer  suction  in  the  annulus  downstream  of  the  minimum  section.  The  boundary 
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layer  was  removed  through  four,  six,  or  eight  rows  of  equally  spaced  holes 
on  both  outer  and  inner  walls  of  the  diffuser  as  shown  in  the  sketch  below. 


A  (1/2”  d.) 
B-  (3/8"  d.) 
C,D  (1/4”  d.) 


Four-row  suction  employed  rows  A  and  B;  six-row  and  eight- row  suction  added 
row  C  and  .’ows  C  and  D  respectively.  The  equivalent  conical  angle  of  the 
diffuser  was  10  deg.  It  was  found  that  the  pressure  recovery  was  quite  sen¬ 
sitive  to  the  ratio  of  the  mass  flows  through  the  inner  and  outer  walls.  Fig¬ 
ures  3 -59a  and  b  show  the  improvement  in  pressure  recovery  due  to  removing 
5%  and  10%  of  the  total  mass  flow.  Measured  pressure  recoveries  (from 
Ref.  131)  of  a  10  deg  and  a  5  deg  diffuser  without  suction  are  shown  for  com¬ 
parison.  It  may  be  seen  that  less  than  5%  suction  in  the  short  diffuser  achieves 
a  pressure  recovery  as  good  as  that  in  a  5  deg  diffuser  without  the  penalty  of 
added  weight  and  skin-friction  drag.  This  gain  has  co  be  weighed  against  the 
power  required  to  perform  the  suction. 


3.7.4  Fuselage  Boundary  Layer 

So  far  only  the  diffuser  of  an  independently  operating  ramjet  has  been 
considered.  Sometimes  a  two-dimensional  diffuser  or  a  part  of  an  axisymmetric 
diffuser  may  be  located  along  the  fuselage  or  under  the  wing  of  a  larger  craft. 
In  this  case  the  accumulated  boundary  layer  of  the  fuselage  may  enter  the  in¬ 
let.  This  condition  is  usually  alleviated  by  lifting  the  inlet  partially  or  com¬ 
pletely  above  the  boundary  layer. 


6  h 


The  diverted  air  may  often  be  used  for  auxiliary  systems,  but  in  any  case  as 
much  momentum  as  possible  must  be  recovered  and  the  drag  taken  into  ac- 
count  in  the  net  thrust  of  the  system. 
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3.8  Diffuser  Buzz 


Diffuser  "buzz"  may  be  defined  as  unstable,  subcritical  operation 
associated  with  fluctuating  internal  pressures  and  a  shock  pattern  oscillating 
about  the  diffuser  entrance.  In  stable  subcritical  operation  such  as  (a)  of  the 
next  sketch,  the  normal  shock  may  be  situated  at  any  point  upstream  of  the 
cowl  lip.  Its  position,  and  hence  its  motion,  is  intimately  related  to  the  pres¬ 
sure  recovery .  During  buzz  the  shock  pattern  (and  the  pressure  ratio)  vibrates 
rapidly  about  the  stable  position.  A  typical  succession  of  shock  configurations 


In  (a)  the  expelled  shock,  AC,  is  moving  upstream  resulting  in  increased  spill¬ 
over  and  drag.  In  the  limiting  upstream  position,  (b),  the  shock  detaches  from 
the  cone  and  allows  a  large  volume  of  air  to  be  expelled  from  the ''inlet.  The 
shock  reattaches  and  instantaneously  moves  to  its  limiting  position  downstream, 
which  may  or  may  not  be  within  the  inlet.  This  cycle  is  repealed. 


The  alternate  swallowing  and  expelling  of  the  normal  shock  thus  cre¬ 
ates  an  intermittent  flow  of  air  to  the  burner,  resulting  in  inefficient  combus¬ 
tion  or,  in  the  extreme  case,  in  extinction  of  the  flame.  In  addition  to  this, 
it  creates  intermittent  additive  drag  which  places  further  penalties  on  the  gross 
thrust  of  the  missile. 


A  number  of  theories,  some  based  on  analogies  to  other  forms  of 
oscillation,  have  been  proposed  in  an  effort  to  explain  this  phenomenon.  Al¬ 
though  no  single  theory  so  far  has  been  able  to  explain  all  the  characteristics 
of  buzz,  each  one  has  added  to  the  understanding  of  the  problem.  Some  of 
the  more  fruitful  theories,  along  with  their  application,  will  be  discussed  in 
the  following  subsection. 


3.8.1  Theories  of  Buzz 

According  to  Ferri’s  vortex-sheet  theory  (Ref.  119)  the  intersection 
of  the  conical  shock  with  the  expelled  normal  shock  creates  a  vortex  sheet,  as 
shown  in  the  sketch  below  (see  also  Subsec.  3.4.1). 
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As  the  normal  shock  system  (BD)  moves  upstream,  the  vortex  sheet  (AC)  ap¬ 
proaches  the  cowl  lip  and  ultimately,  under  certain  off-design  conditions,  may 
enter  the  diffuser.  The  entrance  of  the  vortex  sheet  within  the  inlet  triggers 
the  oscillatory  cycle.  Since  this  vortex  sheet  is  associated  with  a  low-energy 
field,  it  causes  boundary- layer  separation  which  in  turn  chokes  the  diffuser. 
This  choking  expels  more  air,  creating  a  stronger  shock  and  allowing  the  vor¬ 
tex  sheet  to  move  upstream  and  turn  toward  the  innerbody.  This  permits  the 
boundary  layer  to  reattach  and  the  vortex  sheet  to  move  toward  the  inner  cowl 
lip,  thus  re-entering  the  buzz  cycle. 

When  boundary  layer  separation  occurs  on  the  innerbody,  a  lambda 
shaped  shock  wave  is  present  as  illustrated  in  the  sketch  below. 


B 


A  vortex  sheet  arises  from  the  lambda  shock  and  approaches  the  cowl  lip. 
This  initiates  the  oscillatory  cycle  in  the  same  manner  as  the  vortex  sheet 
described  previously. 

Ferri  and  Nucci  (Ref.  119)  tested  a  number  of  inlets  at  Mach  num¬ 
bers  from  1.9  to  2.7  in  order  to  confirm  the  vortex-sheet  theory.  It  was 
found  that  the  minimum  entering  mass  flow  for  stable  operation  is  essentially 
a  function  of  the  Mach  number  and  of  the  external  geometry  upstream  of  the 
inlet.  Figure  3-60,  taken  from  this  reference,  shows  the  minimum  stable  mass 
flow  as  a  function  of  the  cowling  parameter  for  a  cone  tip  of  40  deg  at  various 
Mach  numbers.  The  effect  of  varying  the  cone  angle  is  shown  in  Fig.  3-61. 
As  with  the  other  theories  that  have  been  advanced,  Ferri' s  vortex-sheet  theory 
provides  an  adequate  explanation  for  some  cases  but  by  no  means  for  all.  In 
one  conical-nose  inlet,  the  vortex  sheet  traveled  along  the  entire  inlet  at  a 
below-design  Mach  number  without  inciting  buzz  and,  in  the  same  inlet,  buzz 
occurred  at  an  above-design  Mach  number  when  the  vortex  sheet  was  observed 
to  be  far  removed  from  the  cowl  lip. 

Pearce  (Ref.  123)  noted  that  if  the  stagnation  pressure  vs  mass-flow 
ratio  curve  has  a  positive  slope  of  sufficient  magnitude,  then  the  system  is 
unstable  under  the  influence  of  small  disturbances.  However,  if  the  slope  is 
negative  or  very  slightly  positive,  the  flow,  will  be  stable  in  the  presence  of 
these  same  disturbances.  Thus  the  diffuser  characteristic  curve  is  an  indica¬ 
tion  of  the  stability  of  the  system.  It  may  be  said  that  a  positive  slope  is 
necessary  for  the  oscillations  to  begin,  but  is  not  in  itself  sufficient  to  origi¬ 
nate  the  instability. 

According  to  Dailey  (Ref.  124),  an  initial  disturbance  causes  chok¬ 
ing  of  the  inlet  which  in  turn  forces  the  normal-shock  system  to  move  upstream 
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along  the  cone.  The  pressure  in  the  combustion  chamber  builds  up  and  is  dis¬ 
charged  from  both  ends  of  the  engine,  so  that  the  engine  -resonates  as  would 
an  organ  pipe.  The  normal  shock  then  moves  toward  the  inlet  and  is  swal¬ 
lowed  to  a  supercritical  position.  Since  the  inlet  flow  rate  is  then  greater 
than  the  exit  discharge  rate,  the  pressure  in  the  combustion  chamber  again 
increases  rapidly  and  the  shock  pattern  moves  upstream,  re-entering  the  cycle. 


Sterbentz  and  Evvard  (Ref.  125)  found  that  the  frequency  and  wave 
characteristics  of  the  oscillations  occurring  in  a  given  diffuser  are  dependent 
upon  the  internal  geometry  of  the  ramjet.  This  led  to  the  idea  of  comparing 
the  buzz  phenomenon  to  a  Helmholtz  resonator.  During  a  buzz  cycle  the  air 
is  alternately  accelerated  and  decelerated  as  the  shock  is  swallowed  and  ex¬ 
pelled.  A  portion  of  this  mass  flow  could  then  act  as  an  inertial  plug  reson¬ 
ating  against  the  combustion  chamber  in  a  manner  analogous  to  that  of  an  organ 
pipe  or  a  Helmholtz  resonator.  The  frequency  of  pulsation  is  given  by  the  ex¬ 
pression 


.  (3-10) 


where 

i  =  length  of  diffuser 

V  =  volume  of  combustion  chamber 
c 

aa  =  velocity  of  sound  at  a  point  downstream  of  the  perturbations 
Ax  =  cross-sectional  area  of  inlet 


Experimental  and  calculated  values  of  the  frequency  are  compared  in  Fig.  3-62 
(Ref.  125).  It  may  be  seen  that  the  experimental  values  agree  with  the  theo¬ 
retical  within  15%.  Experimental  and  calculated  values  of  the  slope  of  the 
pressure-recovery  curve,  d(p.  /p,  )/d(ms/m  )  are  also  given  in  Fig.  3-62.  It 

may  be  seen  that  Pearce's  condition  of  a  small  positive  slope  as  a  condition 
of  instability  holds  for  most  of  these  data. 

In  spite  of  its  success,  there  have  been  several  criticisms  of  the 
resonator  theory.  One  objection  which  would  tend  to  support  the  vortex-sheet 
theory  is  the  fact  that  buzz  begins  abruptly;  in  resonance  it  would  build  up 
slowly.  However,  the  two  theories  may  be  compatible  rather  than  opposing, 
since  the  entrance  of  the  vortex  sheet  within  the  diffuser  may  provide  the  in¬ 
itial  disturbance  which  is  then  propagated  as  a  resonating  column  of  air. 


3.8.2  Methods  of  Control 

The  onset  and  character  of  diffuser  buzz  are  dependent  upon  many 
factors,  some  of  which  have  been  theoretically  analyzed  or  experimentally  tested 
in  order  to  find  a  means  of  controlling  or  delaying  the  buzz  phenomenon.  One 
method  of  eliminating  buzz  would  be  to  prevent  subcritica!  operation  by  assur¬ 
ing  that  the  exit  nozzle  is  large,  enough  to  maintain  the  normal-shock  system 
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within  the  annular  ducting  of  the  diffuser  at  all  missile  or  engine  operating 
conditions. 

According  to  Eq.  3-10  the  frequency  is  inversely  proportional  to  the 
square  root  of  the  resonating  volume.  Theoretically,  at  least,  it  would  be  pos¬ 
sible  to  reduce  the  frequency  to  a  negligible  value  by  ensuring  a  large  enough 
resonator.  Computed  values  of  the  frequency  for  two  combustion  chamber  vol¬ 
umes,  one  of  which  was  more  than  twice  the  size  of  the  other,  are  compared 
with  test  results  at  M  =  2  in  Fig.  3-63.  As  was  expected,  the  frequency  de¬ 
creased  when  the  volume  was  increased.  However,  a  resonating  chamber  which 
would  phase-out  the  oscillations  would  demand  a  volume  prohibitively  large  for 
most  practical  applications. 

More  recently  the  problem  lias  been  substantially  solved  for  two 
specific  types  of  diffusers,  although  neither  method  offers  a  complete  under¬ 
standing  of  the  phenomenon.  One  type  of  diffuser  employed  dampers  in  the 
form  of  can  combustors.  The  effect  of  the  dampers  on  buzz  frequency  and 
amplitude  are  shown  in  Fig.  3-64  in  which  it  may  be  seen  that  the  largest  can 
combustor  completely  stabilized  the  system  at  zero  angle  of  attack.  Unfor¬ 
tunately  the  dampers  also  reduced  the  pressure  recoveries  by  about  4%. 

Since  a  positive  slope  of  the  diffuser  characteristic  curve  is  asso¬ 
ciated  with  the  oscillation,  anything  which  can  prolong  a  negative  slope  will 
delay  buzzing.  Rae,  in  unpublished  OAL  tests,  designed  and  tested  a  two- 
shock  step-nose  diffuser.  This  diffuser  has  a  characteristic  curve  which  "knees- 
over"  rather  than  turning  abruptly,  as  shown  in  Fig.  3-65  for  two  angles  of 
attack  at  M  =  2.23.  It  may  be  seen  that  not  only  was  the  range  of  stable 
operation  increased  with  this  type  of  diffuser,  but  the  pressure  recovery  was 
also  improved. 

It  should  be  noted  that  although  diffuser  buzz  is  definitely  a  detri¬ 
ment  to  efficient  combustion,  it  is  ultimately  of  more  academic  than  practical 
interest.  The  undue  emphasis  that  has  been  placed  on  it  by  ramjet  designers 
stems  from  the  fact  that  most  diffuser  performance  data  are  derived  from  wind- 
tunnel  tests  where  conditions  are  particularly  favorable  to  unstable  operation. 
In  actual  flight  where  the  diffuser  operates  as  an  integral  part  of  an  entire 
engine  system,  buzz  is  less  likely  to  occur  partly  because  of  the  stabilizing 
effect  of  the  combustion  and  partly  because  of  the  presence  of  such  factors  as 
the  air  scoops  that  are  included  for  many  purposes. 

3.8.3  Engine-Inlet  Stability 

In  designing  a  propulsion  system  the  problem  of  practical  import¬ 
ance  is  to  ensure  stable  operation  at  all  times.  The  application  of  transient 
flow  theory  is  concerned  more  with  the  problem  of  avoiding  instability  than 
with  the  description  of  the  modes  of  unstable  operation.  The  techniques  of 
mass-flow  matching  between  the  inlet  and  the  engine  to  ensure  efficient  per¬ 
formance  over  the  range  of  flight  conditions  are  well  understood.  It  is  stand¬ 
ard  practice  to  determine  the  relations  between  inlet  mass  flow  and  efficiency 
for  a  given  inlet  geometry  from  wind-tunnel  tests,  since  one -dimensional  theory 
is  not  sufficiently  well  developed  to  permit  its  determination.  It  is  possible 
to  derive  similar  transient  functions  for  the  propulsion  system  and  thus  per¬ 
mit  the  application  of  one-dimensional  theory  to  the  complete  system. 
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Mirels  in  Ref.  126  analyzes  buzz  by  means  of  the  acoustic  analogy 
and  comes  to  the  same  conclusion  as  Pearce;  i.e.,  that  decreasing  the  slope 
of  the  inlet  characteristic  curve  during  subcritical  operation  will  tend  to  in¬ 
crease  the  range  of  stable  operation.  He  also  deduces  a  relationship  between 
stability  and  the  real  part  of  the  acoustic  impedance  of  the  inlet. 

The  conceptual  approach  is  that  of  a  complete  propulsion  system 
comprising  an  inlet  and  an  engine  separated  by  a  mass-less,  non- resisting  dia¬ 
phragm  at  the  plenum  chamber  of  the  system.  The  acoustic  impedance  of  the 
inlet  as  seen  looking  forward  from  this  station  is  measured  experimentally  by 
use  of  a  wind-tunnel  model.  Pressure  measurements  are  made  with  a  sensi¬ 
tive  transducer,  and  velocity  measurements  are  made  wiui  a  hot  wire  anemom¬ 
eter.  Sinusoidal  excitation  of  the  system  is  provided  by  oscillation  of  the  sonic 
throttle  area.  In  a  similar  manner  the  acoustic  impedance  of  the  engine  can  be 
measured  by  locating  a  hot  wire  and  a  pressure  transducer  at  the  '  orrespond- 
ing  station  in  front  of  the  engine  mounted  on  a  bell  mouth  or  direct  connect 
test  stand.  Excitation  in  the  latter  case  is  more  difficult  because  of  the  size 
of  the  object  required  and  because  of  the  necessity  for  generating,  as  nearly 
as  possible,  one-dimensional  disturbances.  Furthermore,  in  order  that  the 
impedance  measured  for  the  engine  correspond  to  that  which  the  engine  will  ex¬ 
hibit  in  flight,  it  is  necessary  that  the  disturbance  mechanism  provide  adiaba¬ 
tic  disturbances  simulating  stagnation  pressure  losses  which  would  result  from 
the  oscillating  shock  system  encountered  in  actual  operation. 

Once  these  impedances  have  been  measured  it  is  a  simple  matter  to 
find  the  combination  impedance  for  the  system.  The  following  sketch  shows 
the  components  and  their  impedances  as  well  as  that  for  the  system. 


Diffuser  Impedance  Engine  Impedance 

ZD  =  (Ap/AV)D  ZE  =  (Ap/AV)E  ~ i 


For  the  system 

F  =  (ApE  -  ApE)A 
=  (ZE  -  ZD)  AAV 

i.  e. , 

AAV  =  ZS  =  ZE  ‘  ZD 


(3-11) 


The  system  impedance  can  be  set  equal  to  zero  and  the  resulting  complex  roots 
of  the  system  determine  both  the  frequency  and  damping  of  the  modes. 
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One  difference  between  the  present  problem  and  that  of  the  classi¬ 
cal  acoustic  case  is  that  a  steady  mass  flow  is  allowed.  The  acoustic  motion 
here  refers  to  the  disturbance  pressures  and  velocities  relative  to  the  uniform 
flow.  The  diaphragm  connecting  the  two  systems  in  the  present  case  is  there¬ 
fore  a  transient  one  which  is  instantaneously  located  at  the  plenum  chamber 
interface.  In  spite  of  this  difference  and  the  fact  that  the  impedances  must  be 
determined  empirically,  it  is  clear  that  the  conceptual  formulation  of  the  prob¬ 
lem  is  identical  with  that  of  the  classical  acoustic  approach.  These  impedances 
therefore  represent  the  experimental  counterpart  of  the  inlet  performance  with 
steady  flow  and  make  possible  the  analysis  of  transient  effects  in  a  propulsion 
system. 

It  is  clear  from  the  above  discussion  that  the  use  of  a  wind-tunnel 
model  to  determine  transient  characteristics  of  a  complete  propulsion  system 
is  valid  only  when  carried  out  in  the  manner  described.  The  stability  bound¬ 
aries  and  even  the  transient  characteristics  themselves  for  the  complete  dif¬ 
fuser  system  are  different  from  those  of  a  geometrically  similar  inlet  which 
is  mounted  in  front  of  an  engine. 

The  acoustic  analysis  described  above  may  be  extended  to  the  case 
of  a  propulsion  system  containing  a  controller  attached  to  an  inlet,  or  to  the 
engine  controls.  This  simply  requires  the  measurement  of  additional  acoustic 
transfer  functions  relating  the  motion  of  the  controller  to  the  sensory  unit  which 
commands  the  control  motion. 

In  carrying  out  the  measurements  described  above  or  in  making 
flight  measurements  of  transient  system  characteristics,  it  is  always  important 
to  be  sure  that  the  properties  measured  really  correspond  to  the  aerodynamic 
phenomena  and  are  not  intrinsically  tied  to  the  method  of  measurement.  For 
instance,  care  must  be  taken  to  ensure  that  there  are  no  natural  modes  of  the 
recording  element,  the  transducer,  or  the  mounting  of  the  transducer  in  the 
duct  system  which  might  interfere  with  the  validity  of  the  determination. 
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Table  3-1 

Coefficients  in  the  Equation  of  the  Curved  Shock  of  a  Biconic  Diffuser 


fix 

es 

s2 

M 

CO 

A 

B 

C 

D 

20 

10 

2.1297 

0.00300 

0.41889 

0.014181 

0.0001995 

2.4431 

0.00172 

0.56011 

0.014385 

0.0002264 

2.8387 

0.00095 

0.68393 

0.015033 

0.0002682 

3.3694 

0.00052 

0.80130 

0.015889 

0.0003286 

4.1538 

0.00020 

0.91795 

0.016811 

0.0004121 

5.5457 

0.00009 

1.04145 

0.017531 

0.0005204 

20 

12.5 

2.1297 

0.00267 

0.33701 

0.015552 

0.0002356 

•»> 

2.4431 

0.00144 

0.49121 

0.014633 

0.0002341 

2.8387 

0.00076 

0.61930 

0.014956 

0.0002819 

3.3694 

0.00035 

0.73369 

0.015466 

0.0003310 

4.1538 

0.00006 

0.84559 

0.015859 

0.0003847 

20 

15 

2.1297 

0.00302 

0.24096 

0.018494 

0.0003274 

2.4431 

0.00118 

0.42031 

0.015433 

0.0002752 

2.8387 

0.00057 

0.55024 

0.015208 

0.0003060 

3.3694 

0.00035 

0.66545 

0.015209 

0.0003413 

4.1538 

0.00014 

0.77296 

0.015577 

0.0004131 

5.5457 

0.00006 

0.88047 

0.015850 

0.0005149 

20 

20 

2.4431 

0.00134 

0.24045 

0.019465 

0.0004315 

2.8387 

0.00048 

0.40333 

0.016134 

0.0003658 

3.3694 

0.00005 

0.52581 

0.014625 

0.0003360 

4.1538 

0.00007 

0.62818 

0.014956 

0.0004476 

5.5457 

0.00004 

0.72099 

0.016271 

0.0006712 

25 

10 

2.0665 

-0.00025 

0.13050 

0.019890 

0.0003524 

2.3604 

0.00086 

0.31332 

0.016952 

0.0003122 

2.7296 

0.00077 

0.44802 

0.016448 

0.0003467 

3.2188 

0.00039 

0.56032 

0.016834 

0.0004147 

3.9260 

0.00012 

0.66438 

0.016555 

0.0004260 

25 

15 

2.3604 

-0.00051 

0.14089 

0.021571 

0.0004826 

2.7296 

0.00045 

0.31503 

0.017628 

0.0004089 

3.2188 

0.00019 

0.43879 

0.016428 

0.0004080 

3.9260 

0.00012 

0.54276 

0.016086 

0.0004468 

5.1233 

0.00003 

0.63992 

0.015888 

0.0005148 

25 

20 

2.7296 

0.00034 

0.13727 

0.022852 

0.0006600 

3.2188 

0.00012 

0.30283 

0.017201 

0.0004587 

3.9260 

0.00006 

0.41575 

0.015952 

0.0004837 

5.1233 

0.00002 

0.51109 

0.015225 

0.0005259 

Equations  of  the  shock  fronts:  x  =  -A  +  By  +  Cy3  -  Dy3  (see  Subsec.  3.3.2) 
where  the  origin  is  at  the  juncture  of  the  cone  surfaces. 
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Table  3-2 


Parameters  at  Point  of  Intersection  of  Curved  and  Conical  Shocks 

of  a  Biconic  Diffuser 


es, 

s2 

M 

CO 

XP 

yP 

Mp 

<Pp 

JVl 

20 

10 

2.1297 

11.065 

18.129 

1.441 

19.093 

36.124 

2.4431 

10.775 

14.883 

1.640 

20.852 

33.045 

2.8387 

833 

11.919 

1.871 

22.491 

30.435 

3.3694 

8.576 

9.314 

2.148 

24.018 

28.180 

4.1538 

7.146 

7.035 

2.500 

25.433 

26.199 

5.5457 

5.625 

5.038 

2.976 

26.751 

24.433 

20 

12.5 

2.1297 

8.641 

16.359 

1.351 

21.409 

36.124 

2.4431 

8.791 

13.592 

1.547 

23.304 

33.045 

2.8387 

8.225 

10.974 

1.769 

25.034 

30.435 

3.3694 

7.243 

8.600 

2.036 

26.589 

28.180 

4.1538 

6.062 

6.502 

2.369 

28.011 

26.199 

20 

15  . 

2.1297 

6.589 

14.861 

1.256 

23.635 

36.124 

2.4431 

7.138 

12.517 

1.449 

25.726 

33.045 

2.8387 

6.840 

10.160 

1.667  . 

27.517 

30.435 

3.3694 

6.121 

7.999 

1.923 

29.122 

28.180 

4.1538 

5.163 

6.059 

2.238 

30.560 

26.199 

5.5457 

4.068 

4.331 

2.652 

31.863 

24.433 

20 

20 

2.4431 

4.246 

10.635 

1.234 

30.33 

33.045 

2.8387 

4.546 

8.813 

1.442 

32.51 

30.435 

3.3694 

4.271 

7.008 

1.677 

34.30 

28.180 

4.1538 

3.693 

5.336 

1.956 

35.84 

26.199 

5.5457 

2.959 

3.827 

2.329 

36.861 

24.433 

25 

10 

2.0665 

4.193 

12.798 

1.215 

23.13 

41.644 

2.3604 

5.181 

11.175 

1.402 

25.14 

38.495 

2.7296 

5.370 

9.392 

1.607 

26.90 

35.873 

3.2188 

5.097 

7.669 

1.842 

28.49 

33.651 

3.9260 

4.559 

6.083 

2.127 

29.842 

31.737 

25 

15 

2.3604 

2.779 

9.265 

1.203 

29.84 

38.495 

2.7296 

3.429 

7.988 

1.408 

31.92 

35.873 

3.2188 

3.485 

6.595 

1.634 

33.63 

33.651 

3.9260 

3.228 

5.261 

1.895 

35.12 

31.737 

5.1233 

2.812 

4.042 

2.224 

36.279 

30.066 

25 

20 

2.7296 

1.781 

6.797 

1.187 

36.456 

35.873 

3.2188 

2.226 

5.758 

1.417 

38.413 

33.651 

3.9260 

2.224 

4.639 

1.666 

39.971 

31.737 

5.1233 

1.994 

p  3.568 

1.958 

41.301 

30.066 

150 


+  10 


The  units  of  Xp  and  yp  are 


determined  by  the  required 
dimensions  of  the  inlet. 


W 


Supersonic  Inlets 


Fig*  3-1 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


Pressure  Recovery,  p.  /p.  Optimum  Cone  Half-Angle 


Supersonic  Inlets 


Fig.  3-5 


All  External 
Compression 

External  and  Internal 
Compression 


0s 

Comp. 

Re/ft 

25° 

30° 

27° 

Ext.  &  Int. 

Ext . 

Ext.  &  Int. 

2.27x10s 

1.03x10s 

2.31x10s 

2  3 

Free-Stream  Mach  Number,  M 

*  ct 


Fig.  3-5.  Maximum  total  pressure  recovery  and  the  cone 

angle  at  which  it  occurs  as  a  function  of  Mach  number 
(some  experimental  values);  M  =  1  to  6;  y  =  1.4. 
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Fig.  3-11.  Comparison  of  experimental  total  pressure  recovery 
for  two  probe  diffusers,  a  single-cone  diffuser,  and  a 
normal-shock  diffuser  vs  capture-area  ratio;  M  =  1.8; 
a  =  0°;  y  =  1.4.  (Source:  Ref.  113) 
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Fig.  3-15.  Flow  inclination  behind  point  of  shock  intersection  vs  free- 
stream  Mach  number  for  biconic  inlets;  M  =  2  to  5, 6;  0  =20 

and  25°;  0  +  0^  =  30,  35,  40,  and  45°;  y  =  1.4.  (Source:  Ref.  37) 
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Fig.  3-16a.  Calculated  total  pressure  recoveries  of  biconic  inlets 
as  a  function  of  cone  angles  and  free-stream  Mach  number; 
external  and  internal  compression;  M  =  2,  3,  4,  and  6;  y  =  1. 
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Fig.  3-20.  Critical  total  pressure  recovery  and  associated 
supercritical  mass-flow  ratio  as  a  function  of  angle  of 
attack  for  high-  and  low-drag  cowls;  biconic  spikest 
=  3.01,  2.73,  2.44,  and  1.97;  Re/ft  =  2.5  x  108'. 
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Fig.  3-23.  Off-design  performance  of  translating  biconic- 
spike  inlets  as  a  function  of  free-stream  Mach  number; 

7  -  1.4;  Re/ft  =  2.5  x  10®.  (Source:  Ref.  116) 
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Fig.  3-28b.  Critical  regions  of  shock  polars 
reflection  waves;  M  =  6;  y  =  3 
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Fig.  3-31a.  Critical  cowl-lip  angles  determined  by  vortex-sheet  criterion 
and  shock  attachment  for  various  free-stream  Mach  numbers;  isentropic 
spike;  M  =  2  to  8;  y  =  1.4. 
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Fig.  3-31b.  Critical  cowl-lip  angles  determined  by  vortex-sheet  criterion 
and  shock  attachment  for  various  free-stream  Mach  numbers;  15°  cone 
tip;  M  =  2  to  8;  y  -  1.4. 
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Fig.  3-31c.  Critical  cowl-lip  angles  determined  by  vortex-sheet  criterion 
and  shock  attachment  for  various  free- stream  Mach  numbers;  25°  cone 
tip;  M  =  2  to  8;  y  =  1.4. 
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Fig.  3-32.  Maximum  and  minimum  cowl-lip  angles  determined  by 
vortex-sheet  and  shock-attachment  criteria  vs  design  Mach 
number;  isentr.opic  spike,  15  and  25°  tip;  y  =  1.4 
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Fig.  3-38.  Calculated  additive-drag  coefficient  at  off-design 
Mach  numbers;  cowl  lip  on  design  conical  shock;  Mp  =  3,5 

and  5.0;  2.23  s  M#  s  4.59;  15°  tip  isentropic  spikes. 
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Fig,  3-39.  Calculated  capture-area  ratio  at  off-design  Mach 
numbers;  cowl  lip  on  design  conical  shock-,  15°  tip  isen 
tropic  spikes-,  Mp  =  3.5  and  5.0;  2.23  £  Mw  <;  4.59. 


Supersonic  Inlets 


Fig.  3-40 


Flow  Angle  at  Cowl 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


0.92  0.94  0.96  0.98  1.00 

Radial  Distance  to  Cowl  Lip,  yc/(yc)deSign 


Fig,  3-41.  Calculated  flow  angle  at  cowl  lip  .at  off-design 
Mach  numbers;  cowl  lip  on  design  conical  shock;  15°  tip 
isontropic  spikes-  M„  =  3.5  and  5.0;  2.23  s  Mb  s  4.59. 
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Fig.  3-42.  Calculated  additive-drag  coefficient  at  off-design 
Mach  numbers;  cowl  lip  at  constant  radial  distance;  15°  tip 
isentropic  spikes;  Mp  =  3.5  and  5.0;  2.23  s  M  <;  4.59. 
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Fig,  3-43.  Calculated  capture-area  ratio  at  off-design  Mach 
numbers;  cowl  lip  at  constant  radial  distance;  15°  tip 
isentropic  spikes;  -  3.5  and  5.0;  2.23  s  <.  4.59. 
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Fig.  3-44.  Calculated  Mach  number  at  cowl  lip  at  off-design  Mach 
numbers;  cowl  lip  at  constant  radial  distance;  15°  tip  isen- 
tropic  spikes;  Mn  =  3.5  and  5.0;  2.23  s;  M  £  4.59. 
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Fig.  3-45.  Calculated  flow  angle  at  cowl  lip  at  off-design  Mach 
numbers;  cowl  lip  at  constant  radial  distance;  15°  tip  isen 
tropic  spikes;  Ml  =  3.5  and  5.0;  2.23  £  Mw  s  4.59. 
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Fig.  3-46.  Calculated  total  pressure  recovery  and  associated  additive 
drag  coefficient  at  off-design  Mach  numbers;  Mn  =  3.5,  15®  tip 
isentropic  spikes,  y  =  1 . 4 .  u 
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Fig.  3-49.  Theoretical  additive-drag  coefficient  and  capture- area 
ratio  for  15°  tip  isentropic-spike  diffusers  at  below-design 
Mach  numbers;  cowl  lip  on  design  conical  shock;  2.0  <:  £  5,0; 

2.25  s  M  s  4.75;  radial-distance  ratio  =  0.96.  u 
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Fig.  3-51.  Effect  of  tip  roughness  on  total  pressure  recovery  of 
an  isentropic-spike  inlet  vs  mass-flow  ratio;  a  =  0  to  9°; 

M»  =  3*85>  y  ~  I*4?  Re/ft  =  1.0  X  lo6.  (Source:  Ref.  Ill) 
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Fig.  3-52.  Theoretical  total  pressure  recovery  based  on  limits  imposed 
on  compression  by  the  vortex-sheet  criterion  and  shock  attach 
ment;  isentropic  wedge,  0  =0  to  15°;  shock  attached  to 
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horizontal  cowl;  to  =  2  to  8. 
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Fig.  3-53.  Theoretical  total  pressure  recovery  vs  free-stream  Mach 
number  for  an  isentropic-wedge  diffuser  operating  at  on-design 
Mach  numbers;  0_  =0  to  15°;  horizontal  cowl;  M  =  1  to  8. 
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Fig.  3-59a.  Effect  on  total  pressure  loss  of  suction  in  subsonic 
ducting;  suction  =  5^  of  total  mass  flow:  1.41  <  M  <  1.46. 
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Fig.  3-60.  Minimum  stable  mass-flow  ratio  vs  cowling  parameter; 
single-cone  diffuser;  =  1.90,  2.46,  and  2.70;  =  40°; 

2.3  x  107  s;  Re/ft  s  2.9  x  107. 
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Fig.  3-61.  Minimum  stable  mass-flow  ratio  vs  free-stream 
Mach  number;  single-cone  diffuser;  0g  =  27.5  ,  30  , 


35  ,  and  40°;  2.3  x  107  s  Re/ft  <:  2.9  x  107. 
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4.  Wind-Tunnel  Nozzles 

A  wind-tunnel  nozzle  is  a  simple  Laval  nozzle  with  subsonic  flow  on 
one  side  of  a  sonic  throat  and  supersonic  flow  on  the  other.  The  divergent,  or 
supersonic,  section  should  be  designed  to  assure  a  constant  Mach  number  dis¬ 
tribution  across  the  exit  area.  It  is  also  required  that  the  flow  at  the  exit  be 
uniformly  parallel  to  the  tunnel  axis.  Methods  of  achieving  such  flow  for  a 
fixed  Mach  number  will  be  discussed  in  Subsec.  4.3.  The  design  of  nozzles 
in  which  the  Mach  number  may  be  varied  will  be  treated  in  Subsec.  4.4. 

The  conventional  nozzle  may  be  said  to  consist  of  the  four  basic 
parts  shown  in  the  sketch  below. 


In  the  subsonic  inlet,  or  effusor,  the  flow  is  accelerated  from  rest 
at  the  upstream  end  to  sonic  velocity  at  the  throat.  The  inlet  may  house  screens 
or  honeycombs  to  reduce  the  turbulence  level.  Heating  of  the  working  fluid, 
where  this  is  necessary,  is  often  accomplished  in  the  effusor.  The  inlet  sec¬ 
tion  of  the  nozzle  is  discussed  in  Subsec.  4.2. 

In  the  sketch  above,  the  throat  is  generated  by  a  single  line;  how¬ 
ever,  in  practice  it  is  considered  as  an  arbitrary  region  in  the  neighborhood 
of  this  unique  cross  section.  The  minimum  area  of  the  sonic  throat  is  of 
critical  importance  in  determining  the  exit  Mach  number  of  the  flow.  The  sur¬ 
face  contour  and  finish  of  the  throat  region  are  also  important  factors  in  the 
production  of  shock-free  flow.  The  nozzle  throat  is  discussed  in  Subsec.  4.1. 

In  the  third  region  of  the  nozzle,  the  sonic  flow  is  further  acceler¬ 
ated  as  the  slope  of  the  contour  increases  from  zero  at  the  throat  to  a  maxi¬ 
mum  expansion  angle  at  the  inflection  point.  The  fourth  region  is  one  of  in¬ 
creasing  cross-sectional  area  but  decreasing  wall  slope.  In  this  region  the 
flow  is  "straightened"  in  order  that  it  may  emerge  parallel  to  the  nozzle  axis. 

The  nozzle  contours  are  usually  designed  with  the  assumption  that 
the  gas  flow  is  isentropic  and  non-viscous.  The  contour  thus  determined  is 
then  corrected  for  viscosity  and  heat-transfer  effects.  The  viscous  correction 
has  been  discussed  in  Subsec.  2.4  of  this  volume  and  additional  material  is 
given  in  Subsec.  4.8.  Heat-transfer  effects  are  touched  upon  in  Subsec.  4.6 
but  will  be  treated  fully  in  Section  14  of  the  Handbook. 
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4.1  The  Nozzle  Throat 


It  will  be  seen  in  Subsecs.  4.3  and  4.4  that  most  nozzle  calcula¬ 
tions,  whether  based  on  simple  area  relationships  or  on  complex  characteris¬ 
tics  nets,  are  dependent  upon  the  flow  properties  in  the  sonic  throat  and  there¬ 
fore  this  region  should  logically  be  examined  first.  It  is  usually  assumed  that 
the  actual  flow  in  the  minimum-area  throat  is  uniform  over  the  cross  section  and 
that  the  velocity  is  equal  to  the  local  velocity  of.  sound.  Sauer  in  Ref.  132  and 
Oswatitsch  in  Ref.  3  (p.  478)  examine  the  flow  properties  in  detail  for  both 
two-dimensional  and  axially-symmetric  nozzles  and  show  that  this  assumption, 
while  not  exact,  is  acceptable  under  certain  conditions  to  be  discussed  later. 
The  basic  geometry  for  both  cases  is  illustrated  in  the  sketch  below. 


The  x-axis  is  taken  along  the  nozzle  centerline  and  the  origin  is  the 
point  on  it  at  which  M  =  1,  i.e. ,  U  =  a.  It  is  further  assumed  that  along  this 
axis  the  flow  may  be  defined  by 


and 

where 

U  and  V 
a 


U  /a*  =  1  +  ax  "'l 
o  ■ 


VQ/a*  =  0 


the  velocity  components  in  the  x  and  y  directions 
local  sonic  velocity 


a  =  axial  flow  acceleration 


(4-1) 


superscript  *  =  condition  at  nozzle  throat 
subscript  o  =  condition  along  x-axis. 

Near  the  throat  it  is  further  assumed  that  U  differs  from  a*  by  only  a  small 
quantity  and  that  V  is  always  small. 


Two-Dimensional  Throat.  -  -In  this  case  the  flow  field  is  defined  by 


Wind-Tunnel  Nozzles 


4.1 


The  nozzle  contour  is  designed  to  conform  to  a  streamline  and  hence  at  the 
vertex  of  the  throat  wall,  where  y  =  r*  and  V  =  0, 


x  =  -  e  =  -  a  r*a 

o 


(4-3) 


Since  also  at  x  =  -  e,  dy/dx  =  tan  0  -  V/U  =  0,  then  the  radius  of  curvature 


of  the  wall,  r  ,  is  given  by 

W 


r  _K«n 

1  +  -(y  J  a3r*3 

w  |d3y/dx3 

(y  +  1)  a/r* 

(4-4) 


Equation  4-4  may  be  rearranged  so  that  a  may  be  expressed  in  terms  of  r 


and  r*,  giving 


w 


a3  = 


(4-5) 


(y  +  1)  r*3  [r^/r*  -  l/3j 

By  means  of  Eq.  4-5  the  values  of  U/a,  V/a,  and  e  may  be  expressed  in  terms 
of  rw  and  r*  rather  than  a,  i.e.,  in  terms  of  the  known  throat  geometry  rather 

than  the  unknown  flow  acceleration  along  the  nozzle  axis. 


The  vertex  of  the  parabolic  sonic  line  is  on  the  nozzle  axis  a  dis¬ 
tance  |  e  |  downstream  of  the  narrowest  section.  The  accuracy  of  this  measure¬ 
ment  is  limited  only  by  the  basic  assumptions  of  small  velocity  gradients  and 
non-viscous  isentropic  flow.  In  order  to  determine  the  point,  B,  at  which  the 
sonic  line  intersects  the  contour  wall,  Sauer  employs  further  simplifying  as¬ 
sumptions.  He  assumes  that  the  difference  between  yg  and  r*  is  negligible 


and  also  that  V/a  =  0  at  B,  i.e.,  (U/a)B  =  1  and  obtains 


-  *A  ”>  '  -  ^  “  r*S  -  -* 


(4-6) 


The  accuracy  of  this  value  of  t?  will  be  discussed  a  little  later. 


Axially-Symmetric  Throat.  -  -In  the  case  of  axial  symmetry  the  stream¬ 
lines  are  defined  by 


and 


U/a  =  1  +  arx  +  —  +A  a3  y3  +  . . 

_  r  +  i 


(4-7) 


V/a  =  --y-“  a3  xy  +  ^-y^  a3  y3  + 


with 


6  =  -  XA  = 


y  +  1 


a  r* 


(4-8) 
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(4-10) 


Using  the  same  assumptions  with  respect  to  the  point  B  as  were  made  in  the 
two-dimensional  case,  one  obtains 


XB  '  XA  =  *  =  "  4--  “  r*3  =  "£  • 


(4-11) 


Sonic  lines  calculated  by  Sauer's  method  for  both  the  axially-sym- 
metric  and  the  two-dimensional  nozzle  throat  are  shown  in  Fig.  4-1  for  values 
of  rw/r*  °f  1.5,  2,  4,  and  10.  (Actually  in  the  two-dimensional  case  the 

values  were  1.5333,  2.333,  etc.,  in  order  to  simplify  the  calculations  from 
Eq.  4-5.)  It  may  be  seen  from  Fig.  4-1  that  the  usual  assumption  of  a  straight 
sonic  line  is  more  nearly  realized  in  the  three-dimensional  case  than  in  the 
two-dimensional  case.  It  also  may  be  noted  that  in  both  cases  the  condition 
of  linearity  is  approached  as  the  ratio  r  /r*  increases.  No  solution  exists  for 

W 


r  /r*  =  1.5  in  the  two-dimensional  case.  A  comparison  of  the  Mach  number 
w 


distribution  in  a  two-dimensional  and  in  a  three-dimensional  nozzle  is  given  in 
Fig.  4-2  for  =  10. 


The  effect  of  the  additional  ./mplifications  employed  to  obtain  the 
values  of  r\  computed  from  Eqs.  4-6  am*  *  .1  is  shown  in  the  following  sketch, 
where  Sauer's  value  of  t?  is  compared  with  the  abscissa  of  the  intersection  of 
the  calculated  sonic  line  and  the  actual  throat  (calculated  from  Eq.  4-2  or  4-7). 


fc-Two-Dimensional 

Throat 


O 

a  0.9 


Axially - 
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It  may  be  seen  that  Sauer's  approximation  of  |?j|=  2e  (two-dimensional)  or  1171=  e 
(three-dimensional)  is  very  good  for  all  but  small  values  of  r^/r*. 

The  sketch  on  page  226  shows  the  curve  for  which  V  =  0,  i.e.,  along 
which  the  flow  is  axially  aligned.  Between  the  sonic  line  and  the  nozzle  con¬ 
tour  the  flow  is  supersonic  and  accelerating,  and  hence  the  streamlines  are 
diverging.  One  of  the  approximations  to  the  actual  throat  conditions  makes  use 
of  this  fact  and  assumes  that  the  flow  is  emanating  from  some  point  along  the 
axis  upstream  of  the  throat  (radial  or  source  flow).  The  most  common  as¬ 
sumption  is  that  the  flow  is  sonic  and  parallel  to  the  axis  at  the  minimum 
cross  section.  This  becomes  more  nearly  true  as  the  radius  of  curvature  of 
the  throat  wall  is  increased.  In  the  sliding  nozzles  of  Ref.  133,  to  be  dis¬ 
cussed  in  Subsec.  4.4.3,  the  throat  walls  are  made  parallel  and  planar  (i.e., 
with  an  infinite  radius  of  curvature)  in  order  to  maintain  a  normal  sonic  line. 

It  is  customary  to  make  the  throat  wall  radius  of  curvature  from 
two-thirds  to  four  times  the  throat  height  or  diameter,  though  many  values 
from  a  sharp  throat  (zero  radius  of  curvature,  Ref.  134)  to  the  planar  throat 
(infinite  radius  of  curvature,  Refs.  133  and  135)  have  been  tested.  A  two- 
dimensional  nozzle  for  a  Mach  number  of  8  was  designed  and  tested  by  Oliver 
and  Nagamatsu  (Ref.  136)  in  which  the  throat  wall  radius  was  12  in.  and  the 
throat  height  0.084  in.  (see  sketch  on  page  243).  The  large  radius  success¬ 
fully  eliminated  from  the  throat  side -walls  the  waves  and  flow  separation  which 
had  been  noted  with  more  severe  curvature  (see  Subsec.  4.5).  The  calculated 
mass  flow  through  the  throat  is  slightly  in  error  when  the  sonic  line  is  as¬ 
sumed  to  be  rectilinear  at  the  minimum-area  cross  section.  The  extent  and 
nature  of  this  error  are  discussed  in  Subsec.  6.2.4  and  shown  in  Fig.  6-16. 
For  values  of  the  wall  radius  of  curvature  which  are  greater  than  1.25  times 
the  throat  diameter  (or  height),  the  error  is  less  than  1%. 

4.2  The  Subsonic  Contraction 

The  design  of  the  inlet  contraction  section  in  which  the  flow  is  ac¬ 
celerated  to  sonic  speed  is  not  critical.  The  contour  shape  cannot  be  obtained 
by  straightforward  calculation  as  in  the  case  of  the  supersonic  portion,  since 
the  differential  equations  are  of  the  elliptic  type  rather  than  hyperbolic.  The 
method  of  characteristics  may  no  longer  be  applied.  A  solution  to  problems 
of  elliptic  or  mixed  elliptic-hyperbolic  types  has  been  developed  by  Dorodmtsyn 
(Ref.  137)  and  extended  by  Holt  (Ref.  138).  By  means  of  integral  relations, 
problems  governed  by  non-linear  partial  differential  equations  may  be  solved 
with  the  aid  of  electronic  computers.  Holt  has  applied  this  method  to  the  de¬ 
sign  of  the  transonic  nozzle  contour  and  also  to  an  analysis  of  the  flow  field 
within  a  known  contour.  The  method  may  be  used  for  both  two-dimensional 
and  axisymmetric  nozzles. 

In  order  to  check  the  assumption  that  the  inlet  shape  is  not  critical, 
Armstrong  and  Smith  (Ref.  139)  were  able  to  calculate  three  inlet  profiles  which 
would  produce  the  same  flow  properties  along  the  line  M  =  0. 6  in  the  throat 
as  those  obtained  from  Eqs.  4-2  to  4-5.  For  the  first  contour  they  extended 
the  basic  supersonic  equations  through  the  transonic  region.  The  result  is 
curve  1  as  shown  in  the  sketch  on  the  following  page.  It  is  not  surprising  that 
it  becomes  impractical  for  an  inlet  as  it  moves  away  from  the  throat,  since 
the  equations  from  which  it  is  derived  are  first  approximations  even  at  the 


4.2 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


throat  itself.  The  second  and  third  calculations  were  based  on  the  Karman- 
Tsien  approximation  which  derives  a  compressible  flow  from  a  corresponding 
incompressible  one.  The  two  solutions  which  were  obtained  are  shown  as  curves 
2  and  3  in  the  sketch  below.  It  may  be  seen  that  the  three  profiles  differ 
widely  and  yet  each  of  them  has  the  same  slope  and  curvature  at  the  point  A 
and  produces  a  flow  of  M  =  0.6  along  the  dashed  line  shown  in  the  sketch. 


Subsonic  Solution 
(Using  a  Vortex  Pair) 


Subsonic  Solution 
(Using  a  Vortex  Pair 
and  a  Uniform  Stream) 


Transonic  Solution 
( Ignoring  Powers 
Greater  than  Fifth) 


Source:  Ref. 139 


The  authors  conclude  that  if  such  widely  differing  profiles  can  pro¬ 
duce  almost  identical  flows  near  the  throat,  then  it  is  safe  to  assume  that  pro¬ 
vided  the  shape  of  the  subsonic  inlet  is  correctly  chosen  near  the  throat,  the 
remainder  of  the  inlet  may  be  shaped  arbitrarily  without  appreciably  changing 
the  transonic  flow. 

Oswatitsch  and  Rothstein  (Ref.  140)  also  made  calculations  which  led 
them  to  conclude  that  flows  in  the  subsonic  zone  may  exhibit  marked  differences 
in  the  inlet  section  and  still  produce  the  same  flow  field  in  the  throat. 

The  subsonic  contour  is  usually  taken  as  a  smooth  curve  such  as  an 
ellipse,  a  parabola,  or  an  arc  of  a  circle  having  the  required  radius  of  cur¬ 
vature  at  the  minimum  cross  section. 


4.3  Fixed  Mach  Number  Nozzles 

Fixed  Mach  number  supersonic  nozzles  or  effugors  are  designed  to 
establish  uniform  parallel  flow  at  a  specific  predetermined  Mach  number.  The 
four  main  parts  of  such  a  nozzle  block  are  shown  in  the  first  sketch  of  Sub¬ 
sec.  4.  The  subsonic  inlet  has  been  discussed  in  Subsec.  4.2  and  the  sonic 
throat  in  Subsec.  4.1.  Nearly  all  methods  of  designing  the  straightening  sec¬ 
tion  are  based  on  the  method  of  characteristics,  and  in  some  cases  the  expan¬ 
sion  section  is  included  in  this  calculation.  Since  details  of  the  basic  method 
of  characteristics  are  readily  available  in  the  literature,  they  will  not  be  re¬ 
peated  here.  For  nozzles  with  two-dimensional  symmetry,  i.e.,  two  plane 
walls  and  two  contoured  walls,  Refs.  2,  6,  7,  94,  97,  and  99  give  all  neces¬ 
sary  details.  In  the  case  of  axially -symmetric  flow,  the  method  of  character¬ 
istics  is  given  in  Refs.  95,  96,  and  98.  ' 
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There  are  two  general  types  of  fixed  Mach  number  nozzles:  those 
that  have  rounded  throats  and  those  that  have  sharp  throats  (see  sketch  below). 


The  former  group  may  be  subdivided  into  those  whose  expansion  is  the  maxi¬ 
mum  Prandtl-Meyer  angle  associated  with  the  fixed  Mach  number,  and  those 
whose  expansion  is  less  than  the  maximum.  Sharp- throated  nozzles  usually 
employ  maximum  expansion  angles  and  are  the  shortest  possible  contoured  noz¬ 
zles.  The  ultimate  application  of  a  supersonic  nozzle  is  often  a  determining 
factor  in  the  choice  of  its  basic  characteristics.  Under  flow  conditions  where 
the  boundary  layer  may  become  a  problem,  a  short  nozzle  is  an  advantage. 
When  uniformity  of  flow  in  the  test  section  is  of  paramount  importance,  the 
longer  nozzle  associated  with  less  than  maximum  expansion  is  likely  to  be  more 
satisfactory. 

The  methods  of  design  differ  also  in  their  starting  point.  Some  start 
the  characteristics  net  at  a  sonic  line  considered  as  straight  and  perpendicu¬ 
lar  to  the  nozzle  axis.  Others  start  from  a  curved  sonic  line  such  as  is  shown 
in  Fig.  4-1.  Ia  many  others  the  flow  up  to  the  inflection  point  is  considered 
as  source  flow  emanating  from  a  point  on  the  nozzle  axis.  These  three  methods 
of  starting  the  characteristics  net  are  illustrated  in  the  sketch  below. 


Straight  Curved  Source  Flow 

Sonic  line  Sonic  Line 


The  flow  field  is  usually  fixed  by  the  required  expansion  angle,  i.e., 
it  is  turned  until  the  last  characteristic  gives  the  required  Mach  number  along 
the  centerline.  Almost  the  inverse  process  is  sometimes  employed,  i.e.,  the 
Mach  number  distribution  along  the  axis  is  specified  and  this  determines  the 
wall  curvature.  Such  a  method  is  outlined  in  Ref.  160.  Most  nozzles  in  com¬ 
mon  use  are  two-dimensional  since  they  are  easier  to  design  and  fabricate. 
Pressure  fluctuations  due  to  construction  (or  design)  errors  are  distributed 
over  the  centerplane,  and  thus  the  source  may  often  be  located  and  the  error 
eliminated  (see  Subsec.  4,7).  Axially-symmetric  nozzles  for  moderate  Mach 
numbers  are  harder  to  design  and  fabricate,  and  have  the  added  disadvantage 
that  ail  irregularities  are  concentrated  on  the  tunnel  axis  and  are  harder  to 
trace  to  their  source.  However,  axisymmetric  nozzles  have  proven  very  suc¬ 
cessful  for  hypersonic  research  tunnels  (see  Subsec.  4.5). 
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The  actual  design  procedure  may  be  wholly  graphical,  semi- graphi¬ 
cal,  or  analytical.  Many  short  cuts  and  helpful  series  of  tables  have  been 
developed  to  assist  in  nozzle  design.  Rather  than  discuss  them  separately, 
the  salient  features  of  some  of  the  b‘  c  known  methods  that  are  readily  avail¬ 
able  have  been  tabulated  for  easy  reference.  Table  4-1  analyzes  design  methods 
for  two-dimensional,  constant  Mach  number  nozzles.  Table  4-2  deals  with  two- 
dimensional  nozzles  designed  for  variable  Mach  number  operation  and  Table  4-3 
treats  axially- symmetric  nozzles.  The  type  oi  throat,  the  design  Mach  num¬ 
ber,  and  the  basic  design  method  are  tabulated.  A  brief  description  of  help¬ 
ful  tables  and  graphs  is  listed  and  a  notation  made  where  nozzles  actually  have 
been  fabricated  and  tested.  The  listing  includes  as  many  types  and  different 
methods  as  possible;  it  is  by  no  means  either  complete  or  comprehensive  but 
merely  a  tabulation  of  readily  available  material  from  many  sources.  Further 
useful  information  may  be  found  in  Refs.  163-171. 
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Nozzles  with  Continuous  Curvature 


Many  of  the  design  methods  referred  to  in  the  preceding  subsection 
result  in  a  discontinuity  in  curvature  at  the  point  of  inflection.  For  a  fixed- 
geometry  solid-walled  nozzle  block,  the  discontinuities  may  not  cause  any  ser¬ 
ious  problem  as  long  as  extremes  of  pressure  and  temperature  are  avoided. 
When  the  expansion  angle  is  large  the  relaxation  of  the  pressure  gradient  at 
the  point  of  inflection  may  cause  undue  boundary-layer  growth,  and  in  critical 
cases  flow  separation  may  result.  If  pressure  and  temperature  conditions  are 
such  that  the  value  of  y  may  no  longer  be  considered  constant,  the  flow  pat¬ 
tern  itself  may  shift.  The  effects  of  such  a  shift  are  minimized  where  the 
curvature  is  both  continuous  and  small. 

In  flexible -walled  nozzles  (see  Subsec.  4.4.1),  the  presence  of  a 
discontinuity  in  the  wall  curvature  may  be  more  critical.  Although  the  wall 
may  be  flexed  accurately  enough  to  include  such  discontinuities,  their  presence 
will  cause  unequal  stresses  in  the  plate.  It  is,  however,  more  probable  that 
the  flexed  wall  will  fair  the  curvature  across  the  discontinuity  and  thus  cause 
the  flow  pattern  to  differ  from  its  theoretical  design  with  consequent  imper¬ 
fections  in  the  test-section  flow.  Therefore,  it  is  desirable  in  this  applica¬ 
tion  to  have  a  nozzle  wall  along  wluch  the  curvature  is  continuous. 

Eward  and  Marcus  (Ref.  145)  have  derived  two  auxiliary  boundary 
conditions  which  will  assure  continuity  of  curvature  in  the  design  of  two-dimen¬ 
sional  symmetrical  supersonic  nozzles  by  means  of  the  method  of  character¬ 
istics.  The  first  condition  is  that  the  point  of  inflection  must  be  upstream  of 
the  characteristic  point.  The  second  is  that  the  first  derivatives  of  the  char- 

acteristics,  dih  /ds  and  d$  /ds,  must  be  continuous  functions.  This  implies 

that  il>+  must  first  reach  its  test-section  value  at  the  characteristic  point  and 
that  the  axial  Mach  number  gradient  is  continuous  and  approaches  zero  at  the 
upstream  vertex  of  the  test  rhombus. 

The  terminology  and  symbols  are  explained  by  the  sketch  on  the  op¬ 
posite  page,  and  the  fact  that  the  local  flow  angle,  <p,  may  be  expressed  as 

<p  =  ii>+  -  f  . 
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The  use  of  this  technique  is  exemplified  in  Fig.  4-3  which  gives 

plots  of  0+,  0  ,  and  <p  for  a  M  =  4  nozzle.  The  flow  is  expanded  from  a  sonic 

throat  by  the  method  of  Ref.  148  until  the  curves  of  0+  and  0  have  the  same 

slope.  This  gives  the  point  of  inflection.  The  ip+  is  then  faired  from  this 

value  to  the  horizontal.  The  point  at^which  it  becomes  horizontal  is  the  char¬ 
acteristic  point.  The  values  of  i}>~  and  <p,  determined  from  the  characteristics 
net,  will  approach  horizontal  tangency  at  the  test  section  as  shown  in  Fig.  4-3. 
The  value  of  the  Mach  number,  both  along  the  axis  and  along  the  nozzle  con¬ 
tour,  is  also  given  in  Fig.  4-3. 

4.3.2  Multi-Nozzles 

A  multi-nozzle,  consisting  of  a  planar  set  of  small  nozzles  mounted 
normal  to  the  stream  direction,  is  sometimes  used  to  produce  supersonic  flow. 
A  common  form  of  multi-nozzle  is  a  perforated  plate  which  is  from  0.25  to 
1.0  in.  thick.  Each  hole  constitutes  an  individual  nozzle  which  may  be  either 
two-dimensional  or  three-dimensional.  An  optimum  hole  shape  has  not  been 
determined  nor  has  an  optimum  array. 

The  chief  advantages  of  the  multi-nozzle  are  its  very  short  length 
and  the  ease  and  speed  with  which  the  Mach  number  of  a  facility  may  be  changed. 
However,  the  flow  is  far  from  uniform  due  to  wake  flows,  jet  impingement, 
and  edge  shocks  whose  origin  and  strength  depend  on  the  geometric  relation 
between  the  outer  nozzles  and  the  duct  walls.  The  use  of  multi-nozzles  is  re¬ 
stricted  to  tests  in  which  the  disadvantages  of  flow  non  uniformity  and  large 
pressure  losses  are  outweighed  by  the  advantages  of  a  wide  range  of  Mach  num¬ 
bers  at  which  data  may  be  quickly  and  easily  obtained. 

Reshotko  and  Haefeli  (Ref.  172)  describe  tests  on  four  multi-nozzles: 
one  two-dimensional  nozzle  designed  for  M  =  3,  and  three  axisymmetric  nozzles 
with  Mp  =  3.0,  3.5,  and  7.  Three  types  of  disturbance  wore  observed  in  the 

Low  field:  oblique  shock  waves,  strong  corner  shock  waves,  and  wake  flows. 
The  oblique  shock  waves  predominated  at  large  exit  turning  angles,  whereas 
wake  losses  predominated  at  small  exit  turning  angles.  The  type  of  flow  that 
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was  observed  is  shown  in  the  following  sketch. 
Nozzle 


The  most  unifo*  m  flow  was  obtained  in  the  second  test  section  where 
the  Mach  number  was  about  60%  of  the  design  value  with  a  maximum  variation 
across  the  section  of  4.5%  of  the  average  Mach  number.  The  pressure  re¬ 
covery  was  as  much  as  60%  less  than  that  obtained  with  conventional  nozzles. 
Kurzweg  (Ref.  149)  evaluated,  by  means  of  schlieren  photography,  the  flow 
from  a  multi-nozzle  designed  for  M  =  2.86.  Although  the  turbulence  level  was 
high,  the  over-all  efficiency  was  equal  to,  that  of  a  conventional  nozzle.  Mea¬ 
surements  made  in  two-dimensional  and  conical  multi-nozzles  (Ref.  173)  showed 
substantial  variation  of  the  static  pressure  at  any  cross  section  downstream  of 
the  nozzle  plate. 

4.4  Variable  Mach  Number  Nozzles 

Fixed  Mach  number  nozzle  blocks  for  two-dimensional  flow  are  rela¬ 
tively  simple  to  design  and  fabricate,  but  as  the  size  of  the  tunnel  increases 
the  weight  of  *he  blocks  makes  nozzle  changing  a  difficult  and  time-consuming 
task.  Furthermore,  since  the  blocks  are  designed  only  for  one  specific  Mach 
number,  it  is  necessary  to  change  them  every  time  a  change  in  Mach  number 
is  required.  A  series  of  fixed  Mach  number  blocks  usually  has  fairly  large 
Mach  number  increments,  whereas  the  use  of  a  variable  Mach  number  nozzle 
generally  permits  increments  as  small  as  may  be  desired.  Furthermore,  with 
the  latter  it  is  often  possible  to  vary  the  Mach  number  continuously  during  a 
run  and  thus  determine  acceleration  effects  which  cannot  be  studied  in  con¬ 
stant-velocity  flow.  To  overcome  these  difficulties,  many  types  of  variable 
Mach  number  nozzles  have  been  proposed.  The  salient  features  of  several  de¬ 
signs  will  be  presented  in  this  subsection  together  with  some  appraisal  of  their 
performance  and  advantages.  Table  4-2  analyzes  many  references  dealing  with 
variable  Mach  number  nozzles. 

4.4.1  Flexible  Nozzles 

One  of  the  simplest  ways  of  varying  the  Mach  number  of  a  nozzle 
is  by  means  of  a  .  air  of  opposite  flexible  walls  and  a  pair  of  stationary  paral¬ 
lel  walls.  The  contour  of  the  flexible  walls  may  be  set  by  a  system  of  jacks 
to  provide  flow  of  the  desired  Mach  number  in  the  test  section.  This  system 
has  the  advantage  that  any  Mach  number  within  the  design  range  may  be  ob¬ 
tained  by  proper  positioning  of  the  jacks,  and  furthermore  the  changes  may  be 
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made  without  dismantling  the  tunnel  or  disturbing  the  model.  Since  the  change 
is  relatively  simple  and  fast,  it  is  more  economical  of  time  and  effort  than 
changing  heavy,  fixed  Mach  number  nozzle  blocks.  However,  the  setting  must 
be  extremely  precise  in  order  to  provide  uniform  flow  in  the  test  section.  To 
prevent  excessive  stresses  in  the  plates,  the  total  change  is  often  made  in 
small  iterative  steps.  If  this  is  accomplished  manually,  the  operation  may 
also  be  very  time  consuming.  It  is  important  that  each  setting  have  a  high 
degree  of  repeatability,  i.e.,  that  the  Mach  number  may  be  accurately  pre¬ 
dicted  for  each  setting..  Remote  control  mechanisms  which  set  the  profile  to 
within  ±0.001  in.  are  described  by  Leavy  in  Ref.  174.  In  a  completely  flex¬ 
ible  nozzle  the  whole  contour  from  inlet  to  test  section  is  variable.  The  more 
commonly  used  semi -flexible  nozzle  may  have  either  a  fixed  throat  block  or  a 
fixed  test  section  and  usually  has  both.  Tne  blocks  are  connected  by  means  of 
flexible  plates.  Since  the  thermal  and  elastic  stresses  are  most  severe  in  the 
throat  region,  many  of  the  problems  of  the  flexible  nozzle  are  minimized  by 
the  use  of  a  solid  throat  block.  Where  the  throat  is  flexible,  it  is  necessary 
to  have  a  large  radius  of  curvature  in  order  to  prevent  overstressing.  This 
implies  a  longer  nozzle  for  the  same  Mach  number  than  one  with  a  sharper 
throat.  Figures  4-4  and  4-5,  taken  from  Ref.  174,  show  sections  of  a  semi- 
flexible  nozzle  and  jack  system  designed  for  Mach  numbers  from  1.6  to  3.5 
in  increments  of  ~0. 2.  The  subsonic  inlet  terminates  in  hinged  plates  which 
are  constrained  by  stiff  springs  to  bear  on  the  fixed-contour  blocks  forming  the 
nozzle  throat.  The  flexible  plates  are  made  of  1/2  in.  thick  steel.  The  jacks 
operate  through  crossheads  and  links  at  eleven  points  on  the  plate. 

« 

The  sequence  of  jack  movements  is  programmed  on  a  coded,  per¬ 
forated  tape  which  is  fed  through  a  standard  Ferranti  tape  reader.  Suitable 
decoder  circuits  are  include..  :!0  that  only  one  station  receives  a  signal  at  a 
time,  and  an  interlock  ensure^  that  the  tape  reader  cannot  continue  unless  the 
preceding  instruction  has  been  carried  out.  By  this  method  damage  to  the 
plates  due  to  overstrain  is  avoided.  The  total  time  to  change  from  one  ex¬ 
treme  Mach  number  to  the  other  is  about  twenty  minutes. 

One  of  the  major  problems  in  the  design  of  the  flexible  wall  is  the 
thickness  of  the  plate.  It  must  be  thin  enough  to  prevent  overstressing  when 
fully  flexed,  and  it  must  be  thick  enough  to  prevent  buckling  or  sagging  be¬ 
tween  the  jacks.  Overstressing  of  the  plates  may  also  result  from  incorrect 
operation  of  the  jacks.  Although  a  thin  plate  is  desirable  for  precise  contours, 
it  requires  a  greater  number  of  jacks  than  a  thicker  plate  and  hence  a  more 
complex  positioning  system. 

A  second  problem  of  the  flexible -walled  nozzle  is  the  mechanical 
complexity  of  the  jack  system  and  its  controls  which  must  be  constructed  so 
as  to  have  a  minimum  of  backlash.  The  pressure  seals  between  the  fixed 
block  and  the  movable  plate  also  present  technical  difficulties.  Although  the 
total  time  to  change  from  one  Mach  number  to  another  is  relatively  short,  the 
time  rate  of  change  of  Mach  number  is  too  slow  for  acceleration  tests.  In¬ 
stallation  costs  may  be  so  high  that  they  outweigh  the  saving  of  time  and  ef¬ 
fort  in  later  use. 


Insofar  as  the  actual  design  of  the  nozzle  contour  is  concerned,  the 
discontinuity  in  curvature  at  the  inflection  point  is  much  more  critical  for  a 
flexible  plate  than  for  a  solid  nozzle  block.  As  has  been  pointed  out,  the  plate 
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will  either  smooth  out  the  discontinuity  and  change  the  flow  pattern  or,  if  the 
shape  is  accurately  maintained  by  a  .lack  at  the  inflection  point,  the  stresses 
will  be  severe.  However,  the  basic  characteristics  method  may  be  modified 
to  ensure  continuous  curvature  of  the  nozzle  surface  (see  Subsec.  4.3.1).  A 
form  of  modification  which  is  particularly  applicable  to  flexible  nozzles  is  given 
by  Riise  in  Ref.  154.  The  method  gives  control  of  the  first  and  second  deriva¬ 
tives  of  the  wail  slope  both  upstream  and  downstream  of  the  inflection  point, 
but  does  so  at  the  expense  of  an  increased  nozzle  length.  Reference  154  gives 
tables  and  graphs  which  facilitate  nozzle  design  and  enable  a  final  check  to  be 
made  between  the  aerodynamic  and  thermoelastic  properties  of  the  designed 
plates.  An  order-of-magnitude  estimate  of  the  quality  of  flow  to  be  expected 
may  be  derived  in  terms  of  the  flow  parameters.  The  procedure  is  intended 
primarily  for  a  completely  .  'exible  nozzle,  but  has  been  modified  for  use  in 
the  design  of  nozzles  which  have  solid  throat  blocks  and  are  based  on  either 
a  constant  nozzle  length  or  a  constant  expansion  angle.  Reference  154  also 
gives  an  example  in  which  the  plate  contour,  the  spacing  of  ^he  jacks,  and  the 
plate  stresses  are  computed  for  a  nozzle  to  give  Mach  numbers  from  1.3  to  4.8. 


4.4.2  Scissors-Type  Nozzles 

The  Mach  number  may  also  be  varied  by  the  relative  movement  of 
two  solid  nozzle  blocks.  Careful  design  ensures  flow  of  reasonable  uniformity 
for  a  limited  range  of  Mach  numbers,  but  it  is  naturally  not  of  as  good  quality 
as  the  flow  in  a  nozzle  designed  for  a  unique  Mach  number.  A  nozzle  having 
a  10  x  14  in.  geometric  test  section  and  designed  to  operate  at  Mach  numbers 
from  2.7  to  6.3  is  described  briefly  by  Eggers  and  Nothwang  (Ref.  151).  The 
tunnel  is  two-dimensional  and  the  nozzle  blocks  are  continuous,  rigid,  built- 
up  steel  structures  which  include  the  inlet,  the  effusor,  and  the  diffuser  sec¬ 
tions.  Mach  number  variation  is  effected  by  two  jacks  only:  one  at  the  sonic 
throat  and  one  at  the  diffuser  throat.  The  jacks  at  the  first,  or  sonic,  throat 
are  connected  through  a  chain  drive  to  a  common  motor  so  that  the  symmetry 
of  the  throat  is  maintained  at  all  times.  The  jacks  at  the  second,  or  diffuser, 
throat  are  similarly  connected  to  another  common  motor.  A  sketch  of  the  noz¬ 
zle  assembly  is  shown  below. 
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This  arrangement  allows  efficient  use  of  available  power,  since  the 
supersonic  flow  may  be  established  at  the  lowest  supersonic  Mach  number  and 
the  nozzle  then  adjusted  to  give  the  required  Mach  number.  At  the  same  time 
the  second  throat  may  be  adjusted  to  give  the  most  efficient  diffusion.  Since 
Mach  number  adjustment  is  obtained  by  the  operation  of  a  single  control,  it  is 
possible  to  make  tests  under  conditions  of  acceleration. 

Pressure  surveys  reported  in  Ref.  151  show  that  the  flow  is  suf¬ 
ficiently  uniform  for  general  test  purposes  within  a  region  about  10  inches  in 
length  and  4  x  4  inches  in  cross-sectional  area.  Thus  the  usable  test  section 
is  about  11%  of  the  geometric  one,  giving  a  rough  estimate  of  the  penalty  in¬ 
curred  by  using  a  surface  not  accurately  designed  for  a  specific  Mach  number. 
The  Mach  number  variation  along  the  tunnel  centerline  is  within  ±1%  of  the 
design  value  at  the  lowest  Mach  number  and  within  ±0.5%  at  intermediate  Mach 
numbers,  and  has  a  maximum  variation  of  ±2%  at  the  highest  test-section  Mach 
number.  The  variation  in  flow  direction  along  the  tunnel  centerline  is  less 
than  ±0.2  deg  at  all  Mach  numbers. 

The  major  problem  in  a  tunnel  of  this  type  is  the  seal  between  the 
movable  blocks  and  the  stationary  walls.  In  the  above  case  the  seals  were  of 
rectangular  rubber  tubing  inflated  to  100  psig.  Since  neither  the  blocks  nor 
the  walls  may  be  made  perfectly  planar,  bearing  pads  of  bronze  are  attached 
to  the  nozzle  blocks  as  shown  >v  the  sketch  on  the  previous  page. 

4.4.3  Asymmetric  Sliding-Block  Nozzles 

By  means  of  asymmetric  sliding  blocks  it  is  possible  to  produce  a 
variable  Mach  number  flow  of  reasonably  good  uniformity  without  the  use  of 
flexible  walls.  Such  a  nozzle  is  shown  in  the  sketch  below. 


In  this  case  the  lower  wall  is  translated  parallel  to  the  direction  of  the  free 
stream  in  the  test  section.  As  the  block  slides,  the  throat  area  changes  while 
the  test-section  area  remains  constant  and  hence  the  Mach  number  varies. 
Aerodynamically  the  problem  reduces  to  contouring  the  walls  in  such  a  way  as 
to  produce  reasonably  uniform  flow  for  all  positions  of  the  lower  wall.  Three 
methods  of  doing  this  will  be  discussed  in  this  subsection. 
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The  structural  and  mechanical  advantages  of  such  a  nozzle  are  readily 
apparent.  It  avoids  the  possibilities  of  overstress  and  deformation  which  may 
occur  with  flexible  nozzles.  It  also  has  the  advantage  that  the  Mach  number 
may  be  varied  during  a  run.  This  fact  also  permits  a  lower  starting  compi*es- 
sion  ratio  since  the  tunnel  can  be  started  at  the  low  Mach  number  position  and 
the  sliding  block  later  moved  to  give  a  higher  Mach  number.  This  v.;  •'ration 
also  reduces  the  starting  shock  loads  on  models  and  model  supports. 

The  major  disadvantage  of  such  a  nozzle  is  that  it  is  about  twice  as 
long  as  a  fixed  nozzle  of  the  same  exit  Mach  number,  since  all  expansion  waves 
originate  on  one  wall  and  all  cancellation  is  accomplished  on  the  other  wall. 
This  increased  length,  coupled  with  the  large  radius  of  curvature  of  the  lower 
wall,  causes  a  relatively  thick  boundary  layer  which  has  a  tendency  to  separate. 

Syvertson  and  Savin  (Ref.  153)  developed  two  methods  for  designing 
asymmetric  supersonic  nozzles  for  which  the  calculated  exit  flows  are  uniform 
over  a  wide  range  of  Mach  numbers.  One  method  applies  at  Mach  numbers 
less  than  about  3,  and  the  other  at  Mach  numbers  greater  than  3. 

In  the  first  case,  the  method  is  noniterative  and  comparatively  sim¬ 
ple.  The  first  step  is  to  construct  a  contour  for  a  Mach  number  slightly  higher 
than  the  lowest  design  Mach  number.  These  calculations  are  based  on  a  curved 
and  sloping  sonic  line  as  shown  in  the  sketch  below.  Starting  from  the  sonic 
line  AB,  using  the  equations  of  Subsec.  4.1,  the  flow  field  is  determined  along 
AC,  from  which  line  a  characteristics  net  is  constructed.  Constant  curvature 


F 


is  maintained  in  the  upper  wall  until  Prandtl-Meyer  flow  is  obtau.ed  at  D,  and 
in  the  lower  wall  to  the  point  E.  It  is  then  gradually  decreased  to  zero  at  G 
where  the  design  Mach  number  is  reached. 

The  second  major  step  is  to  calculate  the  flow  field  that  will  exist 
with  the  contours  of  step  1  when  the  sliding  block  is  translated  to  give  a  test 
section  Mach  number  slightly  less  than  the  maximum  design  Mach  number. 

The  third  step  is  to  determine  contours  in  the  region  bounded  by 
the  sonic  lines  at  the  high  and  low  Mach  number  positions.  These  contours 
must  produce  a  flow  field  to  match  the  high  Mach  number  field  starting  from 
AC.  In  the  low  Mach  number  nozzle  this  region  upstream  of  AB  forms  the 
subsonic  inlet  and  therefore,  except  at  the  minimum  section,  the  contour  is 
not  critical  (see  Subsec.  4.2). 
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These  three  steps,  which  are  worked  out  in  detail  in  Ref.  153,  will 
produce  uniform  flow  at  the  two  limiting  Mach  numbers.  It  has  been  found  by 
actual  tests  that  the  flow  also  has  a  high  degree  of  uniformity  at  intermediate 
Mach  numbers  and  at  Mach  numbers  slightly  above  the  high  and  slightly  below 
the  low  design  points. 

Experience  gained  by  designing  and  testing  many  nozzles  by  the  above 
procedures  has  shown  that  it  is  desirable  to  have  the  throat  move  continuously 
upstream  along  both  walls  as  the  exit  Mach  number  is  increased.  This  con¬ 
dition  is  satisfied  when  the  wall  contours  in  this  region  have  a  finite  radius  of 
curvature  everywhere  and  no  inflection  points.  It  is  furthermore  required  that 
the  local  radius  of  curvature  of  the  lower  wall  shall  always  be  sufficiently  less 
than  that  of  the  upper  wall  to  ensure  a  unique  throat  (minimum  section)  for  each 
position. 


Practical  difficulties  limit  the  use  of  this  procedure  to  Mach  num¬ 
bers  below  3.  An  averaging  procedure  is  given  in  Ref.  153  for  the  design  of 
high  Mach  number  asymmetric  nozzles.  The  part  of  the  contour  determined 
by  the  characteristics  net  is  computed  for  the  highest  Mach  number.  The 
lower  block  is  then  moved  to  give  the  required  throat  area  for  the  lowest  Mach 
number,  and  using  the  contour  already  computed,  the  characteristics  net  for 
the  lowest  Mach  number  is  obtained.  Corrections  are  made  to  the  contour  of 
the  flow -straightening  section  in  order  to  give  uniform  exit  flow.  This  process 
is  repeated  for  two  intermediate  Mach  numbers,  and  finally  a  mean  contour  is 
selected  from  the  four  that  have  been  constructed.  Although  the  resulting  de¬ 
sign  does  not  give  a  high  degree  of  uniformity  over  the  entire  Mach  number 
range,  experience  has  shown  that  flow  deviations  of  as  little  as  a  quarter  of 
a  degree  may  be  obtained  by  this  method. 

The  two  methods  just  outlined  use  a  curved  contour  at  the  throat  and 
a  curved  sonic  line.  In  contrast  to  this,  Burbank  and  Byrne  (Ref.  133)  give 
details  of  a  design  procedure  based  on  a  throat  of  zero  curvature  and  the  as¬ 
sociated  straight  sonic  line  perpendicular  to  the  throat  walls.  The  stationary 
upper  block  (see  the  sketch  below)  accordingly  had  a  straight  section  along 
which  the  sonic  line  moved  as  the  lower  block  was  translated  in  the  flow  di¬ 
rection.  A  unique  throat  was  thus  created  at  each  Mach  number  setting. 
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The  method  of  characteristics  was  used  in  the  design  of  the  contours  which 
had  the  following  features:  the  first  derivative  of  the  contour  was  smooth  and 
continuous;  there  were  no  inflection  points  and  no  compression  waves.  Ref¬ 
erence  133  not  only  gives  full  details  of  the  design  procedure,  but  includes  the 
coordinates  for  a  pair  of  nozzle  blocks  for  the  design  Mach  number  range  1.25 
to  2.8.  Through  this  Mach  number  range  the  longitudinal  translation  of  the 
lower  block  was  equal  to  slightly  over  twice  the  test-section  height.  Calibra¬ 
tion  tests  gave  the  Mach  number  range  as  1.27  to  2.75.  At  M  =  2.75  the  noz¬ 
zle  length  was  about  five  times  the  test-section  height.  In  calibration  tests 
the  flow  direction  was  shown  to  be  accurate  to  ±0.10  deg  and  the  Mach  number 
to  ±0.01. 

« 

4.4.4  The  Tilting- Plate  Nozzle  Adapter 

Fixed  Mach  number  nozzle  blocks  may  be  adapted  for  variable  Mach 
number  flow  by  means  of  a  tilted  plate  at  the  test- section  entrance.  Such  an 
adapter  is  described  by  Drougge  (Ref.  175)  and  is  shown  in  the  sketch  below. 


The  plate  has  a  sharp  leading  edge  and  spans  the  tunnel.  As  long  as  the  shock 
is  attached,  the  area  between  the  shock  and  the  plate  will  constitute  a  test 
region  of  uniform  flow.  The  extent  to  which  the  velocity  may  be  varied  is 
strongly  dependent  upon  the  original  Mach  number.  Continuous  adjustment  of 
the  plate  angle  allows  the  Mach  number  to  be  varied  during  a  run  and  may, 
under  some  circumstances,  achieve  "acceleration’’  conditions.  To  prevent  chok¬ 
ing,  it  is  necessary  to  relieve  the  test  section  in  the  region  of  the  plate  leading 
edge  and  also  where  the  leading  edge  of  the  shock  will  strike. 

4.4.5  Plug-Type  Nozzles 

Silverstein,  of  the  Flight  Propulsion  Research  Laboratory  of  NASA, 
in  an  effort  to  avoid  some  of  the  disadvantages  of  the  flexible -wailed  nozzle,  pro¬ 
posed  what  is  now  known  as  the  plug  nozzle.  This  nozzle  consists  of  a  fixed- 
contour  supersonic  nozzle  with  a  symmetrical  body,  or  plug,  mounted  in  the 
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throat.  The  plug  may  be  either  two-dimensional,  or  in  the  case  of  an  axi- 
symmetric  tunnel,  a  body  of  revolution.  Its  shape  may  be  calculated  by  the 
method  of  characteristics  but  is  more  often  determined  experimentally.  A 
typical  shape  is  shown  in  the  sketch  below. 


The  Mach  number  may  be  varied  through  a  considerable  range  by  moving  the 
plug  and  thus  changing  the  effective  throat  area.  The  above  sketch  shows  the 
plug  in  position  to  yield  the  minimum  throat  area,  i.e.,  the  maximum  Mach 
number.  Provided  that  the  shape  has  been  carefully  chosen  the  test  section 
may  be  free  of  adverse  pressure  gradients.  The  use  of  such  a  configuration 
is  quite  limited  because  of  disturbances  which  traverse  the  test  section.  These 
disturbances  consist  mainly  of  a  viscous  wake  from  the  plug  and  of  shock  waves 
emanating  from  its  tip. 

Two  methods  of  obviating  the  wake  have  been  tried.  The  first  was 
to  cut  boundary-layer  suction  slots  in  the  tail  of  the  plug.  The  suction  de¬ 
creased  but  d-.d  not  remove  the  wake.  The  second  corrective  method  was  to 
split  the  plug  in  two  similar  parts  and  apply  them  to  the  parallel  walls  in  the 
throat  region.  Such  bosses  are  often  known  as  Menard  inserts.  In  Ref.  150, 
Amick,  Harrington,  and  Liepman  describe  tests  of  Menard  inserts  in  fixed 
Mach  number  nozzles  for  M  from  1.5  to  3.0.  The  inserts  were  designed  by 
means  of  modified  area-ratio  considerations,  since  the  contours  are  neither 
strictly  two-dimensional  nor  axisymmetric,  and  therefore  are  not  easily  amen¬ 
able  to  analytical  treatment.  Reference  150  concludes  that  at  low  Mach  num¬ 
bers  the  Menard  inserts  are  effective,  and  that  their  shape  is  not  critical.  At 
a  test  Mach  number  of  1. 5  the  inserts  increased  the  Mach  number  by  10%  with¬ 
out  appreciable  loss  in  uniformity.  At  Mach  numbers  above  2  the  design  of  the 
insert  is  more  critical  and  must  be  achieved  trial-and-error  methods.  The 
possible  increase  in  Mach  number  is  less  than  10%,  and  flow  deterioration  in 
tests  at  M  =  2  was  more  pronounced  than  it  was  at  M  =  1.5. 
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4.4.6  Slotted  Nozzles 

Slotted  nozzles  are  used  to  give  rapid  variation  of  the  Mach  number 
in  the  l>w  supersonic  and  transonic  regimes.  The  Mach  number  variation  is 
produce!  by  bleeding  by-pass  air  from  the  stagnation  chamber  to  a  plenum 
chamber  surrounding  the  test  section.  A  tunnel  using  such  a  nozzle  is  described 
by  Little  and  Cubbage  (Ref.  176).  The  by-pass  ducts  contain  quick-opening 
valves  and  flow-metering  orifices.  The  rate  of  Mach  number  change  is  de¬ 
pendent  primarily  upon  the  rate  of  opening  or  closing  the  valves  that  control 
the  bleed  flow.  For  a  2%  bleed  flow  the  Mach  number  was  reduced  5%  in 
1/8  sec,  and  with  a  10%  bleed  the  reduction  was  30%  in  1/4  sec.  Increases 
in  test-section  Mach  number  accompanied  a  diminishing  bleed  flow. 

The  bleed  air  is  allowed  to  flow  in  longitudinal  slots  in  one  pair  of 
nozzle  walls,  the  other  pair  of  walls  being  solid.  One  design  of  a  slotted  wall 
is  shown  in  the  sketch  below. 


Although  the  geometry  of  the  slot  depends  on  many  factors,  certain  basic  guide¬ 
lines  have  been  set  down  in  Ref.  176.  It  is  suggested  that  the  slot  length  should 
be  twice  the  test-section  height  and  the  slot  width  such  as  to  make  the  open 
area  about  1/14  to  1/7  of  the  total  area  of  the  test-section  walls.  One  of  the 
most  critical  regions  in  the  nozzle  design  is  the  diffuser  entrance  where  the 
slot  flow  merges  with  the  main  flow.  When  the  test- section  length  is  increased 
at  the  expense  of  the  slot  flow  re-entry  length,  the  pressure  losses  are  in¬ 
creased.  Various  forms  of  boattailed  wall  plates  were  tested  by  Little  and 
Cubbage  in  terms  of  the  efficiency  of  the  total  pressure  recovery.  They  con¬ 
cluded  that  the  total  pressure  losses  in  the  re-entry  region  were  lowest  when 
the  wall  plates  ended  abruptly  rather  than  when  they  were  boattailed.  Flaps 
(see  sketch  above)  of  various  shapes  were  also  tried.  The  flap  is  hinged  at 
the  downstream  end  and,  when  deflected,  changes  the  channel  cross-sectional 
area.  Both  the  flow  diffusion  and  the  test- section  Mach  number  distribution 
were  found  to  be  optimum  when  the  flaps  were  deflected  so  that  their  upper 
surface  was  parallel  to  the  tunnel  centerline. 


Wind-Tunnel  Nozzles 


4.5 


4.5  Hypersonic  Nozzle  Design 

Although  nozzles  to  produce  hypersonic  flow  may  be  designed  by  most 
of  the  methods  outlined  in  Subsecs.  4.3  and  4  4,  simpler  designs  are  very  often 
used.  Not  only  does  the  characteristics  method  become  unduly  tedious  as  the 
characteristics  net  is  elongated,  but  the  error  in  graphical  methods  becomes 
relatively  greater.  In  addition  to  the  difficulties  of  obtaining  a  potential-flow 
contour,  there  is  also  the  problem  of  correcting  the  contour  to  account  for 
boundary-layer  thickness  (see  Subsecs.  2.4  and  4.8).  The  large  temperature 
difference  between  the  flow  in  the  throat  and  that  in  a  high  Mach  number  test 
section  not  only  involves  real-gas  effects  but  also  gives  rise  to  large  varia¬ 
tion  in  heat-transfer  rates  along  the  nozzle .  For  these  reasons,  the  design  of 
hypersonic  nozzles  either  has  been  very  much  simplified  or  has  included  vis¬ 
cous  corrections  step  by  step  as  the  contour  is  defined.  Real-gas  effects  are 
usually  concentrated  in  the  throat  region  and  may  be  taken  into  account  by  an 
adjusted  source  flow.  The  simple  nozzles  lend  themselves  easily  to  the  study 
of  flow  problems  such  as  heat  transfer  mid  real-gas  effects.  Where  models 
are  to  be  tested  to  obtain  force  or  pressure  data,  a  conventional  nozzle  is  re¬ 
quired  to  produce  the  uniform  flow  over  the  model.  Examples  of  both  types 
of  nozzles  will  be  given. 

A  simple  two-dimensional  wedge  nozzle  with  a  rounded  throat  is  de¬ 
scribed  in  Ref.  152.  This  nozzle  produces  a  shock-free,  almost  isentropic 
expansion  having  a  test-section  Mach  number  distribution  comparable  to  that 
obtained  by  conventional  nozzles  at  lower  Mach  numbers.  The  use  of  small 
wedge  angles  inhibits  the  separation  which  is  often  a  problem  in  conventional 
nozzles  requiring  a  high  turning  angle  to  give  the  necessarily  large  area  ratio 
within  a  reasonably  short  nozzle  length.  The  Mach  number  variation  is  ef¬ 
fected  by  rotating  the  blocks  about  the  center  of  the  small  circular-arc  throat 
contour.  Although  the  test-section  flow  is  not  parallel  and  uniform,  it  so 
closely  approximates  source  flow  that  it  is  easily  amenable  to  theoretical  anal¬ 
ysis.  The  cooling  of  the  nozzle  is  discussed  in  Subsec.  4.6. 

The  design  of  a  throat  of  large  radius  of  curvature  and  small  ex¬ 
pansion  angle  is  described  in  Ref.  136.  A  sketch  of  the  throat  is  given  below. 
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The  flow  along  the  expanding  section  was  investigated  experimentally  and  found 
to  correspond  very  closely  to  radial  flow  and  to  be  free  of  any  sidewall  waves 
emanating  from  the  ..hroat.  The  exit  Mach  number  was  about  5.5.  The  satis¬ 
factory  throat  shape  having  been  confirmed,  an  exit  section  for  the  nozzle  was 
designed  by  the  method  of  characteristics  to  give  a  test-section  Mach  number 
of  8.  ‘ 

A  small  conical  nozzle  which  proved  to  be  a  useful  research  tool  is 
described  by  Hill,  et  al  (Ref.  159).  The  test  section  Mach  number  is  10  with 
nitrogen  as  the  working  fluid  and  16  with  helium.  A  sketch  of  the  nozzle  as¬ 
sembly  is  given  below. 


Section 

The  conical  nozzle  has  the  following  advantages: 

1.  The  relatively  small  expansion  angle  provides  an  essentially  con¬ 
stant  Mach  number  at  every  cross  section. 

2.  Its  comparatively  short  length  minimizes  viscous  and  heat-transfer 
effects.  The  boundary  layer  grows  uniformly  resulting  in  a  sym¬ 
metrical  flow  pattern. 

3.  The  solid  block  that  constitutes  the  throat  provides  an  excellent  heat 
sink  and  minimizes  geometric  changes  in  the  throat  due  to  expansion. 

4.  The  nozzle  may  use  any  convenient  streaming  gas,  e.g. ,  air,  He, 
N,  or  COa  since  the  contour  is  not  dependent  on  the  value  of  y.- 

5.  The  construction  is  simple,  quick  and  inexpensive. 

The  nozzle  has  the  following  disadvantages: 

1.  The  circular  cross  section  not  only  restricts  window  size  but  com¬ 
plicates  the  interpretation  of  optical  measurements. 

2.  If  a  constant-area  test  section  is  added  (as  in  the  sketch),  shocks 
arise  at  the  junction  of  cylinder  and  cone,  thus  restricting  the  usable 
test  area. 

Since  the  current  trend  is  toward  higher  Mach  number  testing,  much 
effort  has  been  put  into  the  design  of  hypersonic  nozzles  producing  flow  whose 
properties  are  at  least  as  predictable  as  those  in  the  supersonic  regime. 

Erickson  and  Creekmore  in  Ref.  185  present  extensive  charts  of  the 
thermodynamic  properties  of  air  and  show  how  they  may  be  employed  to  design 


Wind-Tunnel  Nozzles 


4.6 


a  hypersonic  nozzle.  Ideal  and  real-gas  axisymmetric  contours  are  calculated 
for  a  Mach  number  12  nozzle  operating  at  a  stagnation  pressure  of  300  atm 
and  a  stagnation  temperature  of  2790°R.  The  cross  section  of  the  real-gas 
contour  is  less  in  the  throat  region  than  that  of  the  ideal  gas  but  is  larger  than 
the  ideal  beyond  the  inflection  point.  The  maximum  deviation  occurs  in  the 
test  section  where  the  real-gas  contour  is  10%  greater  than  the  ideal  contour. 
No  correction  is  made  to  account  for  the  boundary  layer. 

A  method  similar  to  that  above  is  used  by  Johnson  (Ref.  177)  to  de¬ 
sign  a  nozzle  for  a  Mach  number  of  .17  with  nitrogen  as  the  working  fluid.  It 
is  noted  that  in  this  case  the  radius  of  the  axisymmetric  nozzle  exit  must  be 
increased  by  9%  to  account  for  real-gas  effects.  The  complete  computer  pro¬ 
gram  (in  Fortran  language)  is  presented  in  this  reference  together  with  a  modi¬ 
fication  by  which  the  method  may  be  applied  to  gases  other  than  nitrogen. 

The  hypersonic  nozzles  currently  in  use  in  the  NOL  facility  were 
designed  by  a  method  which  incorporates  three  well-known  procedures.  The 
Friedrichs  method  is  used  for- the  throat  region,  a  lattice-point  characteristics 
network  *or  the  intermediate  section,  and  the  straightening  region  is  based  on 
sample  wave  theory.  The  contour  is  specified  by  a  Mach  number  distribution 
along  the  nozzle  centerline  and  by  the  dimensions  of  the  nozzle  exit.  The 
method,  which  is  suitable  for  fixed-block,  semi-flexible,  or  flexible  nozzles, 
is  easily  adapted  for  high-speed  computers.  This  procedure  is  fully  documented 
by  Squires,  Roberts  and  Fisher  (Ref.  160)  arid  was  adapted  to  axisymmetric 
nozzle  design  by  Thickstun,  Schroth  and  Lee  (Ref.  161).  This  latter  reference 
gives  a  description  of  the  nozzle  construction  as  well  as  all  the  necessary  equa¬ 
tions  for  its  design.  A  nozzle  designed  by  this  method  produced  satisfactory 
flow  characteristics  and  achieved  the  design  Mach  number  of  8  within  1.3%. 
Pressure  measurements  indicated  that  disturbances  do  indeed  focus  on  the  cen¬ 
terline  as  one  would  anticipate.  The  disturbances  in  this  case  were  traced  to 
their  source  and  eliminated.  Boundary -layer  corrections  were  included  in  the 
design  (see  Subsecs.  2.4  and  4,8). 

The  above  method  of  nozzle  design  has  been  further  amended  by 
Enkenhus  and  Maher  (Ref.  162)  to  take  into  account  the  properties  of  high- 
temperature  gases.  The  gas  is  assumed  to  expand  isentropically  and  to  re¬ 
main  in  thermodynamic  equilibrium.  Turbulent  boundary-layer  growth  and  con¬ 
vective  heat-transfer  rates  are  found  from  numerical  integration  of  the  Von 
Karman  momentum  integral  equation.  The  design  method  has  been  coded  on 
an  IBM  704  computer  and  has  been  used  to  investigate  the  performance  char¬ 
acteristics  of  a  family  of  nozzles  having  exit  Mach  numbers  from  11  to  19  for 
supDly  pressures  from  50  to  500  atmospheres  and  supply  temperatures  up  to 
7500°K. 

4.6  Nozzle  Cooling 

The  heat-transfer  rate  at  the  nozzle  throat  becomes  extremely  high 
in  hypersonic  tunnels  where  elevated  stagnation  temperatures  are  required  either 
to  simulate  atmospheric  Reynolds  numbers  or  to  obviate  condensation  of  the 
working  fluid.  Many  methods  of  alleviating  the  heating  problem  and  the  con¬ 
figuration  changes  associated  with  it  have  been  suggested.  The  most  attrac¬ 
tive  seems  to  be  that  of  transpiration  cooling.  The  porous  surface  through 
which  transpiration  occurs  provides  an  effectively  large  wetted  area  for  heat 
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transfer.  Furthermore,  the  characteristics  of  the  boundary  layer  are  radi¬ 
cally  changed  by  the  coolant,  significantly  reducing  both  the  skin  friction  and 
the  heat  transfer. 

Bernicker  (Ref.  178)  describes  an  experimental  investigation  in  which 
both  helium  and  air  were  injected  into  the  boundary  layer  through  a  porous 
strip  located  in  the  subsonic  region  of  a  two-dimensional  nozzle.  Such  a  tech¬ 
nique  gives  the  maximum  cooling  effect  in  the  throat  where  the  heat-transfer 
rate  is  highest,  and  also  inserts  the  porous  strip  where  it  is  least  likely  to 
present  any  structural  problem.  Test  results  indicate  an  appreciable  reduc¬ 
tion  in  the  equilibrium  temperature  compared  with  the  zero-injection  case.  The 
effect  of  helium  injection  not  only  is  substantially  greater  than  that  of  air  for 
a  given  coolant  weight  flow,  but  also  persists  for  a  greater  distance.  The 
cooling  effect  of  helium  even  at  moderate  injection  rates  is  felt  downstream 
for  a  distance  of  about  twenty  times  the  width  of  the  porous  strip.  With  air 
at  the  same  rate  of  flow,  the  cooling  effect  reaches  about  twelve  times  the 
strip  width. 


The  results  for  two  positions  of  the-  strip  have  been  correlated  in 
terms  of  a  wall  cooling  parameter,  6,  and  an  injection  parameter,  F.  It  is 
shown  in  Ref.  178  that  for  constant  F, 
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adiabatic  wall  temperature,  zero  injection 

distance  along  the  nozzle  measured  from  the  upstream  edge  of  the 
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The  values  of  6*  in  terms  of  F,  calculated  from  Eq.  4-12,  are 
given  in  Fig.  4-6  together  with  some  of  the  test  data.  The  experimental  data 
lie  within  ±15%  of  the  calculated  values. 

Water  cooling  of  a  small  wedge  nozzle  at  hypersonic  Mach  numbers 
is  described  in  Ref.  152.  The  water  flows  in  transverse  tubes  as  shown  in 
the  sketch  below.  The  flow  in  each  tube  may  be  separately  controlled  in  order 
to  provjie  a  means  of  assessing  the  heat-transfer  characteristics  along  the 
wall.  The  nozzle  itself  is  discussed  in  Subsec.  4.5. 


Pasqua  (Ref.  179)  made  analytical  studies  of  the  problems  associated 
with  the  expansion  of  plasma  with  extremely  high  temperature  and  pressure 
through  the  subsonic  section  and  throat  of  a  hypersonic  wind  tunnel.  Graphs 
are  given  from  which  the  heat  flux  to  the  nozzle  wall  may  be  read  in  terms  of 
the  stagnation  pressure  and  temperature  in  the  presence  of  either  laminar  or 
turbulent  boundary  layer.  It  is  shown  that  a  laminar  boundary  layer  effectively 
insulates  the  wall  from  the  hot  plasma  whereas  the  turbulent  boundary  layer 
promotes  extreme  rates  of  heat  transfer.  The  thermal  radiation  is  shown  to 
be  a  major  contributor  to  the  heat  flux  in  the  assumed  spherical  plenum  region 
and  hence  it  is  advisable  to  maintain  the  effective  radius  of  this  section  as 
small  as  other  considerations  will  allow.  The  analysis  also  shows  that  trans¬ 
piration  cooling  is  capable  of  handling  all  convective  and  radiative  heat  loads 
but  may  present  the  practical  problems  of  coolant  pumping  and  cooiant  com¬ 
patibility  with  the  plasma  stream.  A  combination  of  film  cooling  on  the  inner 
surface  and  conductive  cooling  behind  the  walls  could  also  be  used  satisfac¬ 
tory,  according  to  the  calculations. 

4.7  Nozzle  Calibration 

The  two  basic  requirements  for  a  good  nozzle  are  that  it  shall  have 
a  uniform  Mach  number  distribution  over  the  test  region  and  that  the  flow  shall 
be  both  shock-free  and  parallel  to  the  tunnel  axis. 

The  Mach  number  is  usually  determined  by  extensive  pressure  sur¬ 
veys,  static  pressure  measurements  being  taken  in  both  horizontal  and  vertical 
planes  over  the  test  rhombus  and  on  the  contoured  walls  of  the  nozzle  and  test 
section.  Pitot-static  measurements  are  also  made.  The  Mach  number  is  taken 
from  the  flow  tables.  The  Mach  number,  and  to  some  extent  the  flow  inclina¬ 
tion,  may  also  be  checked  by  means  of  calibrated  cones  with  pressure  taps. 
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The  flow  quality  is  best  determined  by  optical  methods.  Weak  shocks 
may  often  be  traced  to  their  sources,  especially  in  the  case  of  two-dimensional 
nozzles,  and  the  roughness  or  irregularity  which  is  the  cause  can  then  be  re¬ 
moved.  Very  fine  lines  scribed  on  the  contour  perpendicular  to  the  flow  di¬ 
rection  cause  Mach  shocks  from  which  the  flow  alignment,  as  well  as  the  Mach 
number,  may  be  checked.  The  Mach  number  is  also  determined  from  schlieren 
or  shadow  photographs  of  wedges  and  cones  with  their  attached  bow  shocks. 
Measurement  techniques,  associated  equipment,  and  data  reduction  are  treated 
fully  in  Section  20  of  the  Handbook  (Ref.  13). 


4.8  Boundary -Layer  Correction  of  Nozzle  Contours 

The  boundary-layer  corrections  discussed  fully  in  Subsec.  2.4  may 
also  be  applied  to  contoured  nozzles.  In  two-dimensional  nozzles,  corrections 
.  ,•  y’ied  step-by-step  along  the  contoured  walls.  Plane  side  walls  are  often 
small  angle  to  allow  for  the  calculated  displacement  thickness  of  the 
layer  in  the  test  section.  When  optical  flow -measuring  techniques 
.i.  •  employed,  it  is  better  to  leave  the  side  walls  parallel.  In  this  case  either 
me  correction  for  the  side  walls  is  neglected  or  it  is  combined  with  that  for 
the  contoured  walls.  The  "corner-effect”  in  two-  dimensional  nozzles  is  custom¬ 
arily  neglected  in  boundary-layer  corrections;  Ruptash  (Ref.  180)  has  shown  that 
the  radius  of  the  corner  fillet  is  of  the  order  of  the  boundary-layer  thickness. 

In  many  cases  it  Is  assumed  that  the  boundary  layer  has  zero  thick¬ 
ness  at  the  throat.  Tucker  (Ref.  100)  uses  the  source  of  the  radial  flow  that 
most  closely  represents  the  flow  through  the  throat  as  the  zero  point  of  bound¬ 
ary-layer  development. 

Most  boundary-layer  corrections  are  based  on  6*,  the  displacement 
thickness  (see  Eqs.  2-1  ;*•?  and  2-174).  This  is  considered  the  most  suitable 
criterion,  since  it  satisfies  the  requirement  of  mass-flow  continuity  and  gives 
the  required  Mach  number.  A  second  criterion  for  nozzle  flows,  pointed  out 
by  Tucker,  is  that  the  test  section  should  be  free  of  expansion  waves  and  shock 
waves.  To  satisfy  this  condition  the  contour  correction  logically  should  be 
based  on  the  interaction  of  the  Mach  waves  and  the  boundary  la; :  r.  A  sim¬ 
plified  sketch  of  the  interactions  is  shown  below. 
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It  may  be  seen  from  the  sketch  that  X/6  at  any  point  is  given  by 


A/6  =  1 


1  -  XB 
6  VMS  -  1 


(4-13) 


When  changes  in  the  slope  of  the  M?c<  '  les  due  to  penetration  of  the  boundary 
layer  are  neglected,  a  reflection  thickness,  A,  may  be  defined  as  the  displace¬ 
ment  of  the  reflection  point  from  the  surface,  or  as  the  distance  from  the  "ef¬ 
fective"  reflection  point  to  the  surface.  The  value  of  is  obtained  by  the  in¬ 
tegration  of 


d(y/6)  _ 
dx 


1 

6  Km®  -  i 


(4-14) 


A  comparison  of  X/6  and  6*/f>  for  Mach  numbers  from  1  to  10  and  a  1/7  power 
velocity  profile  is  shown  in  Fig.  4-7  for  the  case  of  zero  heat  transfer. 

The  values  of  X  near  M  =  1  are  of  doubtful  accuracy  since  the  as¬ 
sumption  of  no  change  in  the  sonic  line  due  to  shock  impingement  is  no  longer 
valid  in  this  region. 

Within  the  accuracy  of  the  skin-friction  values  which  enter  into  the 
computation  of  6,  there  is  reasonable  correspondence  between  X  and  6*,  and 
thus  both  requirements  of  the  flow  are  simultaneously  approximated.  At  pres¬ 
ent  there  is  insufficient  knowledge  of  the  behavior  of  the  sku  friction  under 
conditions  of  varying  pressure  gradient  to  allow  any  choice  to  be  made  between 
X  and  6*  as  a  criteric~>  for  the  boundary-layer  correction  of  a  contoured  nozzle. 

The  boundary-layer  thickness  in  a  rocket  nozzle  is  discussed  in  Sub¬ 
sec.  6.2.3.  Much  of  the  information  there  is  also  applicable  to  a  wind-tunnel 
nozzle. 

4.8. 1  Boundary -Layer  Correction  in  Hypersonic  Nozzles 

In  moderate  Mach  number  nozzles,  the  boundary-layer  correction 
(see  Subsec.  2.4)  is  usually  small  compared  with  the  dimensions  of  the  core 
of  potential  flow.  Hypersonic  nozzles  are  generally  designed  on  a  relatively 
small  scale  (due  to  power  requirements)  and  since  the  boundary-layer  thickens 
rapidly  with  increasing  Mach  number  it  may  easily  occupy  a  large  part  of  the 
cross-sectional  area.  Elevated  stagnation  temperatures  are  usually  required 
to  prevent  condensation  in  the  test  section.  The  large  differential  between  the 
high  temperature  in  the  throat  and  the  low  one  in  the  test  section  gives  rise 
to  great  variation  in  the  heat-transfer  rates  between  the  gas  and  the  walls.  It 
becomes  evident  that  the  viscous  effects  may  no  longer  bo  regarded  as  cor¬ 
rections  to  the  potential  flow,  but  must  be  taken  into  account  in  the  basic  flow 
equations. 


The  general  boundary-layer  equations  which  include  the  effects  of 
pressure  gradient  and  heat  transfer  will  be  presented  and  discussed  fully  in 
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Sections  13  and  14  of  the  Handbook.  However,  it  is  the  intent  in  the  current 
section  to  present  sufficient  information  to  enable  the  reader  to  include  bound- 
ary-layer  corrections  to  nozzle  designs. 

The  necessary  equations  for  turbulent  boundary-layer  development 
in  the  presence  of  a  pressure  gradient  but  with  no  heat  transfer  (Ref.  100) 
have  been  given  in  Subsec.  2.4. 

Persh  and  Lee  (Refs.  182  and  183)  have  refined  the  methods  of  cal¬ 
culating  turbulent  boundary  layer  by  including  the  variation  in  skin  friction  due 
to  heat  transfer.  The  effects  of  pressure  gradient  have  not  been  included. 
However,  it  is  felt  that  their  influence  on  the  skin  friction  and  on  the  velocity 
profile  will  be  relatively  small.  Both  the  two-dimensional  and  the  axially- 
symmetric  cases  are  fully  worked  out  by  Persh  and  Lee.  Table  4-4,  taken 
from  Ref.  183,  presents  values  of  b*/6  and  0/6  for  Mach  numbers  from  0  to 
20,  (T  -  T  )/Tto  from  -10  to +10,  and  n  =  5,  7,  9,  and  11.  In  the  foregoing, 

Tw  is  the  actual  wall  temperature,  Tg  is  the  equilibrium  wall  temperature, 

and  n  is  the  velocity  exponent  (see  Eq.  2-166). 

Reference  182  gives  many  graphs  of  boundary -layer  thickness  and 
nozzle  temperature  for  Mach  numbers  of  5  and  8  with  stagnation  pressures  of 
10  and  100  atm,  stagnation  temperatures  of  900  and  1500°F,  coolant  rates  of 
10,  100,  and  1000  gals/min,  and  heat-transfer  rates  from  67  to  1400  BTU/sec. 
The  method  of  these  calculations  assumes  that  the  boundary  layer  is  not  an  ap¬ 
preciable  fraction  of  the  nozzle  diameter  and  hence  the  method  should  be  used 
with  caution  where  such  a  condition  is  violated. 

Van  Driest  (Ref.  184)  gives  turbulent  skin-friction  and  heat-transfer 
coefficients  for  a  flat  plate  as  a  function  of  Reynolds  number  for  M  from  0  to 
10  and  T  /T  from  1.0  to  T./T  at  each  Mach  number.  The  Prandtl  number 

\y  co  f  co 

is  assumed  to  be  unity.  Equations  are  given  from  which  the  boundary -layer 
thickness  may  be  calculated. 

Enkenhus  and  Maher  (Ref.  162)  have  made  boundary-layer  calcula¬ 
tions  which  include  real-gas  effects.  The  factors  taken  in  account  are: 

1 .  The  change  in  the  thermodynamic  and  transport  properties  of  air  at 

high  temperatures. 

2.  The  diffusion  of  atomic  species  which  recombine  and  release  addi¬ 
tional  heat  to  the  wall. 

3.  The  effect  on  skin  friction  and  heat  transfer  of  a  highly  cooled  wall. 

Since  the  formulas  used  are  of  a  semi-empirical  nature,  the  results  must  be 
treated  with  some  reservation  until  they  have  been  experimentally  justified.  In 
particular,  it  is  known  that  the  boundary-layer  thickness  is  very  sensitive  to 
the  skin-friction  law  employed.  IBM  computer  calculations  have  been  made  by 
this  method  for  seven  axially- symmetric  nozzles  for  M  =  11,  15,  and  19  with 
stagnation  temperatures  up  to  6000°K.  The  nozzle  contours  with  associated 
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boundary-layer  thicknesses  are  given  in  tables  and  graphs.  The  boundary-layer 
thickness  near  the  throat  was  found  to  be  almost  independent  of  the  arbitrary 
initial  value  assigned  to  it.  A  typical  value  of  the  thickness  at  the  throat  is 
a  few  thousandths  of  an  inch,  while  at  the  exit  it  has  increased  to  several 
inches.  The  boundary  layer  grows  almost  linearly  with  distance  from  the  throat. 
Test  results  gave  the  following  correlation  for  the  displacement  thickness  at 
the  nozzle  exit: 


6*  (ft)  =  1.45  x  10-8  (T,)a/4  (.e)4/6  (p.)-1/3  (M  )6/s 

6  t  L  6 

=  1.45  X  10-6  a 


where  l  is  the  length  of  the  nozzle  from  throat  to  exit.  The  test  range  of  a 
was  from  2.5  x  lo6  to  10B. 
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Table  4-1 

Design  of  Two-Dimensional  Fixed  Mach  Number  Supersonic  Nozzles 

(Analysis  of  References) 


Source  and 
Range 

Basic  Method 
and  Assumptions 

Information  Included 

Ref.  134 

M:  1.2  to  10 

Semi-graphical  (kernel) 
Straight  sonic  line 

Sharp  throat 

Maximum  expansion  angle 

Calculations  for  M  =  4  nozzle 

Tables  of  design  parameters  for 

M  from  1  to  10 

Ref.  139 

Any  M 

Semi-graphical 

Parabolic  sonic  line 

Curved  throat 

Maximum  expansion  angle 

Emphasis  on  transonic  region 

Theory  only 

Ref.  141 

Aiy  M 

Analytical  (F  -elsch  Eqs. ) 
Curved  throat 

Maximum  expansion  angle 
Radial  flow 

Calculations  for  M  =  2,  3,  4,  and  5 
Graphs,  formulas  and  tables  of 
design  parameters  for  M  from 

1  to  12 

Ref.  142 

Any  M 

Semi-graphical 

Straight  sonic  line 

Sharp  throat 

Maximum  expansion  angle 

Calculations  for  M  =  l .  503 

Tables  of  all  reqr  functions 

Ref.  143 

Ref.  144 

M:  1.5  to  2.5 

Semi-graphical 

Curved  sonic  line 

Curved  throat 

Calculations  for  M  =  1 . 5 

Tables  and  graphs  of  design  param¬ 
eters.  Method  of  boundary-layer 
correction  included 

Ref.  147 

Any  M 

' 

Analytical  (exact) 

Curved  throat 

Radial  flow 

Tables  of  (p  functions 

Coordinates  of  duct  to  convert  radial 
flow  at  M  =  1. 15  to  uniform  axial 
flow  at  M  =  1 . 5 

Ref.  148 

Any  M 

Semi-graph:  .al 

Straight  sonic  line 

Flat  throat 

Flow  tables  for  M  from  1  to  11 
Calculations  for  M  =  1 . 64 
Coordinates  for  M  =  1 . 99,  2. 42, 

2.82,  3.24,  3.62,  and  4.04 

Ref.  160 

Any  M 

/ 

Analytical  (exact) 

Continuous  curvature 

M  distribute  i  along 
centerline 

Nozzles  for  M  =  4  and  M  =  5  have 
proven  satisfactory.  Nozzles  up  to 

M  =  5  fabricated  and  tested. 

Adapted  for  machine  calculation 

Ref.  181 

M:  1.5  to  3.5 

Analytical 

(Friedrichs'  method) 
Straight  sonic  line 

Curved  throat 

Extensive  tables  of  design  param¬ 
eters.  Fabrication  and  calibration 
techniques.  Corrections  for  heat 
transfer  and  viscous  effects 

Table  4-1 
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Table  4-1  (cont) 


Source  and 
Range 

Basic  Method 
and  Assumptions 

Information  Included 

Ref.  187 

Analytical 

Nozzle  surface  expressed  by  two 

M:  1. 5  to  5 

Radial  flow 

equations.  Graphs  of  necessary 

Curved  sonic  line 

parameters.  Example  given  in 

Ref.  188 

Ref.  189 

Graphical 

Example  for  M  =  2  nozzle 

Any  M 

Curved  sonic  line 

Details  of  testing  and  recorrection 

Curved  throat 

for  boundary  layer 

m 
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Table  4-2 


Design  of  Variable  Mach  Number  Nozzles 
(Analysis  of  References) 


Source,  Type 
and  Range 

Basic  Method 
and  Assumptions 

Information  Included 

Ref.  133 

Sliding  Block 

M:  1.27  to  2.75 

Graphical 

No  inflection  point 

Straight  sonic  line 

Flat  throat 

Maximum  expansion  angle 

Tables  of  design  parameters 

Test  results 

Ref.  150 

Menard  Inserts 
M:  1.5  to  3. 0 

Semi-graphical 
Two-dimensional  nozzle 
Curved  throat 

Low  and  high  Mach  number  in¬ 
serts  designed  and  tested 

Ref.  152 

Wedge 

M:  5  to  8 

Analytical 

Sharp  throat 

Source  flow 

Water-cooled.  Tested  at  M  =  7. 6 
and  8.0.  Boundary-layer  and 
heat-transfer  measurements 

Ref.  153 

Sliding  Block 

a)  M  <  3 

b)  M  >3 

Graphical 

Inclined,  curved  sonic  line 
Curved  throat 

Maximum  expansion  angle 

Designed  and  tested  for  M  =  1 . 5 
and  2. 6 

Ref.  154 

Flexible  Plate 
Any  M 

Semi-graphical 

Sample  work  sheets  for  M  from 

1.3  to  4.8.  Tables  and  graphs  of 
design  parameters.  May  be  used 
for  all  flexible  and  semi-flexible 
nozzles 

Ref.  186 

Flexible  Plate 

M:  1.71  to  3.23 

Semi-graphical 

Curved  throat 

Solid  transonic  blocks  rotated  to 
effect  change  in  M.  Flesible  plates 
downstream  of  inflection  point 

Table  4-3 
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Table  4-3 


Design  of  Axisymmetric  Supersonic  Nozzles 
(Analysis  of  References) 


Source  and 

Range 

Basic  Method 
and  Assumptions 

Information  Included 

Ref.  146 

M:  1.6  to  4.0 

Analytical 

Radial  flow 

Graphs  of  all  required  functions 
Basic  theory 

Ref.  155 

M:  1.008  to  8.238 

Analytical- 
Straight  sonic  line 

Both  round  and  sharp 
throats 

Fundamental  equations 

Tables  of  nozzle  coordinates 
and  flow  parameters  (interpolation 
possible) 

Ref.  156 

M  =  2.7203 

Ref.  157 

M  =  3.0413 

Ref.  158 

M  =  3.8532 

Analytical  (based  on  method 
of  Ref.  155) 

Sharp  throat 

Maximum  expansion  angle 

Complete  set  of  coordinates  for 
each  nozzle.  Boundary-layer 
growth  calculated  for  M  =  3.8532 

Ref.  159 

M  =  10 

Truncated  10°  cone 

Curved  throat 

Source  flow 

Experimental  results  at  M  =  10.05 
for  air  and  16. 2  for  helium 

Ref.  161 

M  =  8 

Modification  of  method  of 
Ref.  160  (see  Table  4-1) 

Computer  programmed 

Nozzles  fabricated,  calibrated 
and  tested 

Boundary-layer  corrections 

Ref.  162 

M:  11  to  19 

Analytical 

Curved  throat 

Curved  sonic  line 

Maximum  expanion  angle 

Charts  and  information  for  nozzle 
design.  Real-gas  effects  and 
boundary-layer  corrections 
Temperatures  up  to  7500°K 

Adapted  for  machine  computation 

Ref.  177 

M  =  17 
(Nitrogen) 

Analytical 

Curved  throat 

Curved  sonic  line 

Source  flow 

Maximum  expansion  angle 

Sample  calculations  adaptable  to 
other  gases.  Real-gas  effects  and 
temperatures  up  to  5000°R 

Fortran  program 

Ref.  190 

M:  5  to  27 
y  =  7/5,  6/5, 
and  5/3 

Analytical 

Source  flow  (not  fully 
expanded) 

Partial  cancellation 
Centerline  Mach  number 
distribution 

Coordinates  for  52  different  noz¬ 
zles.  Boundary-layer  corrections 
Computer  flow  chart 
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Table  4-4 


Displacement  Thickness  Ratio  and  Momentum  Thickness  Ratio  as  a 
Function  of  Mach  Number  and  Heat  Transfer  for  n  =  5,  7,  9,  and  11* 


n  =  5 

6*/6,  9/6 


n  -  7 

6*/6  9/6 


n  =  9 

6*/6  9/6 


n  =  11 

6*/6  9/6 


0.5924 

0.7099 

0.7774 

0.8215 

0.8525 

0.8753 

0.8927 


0.0402 
0.0242 
0.0165 
0.0121 
0. 0093 
0.0074 
0. 0060 


0.5304 

0.6552 

0.7304 

0.7810 

0.8173 

0.8443 

0.8651 


0.0366 
0. 0229 
0.0159 
0.0118 
0.0092 
0.0073 
0.0060 


0.4826 

0.6110 

0.6915 

0.7468 

0.7870 

0.8174 

0.8409 


0.0335 

0.0216 

0.0153 

0.0115 

0.0090 

0.0072 

0.0059 


0.4441 

0.5742 

0.6581 

0.7170 

0.7604 

0.7934 

0.8191 


0.6205 

0.7220 

0.7837 

0.8253 

0.8549 

0.8769 


0.0358 
0. 0226 
0.0158 
0.0117 
0.0091 
0.0072 


0.5590  0.0330 
0.6682  0.0215 


0.7375 

0.7853 

0.8201 

0.8462 


0.0153 
0..0115 
0. 0089 
0.0072 


0.5112 
0. 6248 
0.6991 
0.7515 
0.7901 
0.8195 


0.0306 
0.0204 
0. 014b 
0.0112 
0.0088 
0.0071 


0.0310 
0.0205 
0.0147 
0.0112 
0.0087 
0. 0070 
0.0058 


0.4725 

0.5883 

0.6662 

0.7221 

0.7637 

0.7957 


0.0285 
0.0194. 
0.0142 
0.0109 
0. 0086 
0. 0069 


20 

0.8938 

0. 00K9 

0.8664 

0. 0059 

0.8424. 

0. 0058 

0.8208 

0.0057 

:| 

writ- 1 

T  -  T 
w  e 

T 

co 

-6 

4m 

6 

0.4827 

0.0574 

0.4189 

0.0507 

0.3720 

0.0454 

0.3355 

0.0412 

O 

8 

0.6438 

0.0324 

0.5833 

0. 0302 

0.5358 

0. 0282 

0.4971 

0.0264 

10 

0.7328 

0.0213 

0.6801 

0. 0204 

0.6373 

0.0194 

0.6012 

0.0185 

12 

0.7896 

0.0152 

0.7442 

0.0147 

0.7063 

0.0142 

0. 6738 

0.0137 

14 

0.8288 

0.0114 

0.7894 

0.0112 

0.7560 

0.0109 

0.7269 

0.0106 

16 

0.8572 

0. 0088 

0.8227 

0.0088 

6.7931 

0.0086 

0.7669 

0. 0084 

18 

0.8784 

0.0071 

0.8480 

0.0071 

0.8215 

0.0070 

0.7979 

0.0068 

L«, 

20 

0.8948 

0.0058 

0.8677 

0.0058 

0.8438 

0. 0057 

0.8223 

0.0056 

T  -  T 

:iAl 

la 

w  e 

T 

CO 

-4 

6 

0.5334 

0.0484 

0,4683 

0.0438 

0.4195 

0.0398 

0.3812 

0. 0366 

fm 

8 

0.6637 

0. 0297 

0.6042 

0.0278 

0.5573 

0.0261 

0.5187 

0.0246 

10 

0.7426 

0. 0201 

0.6909 

0.0193 

0.6487 

0.0185 

0.6131 

0.0177 

II 

12 

0.7952 

0.0146 

0.7504 

0.0142 

0.7131 

0.0137 

0.6810 

0.0133 

11 

14 

0.8322 

0.0111 

0.7933 

0.0109 

0.7603 

0.0106 

0.7314 

0.0103 

16 

0.8593 

0. 0087 

0.8253 

0.0086 

0.7959 

0.0084 

0.7700 

0.0082 

11 

18 

0.8799 

0.0070 

0.8497 

0. 0969 

0.8235 

0. 0068 

0.8000 

0.0067 

•  /  # 

20 

0.8959 

0.0057 

0.8689 

0. 0057 

0.8452 

0. 0057 

0.8239 

0.0056 

mm 

*Two 

-dimensional  flow; 

see  Subsec.  4.8.1 

Table  4-4 
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n  =  5 

M  6*/6  0/6 


0.3916 

0.5722 

0.6809 

0.7516 

0.8003 

0.8354 

0.8614 

0.8814 

0.8969 


0.1674 
0. 2847 
0. 4669 
0.6032 
0.6959 
0.7598 
0.8052 
0.8384 
0.8635 
0.8828 
0.8979 


0.3315 

0.3967 

0.5204 

0.6289 

0.7093 

0.7674 

0.8098 

0.8414 

0.8654 

0.8841 

0.8988 


0.0726 
0.0422 
0.0274 
0.0191 
0.0140 
0.0107 
0. 0085 
0.0068 
0.0056 


0.1188 
0. 0927 
0.0584 
0.0375 
0. 0254 
0.0182 
0.0135 
0.0104 
0. 0083 
0. 0067 
0.0056 


0.0820 
0. 0700 
0. 0494 
0.0338 
0.0237 
0.0173 
0.0131 
0.0102 
0.0081 
0.0066 
0.0055 


Table  4-4  (cont) 


n  =  / 

6*/6  0/6 

T  -  T 
w  e 

T 


n  =  9 

6*/6  0/6 


0.3287 

0.5072 

0.6226 

0.7009 

0.7563 

0.7970 

0.8277 

0.8515 

0.8701 


0.1257 

0.2278 

0.4000 

0.5391 

0.6389 

0.7100 

0.7619 

0.8006 

0.8301 

0.8531 

0.8713 


0.2682 

0.3302 

0.4528 

0.5660 

0.6534 

0.7185 

0.7671 

0.8040 

0.8324 

0.8547 

0.8725 


0.0630 
0.0387 
0.0259 
0.0184 
0.0137 
0.0106 
0.0084 
0.0068 
0. 0057 


T  -  T 
w  e 


0. 0970 
0.0786 
0. 0523 
0. 0348 
0. 0242 
0.0176 
0.0132 
0.0103 
0. 0082 
0. 0067 
0.0056 

T  -  T 
w  e 

T 

to 

0.0712 

0.0618 

0.0450 

0.0317 

0.0227 

0.0168 

0.0128 

0.0100 

0.0081 

0.0066 

0.0055 


0.2846 
0.4579 
0. 5763 
0.6593 
0.7195 
0.7644 
0.7987 
0.8254 
0.8466 


0.1005 

0.1904 

0.3516 

0.4899 

0.5932 

0.6691 

0.7255 

0.7683 

0.8013 

0.8272 

0.8479 


0.2258 

0.2839 

0.4028 

0.5172 

0.6085 

0.6782 

0.7313 

J.7721 

0.8039 

0.8291 

0.8492 


0.0557 
0.0356 
0.0244 
0.0176 
0.0133 
0.0103 
0. 0082 
0.0067 
0.0056 


0.0817 
0.0680 
0.0471 
0. 0323 
0. 0229 
0.0169 
0.0129 
0.0101 
0. 0081 
0. 0066 
0.0055 


0.0626 
0.0551 
0.0412 
0.0296 
0.0216 
0.0162 
0.0125 
0.0098 
0. 0079 
0.0065 
0.0054 


n  =  11 

6*/6  0/6 


0.2515 
0.4187 
0.5380 
0. 6241 
0.6877 
0.7358 
0.7730 
0.8021 
0.8254 


0.0837 
0.1638 
0.3146 
0.4504 
0.5554 
0.6344 
0.6942 
0.7401 
0.7758 
0.  8042 
0  j269 


0.1953 
0. 2495 
0.3638 
0.4776 
0.5711 
0.6439 
0.7003 
0.7441 
0.7786 
0.8061 
0.8283 


0. 0499 
0.0330 
0.0231 
0.0169 
0.0128 
0.0101 
0.0081 
0.0066 
0.0055 


0. 0704 
0.0599 
0. 0429 
0.0301 
0.0217 
0.0162 
0.0124 
0.0098 
0.0079 
0. 0065 
0.0054 


0.0558 
0.0496 
0.0379 
0. 0278 
0.0205 
0.0155 
0.0121 
0.0096 
0. 0078 
0.0064 
0.0054 
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Table  4-4  (cont) 


Ssl 

CL 

I 


$ 

1: 


n  =  5 

6*/6  d/6 


0. 4249 
0.4691 
0.5613 
0.6506 
0.7213 
0.7744 
0.8141 
0.8442 
0.8673 
0.8854 
0.8998 


0. 4887 
0.5214 
0.5939 
0.6693 
0.7321 
0.7809 
0.8182 
0.8469 
0.8691 
0.8867 
0.9007 


0.5361 

0.5617 

0.6208 

0.6856 

0.7419 

0.7869 

0.8221 

0.8494 

0.8709 

0.8879 

0.9016 


0.0644 
0.0571 
0.0430 
0.0308 
0.0223 
0.0166 
0.0126 
0. 0099 
0.0079 
0.0065 
0.0054 


0.0C36 
0. 0486 
0.0382 
0. 0284 
0.0210 
0.0159 
0.0122 
0. 0097 
0. 0078 
0. 0064 
0.0053 


0.0461 

0.0424 

0.0344 

0.0263 

0.0199 

0.0152 

0.0119 

0.0094 

0.0076 

0.0063 

0.0053 


n  =  7 

6*/6  9/6 


0.3562 

0.4000 

0.4942 

0.5890 

0.6666 

0.7264 

0.7721 

0.8073 

0.8347 

0.8563 

0.8736 


0.0576 
0.0516 
0.0397 
0. 0251 
0.0214 
0.0161 
0.0124 
0.0098 
0.0079 
0.0065 
0.0054 


0.4189 

0.4523 

0.5280 

0.6091 

0.6785 

0.7337 

0.7768 

0.8104 

0.8368 

0.8578 

0.8747 


0. 0489 
0. 0446 
0.0357 
0. 0269 
0. 0203 
0.0155 
0.0120 
0. 0096 
0.0078 
0.0064 
0.0053 


T  -  T 
w  e 


0.4669 

0.4936 

0.5565 

0.6267 

0.6873 

0.7406 

0.7813 

0.8134 

0.8389 

0.8593 

0.8758 


0.0427 
0.0395 
0.0323 
0.0251 
0.0198 
0. 0149 
0.0117 
0.0093 
0.0076 
0.0063 
0. 0053 


n  =  9 

6*/6  6/6 


0.3079 

0.3503 

0.4438 

0.5408 

0.6224 

0.6867 

0.7367 

0.7757 

0.8064 

0.8308 

0.8505 


0.0518 
0.0469 
0.0367 
0.0274 
0.0204 
0.0155 
0.0121 
0.0096 
0. 0078 
G.0064 
0.0054 


0.3683 

0.4014 

0.4777 

0.5615 

0.6350 

0.6946 

0.7419 

0.7792 

0.8088 

0.8325 

0.8518 


0. 0446 
0.0410 
0.0332 
0.0255 
0.0194 
0.0149 
0.0117 
0. 0094 
0. 0077 
0. 0063 
0.0053 


0.4155 

0.4424 

0.5065 

0.5799 

0.6466 

0.7021 

0.7468 

0.7825 

0.8111 

0.8342 

0.8530 


0.0394 

0.0366 

0.0304 

0.0238 

0.0185 

0.0144 

0.0114 

0.0092 

0.0075 

0.0062 

0.0052 


n  =  11 

6*/6  d/6 


0.2717 

0.3125 

0.4039 

0.5014 

0.5854 

0.6528 

0.7060 

0.7480 

0.7813 

0.8081 

0.8297 


0.0470 
0. 0428 
0.0341 
0.0258 
0.0195 
0.0150 
0.0117 
0. 0094 
0. 0076 
0.0063 
0. 0053 


0.3294 

0.3618 

0.4376 

0.5224 

0.5985 

0.6612 

0.7116 

0.7518 

0.7840 

0.8099 

0.8311 


0.0410 
0. 0378 
0.0310 
0.0241 
C.  0185 
0.0144 
0.0114 
0.0092 
0.0075 
0.0062 
0.0052 


0.3754 
0. 4021 
0.4663 
0.5412 
0.6105 
0.6690 
0.7168 
0.7554 
0.7865 
0.8118 
0.8324 


0.0365 
0.0340 
0.0285 
0.0226 
0.0177 
0.0139 
0.0111 
0.0090 
0. 0074 
0.0061 
0.0052 
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n  =  5 


Table  4-4  (cont) 
n  =  7  n  =  9 


n  =  11 


M. 


6*/6  0/6 


6*/6  0/6 


6*/6  0/6  6*/6  0/6 


w 


=  10 


0 

0.5732 

0.0406 

0.5053 

0.0380 

0.4539 

0.0353 

0.4133 

0. 0330 

2 

0.5940 

0.0378 

0.5273 

0.0355 

0.4764 

0.0332 

0.4358 

0.0310 

4 

0.6435 

0.0313 

0.5805 

0.0297 

0.5313 

0.0280 

0.4914 

0.0264 

e 

0.7000 

0.0245 

0.6424 

0.0235 

0.5964 

0. 0224 

0.5582 

0.0214 

8 

0.7509 

0.0189 

0.6994 

0.0183 

0.6573 

0.0176 

0.6217 

0.0169 

10 

0.7926 

0.0146 

0.7470 

0.0143 

0.7091 

0.0139 

0.6765 

0.0134 

12 

0.8257 

0.0115 

0.7855 

0.0114 

0.7515 

0.0111 

0.7218 

0.0108 

14 

0.8519 

0. 0092 

0.8163 

0.0091 

0.7857 

0.0090 

0.7588 

0.0088 

16 

0.8726 

0.0075 

0.8409 

0.0075 

0.8134 

0. 0074 

0.7890 

0.0072 

18 

0.8892 

0.0062 

0.8607 

0.0062 

0.8359 

0.0061 

0.8136 

0. 0060 

20 

0.9025 

0.0052 

0.8768 

0.0052 

0.8542 

0.0052 

0.8337 

0.0051 

260 
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Distance  from  Throat,  x/r* 

Position  of  the  sonic  line  for  various  values  of  r^/r*;  axially -symmetric 
and  two-dimensional  nozzles:  y  =  1.4. 


Fig.  4-2 
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T?i«r  4-4  Proposed  flexible  nozzle  and  working  section  for  Mach  number  range 
*  of  1.6  to  3.5.  (Source:  Ref.  174) 


Temperature  Parameter,  6* 


Fig.  4-6 
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Fig.  4-6.  Variation  of  normalized  recovery  temperature  with 

injection  parameter  for  a  water-cooled  hypersonic  nozzle; 
air  and  helium.  (Source:  Ref.  178) 


Wind-Tunnel  Nozzles  .  Fig.  4-7 
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5.  Supersonic  Wind-Tunnel  Diffusers 

The  function  of  the  wind-tunnel  diffuser  is  comparable  to  that  of  the 
ramjet  diffuser  (Subsec,  3),  i.e.,  to  reconvert  the  kinetic  energy  of  the  work¬ 
ing  fluid  ihto  pressure  energy  as  efficiently  as  possible.  The  most  important 
difference  between  the  two  diffusers  is  that  in  the  wind  tunnel  all  the  diffusion 
must  take  place  within  the  confines  of  the  duct,  whereas  the  ramjet  diffuser 
may  spill  air  at  the  cowl  lip  under  off-design  flow  conditions.  Secondly,  the 
entering  stream  of  the  ramjet  diffuser  is  usually  uniform  and  hence  is  amen¬ 
able  to  analytical  treatment,  whereas  the  entering  stream  of  a  wind-tunnel  dif¬ 
fuser  is  often  highly  turbulent,  as  it  is  largely  the  wake  flow  from  the  test- 
section  model  and  support  system.  A  third  difference  is  that  the  boundary 
layer  originates  at  the  lip  of  the  ramjet  diffuser,  while  at  the  entrance  to  the 
wind-tunnel  diffuser  there  is  already  a  well-developed  boundary  layer.  It  will 
be  shown  that  the  performance  of  all  forms  of  diffusers  is  dominated  by  the 
behavior  of  the  boundary  layer.  Theoretically,  in  the  absence  of  boundary  layer, 
it  would  be  possible  to  diffuse  the  airstream  isentropically,  without  total  pres¬ 
sure  loss,  by  means  of  a  second  sonic  throat  and  a  suitably  shaped  duct.  In 
nonisentropic  flow  the  simplest  diffusion  would  be  achieved  by  a  single  normal 
shock.  Both  the  isentropic  compression  and  the  normal-shock  method  are  com¬ 
plicated  in  practice  by  the  presence  of  the  boundary  layer.  Diffuser  designs 
and  research  problems  are  concerned  chiefly  with  ways  of  combining  area  varia¬ 
tion  and  shock  systems  in  the  most  efficient  manner  for  a  particular  set  of 
flow  characteristics. 

Complete  diffusion  includes  both  supersonic  and  subsonic  diffusions. 
The  former  is  usually  considered  the  reduction  of  supersonic  velocity  to  sonic 
or  near  sonic  velocity,  either  by  means  of  a  series  of  shocks  or  a  second  duct 
contraction.  Subsonic  diffusion  converts  the  remaining  kinetic  energy  to  a  level 
negligible  in  comparison  with  that  of  the  test-section  flow.  Although  subsonic 
diffusion  is  physically  the  last  stage  of  diffusion,  the  subsonic  diffuser  will  be 
discussed  first  (Subsec.  5.2),  since  it  is  a  factor  common  to  all  the  methods 
of  supersonic  diffusion  which  will  be  outlined  in  Subsecs.  5.3  to  5.6. 

5. 1  Definitions  of  Diffuser  Efficiency 

Before  discussing  the  various  forms  of  diffusers  it  is  necessary  to 
have  some  standard  by  which  their  performance  may  be  assessed  and  compared. 
There  are  two  definitions  of  diffuser  efficiency  in  common  use  and  both  of  them 
assume  that  the  diffusion  process  continues  until  the  residual  kinetic  energy  of 
the  flow  is  a  negligible  fraction  of  its  value  at  the  diffuser  entrance. 

The  polytropic  efficiency,  7?^,  is  defined  as  the  ratio  of  the  actual 

increase  in  pressure  energy  to  the  actual  decrease  in  kinetic  energy.  This 
ratio  may  be  expressed  in  the  following  forms. 

For  incompressible  flow, 


VT 


Pi _ 

|pv?  -  ipvl 


(5-1) 
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For  compressible  fluids,  cannot  be  stated  explicitly  but  may  be 
found  (Ref.  12)  from 


= 

Pi 


(5-2) 


or 


(5-3) 


or  since  p2  p. 

ta 


(5-4) 


Subscripts  1  and  2  refer  to  the  diffuser  entrance  (usually  the  test  section)  and 
its  exii,  at  which  station  the  gas  is  assumed  to  be  at  rest. 


The  isentropic  efficiency,  17  ,  is  the  ratio  of  the  kinetic  energy  which 

could  be  transformed  isentropically  to  give  the  observed  exit  pressure  to  the 
kinetic  energy  which  is  actually  transformed.  It  is  expressed  (Ref.  12)  as 


y-1 


From  Eqs.  5-2  and  5-5  the  relationship  between  tjd  and  may  be  derived  as 


This  relationship  for  air  (y  =  1.4)  is  shown  graphically  in  Fig.  5-1  from  which 
it  may  be  seen  that  for  incompressible  flow,  =  rj^. 

5.2  Subsonic  Diffusers 

Subsonic  diffusion  is  achieved  primarily  by  expanding  the  cross  sec¬ 
tion  of  the  duct.  The  adverse  pressure  gradient  thus  introduced  causes  rapid 
boundary -layer  thickening  with  consequent  flow  separation  and  velocity  rever¬ 
sal  in  the  boundary  layer.  For  this  reason  subsonic  diffusion  is  never  com¬ 
pletely  efficient.  Lukasiewicz  (Ref.  191)  has  collected  experimental  data  on 
subsonic  diffusion  which  indicate  that  for  0.4  <  M  <0.9  the  total  pressure  re¬ 
covery  is  virtually  constant  and  lies  between  0.88  and  0.89.  These  results 
are  for  the  case  of  an  empty  test  section  (no  model)  and  thus  represent  an  up¬ 
per  limit  (see  Subsec.  5.9).  At  very  low  speeds  the  pressure  recovery  ap¬ 
proaches  1.0. 
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5.3 


It  has  been  shown  experimentally  that  the  diffuser  losses  are  mini¬ 
mized  by  restricting'  the  divergence  angle  to  about  7  degrees.  On  the  other 
hand,  when  the  length  becomes  excessive,  the  losses  due  to  skin  friction  may 
outweigh  the  improvement  due  to  reducing  the  gradient.  The  design  is  thus 
always  a  compromise. 

Several  devices  have  been  suggested  whereby  flow  separation  may 
be  prevented  or  delayed.  Suction  may  be  applied  at  the  region  where  the  bound¬ 
ary  layer  becomes  critical  or  a  jet  of  compressed  air  may  be  injected  to  re¬ 
energize  the  flow  adjacent  to  the  wall.  Successful  applications  of  the  injection 
and  suction  principles  will  be  described  in  Subsec.  5.6.  It  has  also  been  sug¬ 
gested  that  a  series  of  director  vanes  inserted  in  the  diffuser  would  accelerate 
the  flow  along  the  wall's.  However,  the  drag  of  such  plates  in  a  high-velocity 
duct  would  place  excessive  penalties  on  the  power  system. 

5.3  Diffusers  Without  Contraction 

The  simplest  type  of  supersonic  diffusion  is  by  means  of  a  -normal 
shock  at  the  end  of  the  working  section.  In.  this  case,  if  the  subsequent  com¬ 
plete  subsonic  diffusion  could  be  achieved  without  further  losses,  then  the  final 
static  pressure,  p2,  would  be  equal  to  the  stagnation  pressure  behind  the  nor¬ 
mal  shock  at  M,  and  Eq.  5-5  could  be  written  as 


,  M»  fr  --r-t.  j — -\I/v  - 1 

CT  r  “  1  M2  [  2  \2yMs  -  (y  -  1  )J 


(5-7) 


The  value  of  v ^  from  Eq.  5-7  for  values  of  M  from  1  to  10  in  air  is  shown 

as  curve  A  in  Fig.  5-2,  where  it  is  compared  with  experimental  data  from 
several  sources  (solid  symbols). 

In  practice,  the  actual  effii  is  lower  than  this  partly  because 
the  theory  does  not  take  into  account  a.uj  viscous  losses,  but  chiefly  because 
the  normal  shock  occurs  as  a  shock  system  strongly  affected  by  the  state  of 
the  boundary  layer  rather  than  as  a  single  shock. 

The  following  sketch  shows  possible  types  of  shock  compression  tak¬ 
ing  place  in  the  entrance  to  the  subsonic  diffuser. 


Shock  System  for  Thin 
Boundary-Layer 


Shock  System  for  Thick 
Boundary-Layer 
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The  efficiency  may  be  improved  by  the  insertion  of  an  elongated  constant-area 
duct  between  the  test  section  and  the  subsonic  diffuser.  This  length  allows  the 
flow  to  reattach  itself  to  the  wall.  Since  the  angle  of  the  shock  wave  is  de¬ 
pendent  on  the  Mach  number  of  the  flow,  and  the  slope  of  the  reflected  wave 
is  dependent  on  the  boundary-layer  thickness  as  well  as  the  characteristics  of 
the  incident  wave,  the  optimum  length  of  such  a  shock  duct  is  a  strong  func¬ 
tion  of  the  Mach  number  and  to  a  lesser  degree  of  the  Reynolds  number  (see 
Subsec.  4.8). 

Figure  5-3,  derived  from  data  in  Ref.  192,  shows  the  improvement 
in  efficiency  for  a  Mach  number  two  diffuser  without  contraction  as  the  con¬ 
stant-area  duct  is  increased  in  length.  Although  the  data  do  not  show  a  defin¬ 
ite  optimum  length,  it  may  be  noted  that  the  curve  is  flattening  at  i/h  ~  4 
(i  is  the  length  of  the  constant-area  duct  and  h  is  its  height)..  In  this  example 
the  constant-area  duct  is  followed  by  a  diffuser  with  an  average  divergence  of 
~5.5  deg.  Collected  data  from  Ref.  193  have  been  replotted  in  Fig.  5-4.  The 

shock  length,  i  /h,  has  been  plotted  against  1/M  rather  than  M  in  order  to 
s 

show  the  almost  linear  relationship  between  1/M  and  £  /h.  The  duct  height  in 

s 

these  data  is  sometimes  less  than  that  of  the  test  section.  The  Mach  number 
is  the  average  in  the  duct  rather  than  in  the  test  section. 

Although  a  dissipative  system  such  as  the  one  described  above1  is 
inefficient,  it  has  the  advantage  of  being  stable  for  a  wide  range  of  inlet  flow 
conditions,  and  has  the  added  merit  of  simple  construction  and  maintenance. 
It  is  generally  considered  adequate  for  supersonic  Mach  numbers  less  than 
about  two.  The  effect  of  suction  along  the  walls  of  a  constant-area  shock  duct 
is  discussed  in  Subsec.  5.6.2. 

5.4  Diffusers  With  Contraction 

In  the  absence  of  heat-transfer  and  viscous  effects,  it  would  be  theo¬ 
retically  possible  to  achieve  shock-free  supersonic  diffusion  by  introducing  a 
second  convergent-divergent  channel  with  a  throat  equal  in  area  to  the  first 
sonic  throat.  However,  the  change  in  entropy  due  to  the  boundary  layer  makes 
this  impossible,  and  in  practice  a  normal  shock  occurs  either  in  the  working 
section  or  beyond  the  second  throat.  Oswatitsch  (Ref.  3,  p.  55)  has  shown 
that  the  shock  is  unstable  when  it  occurs  between  the  two  throats  and  that  it 
will  always  move  either  upstream  or  downstream,  thus  causing  either  the  break¬ 
down  of  supersonic  flow  or  its  stabilization  at  the  required  Mach  number. 
Hence  in  order  to  start  the  tunnel,  the  second  throat  must  be  large  enough  to 
"swallow"  a  normal  shock  at  the  design  Mach  number.  Once  the  shock  has 
passed  the  second  throat  establishing  the  required  flow  regime,  a  reduction  of 
the  diffuser  throat  area  improves  the  total  pressure  recovery.  The  choice  be¬ 
tween  the  simplicity  of  a  fixed  throat  and  the  added  efficiency  of  an  adjustable 
one  depends  on  many  factors,  among  which  are  the  design  Mach  number,  the 
available  power  and  the  required  run  time.  Diffusers  with  fixed-area  throats 
will  be  discussed  in  Subsec.  5.4.1.  Diffusers  using  different  techniques  for 
varying  the  contraction  ratio  will  be  discussed  in  Subsec.  5.4.2. 
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5.4.1  Fixed-Area  Second  Throat 

In  order  to  establish  stable  supersonic  flow,  the  normal-shock  sys¬ 
tem  associated  with  the  test-section  Mach  number  must  be  compatible  with  the 
second  throat.  Hence,  for  each  Mach  number,  the  diffuser  throat  has  a  mini¬ 
mum  area  below  which  the  flow  will  choke.  This  starting  area,  As,  may  be 
derived  by  equating  the  mass  flow  at  the  two  throats,  i.e., 

ofAfa*  =  p?A£a£  (5-8) 

where  the  starting  nomenclature  is  shown  by  the  following  sketch. 


Since  the  total  temperature,  T  ,  and  the  critical  velocity  of  sound,  a*,  are  con¬ 
stant  across  the  shock,  then  1 


&  =  £  =  Ik 

P?  P* 


P* 


Equations  5-8  and  5-9  combine  to  give 


(5-9) 


(5-10) 


i.e.,  the  limiting  ratio  of  the  throat  areas  is  equal  to  the  stagnation  pressure 
ratio  across  a  normal  shock  at  the  test-section  Mach  number,  Mj .  The  ratio 
of  the  diffuser  throat  to  the  test- section  area  is  given  by 


A*  A* 
_ 2_  _  **3 

Ax  "  A* 


or  in  terms  of  Mx,  by 


(5-11) 


, _ 2_Y/8 

(y  -  1)  M \) 


(5-12) 


Equation  5-12  is  shown  as  curve  A  in  Fig.  5-5  for  Mach  numbers  from  1  to 
8  and  is  compared  with  experimental  data  from  several  sources  (open  symbols). 
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It  is  surprising  to  find  that  nearly  all  the  measured  values  of  the 
minimum  starting  throat  are  less  than  the  theory  would  predict.  One  would 
expect  that  the  viscous  effects  would  create  larger  losses  and  demand  an  in¬ 
creased  second  throat.  The  anomaly  may  be  explained  by  the  fact  that  the 
starting  shock  occurs  and  passes  through  the  throat  before  the  design  Mach 
number  has  been  reached.  The  pressure  losses  (see  Eq.  5-11)  are  not  as 
great  and  at  the  same  time  the  areas  remain  constant  since  they  are  the  geo¬ 
metric  ones  rather  than  those  associated  with  the  Mach  number  of  the  shock. 

It  has  already  been  stated  that  the  flow  is  stable  only  when  the  nor¬ 
mal  shock  is  sligh'ly  downstream  of  the  second  throat.  As  the  normal  shock 
moves  upstream  towards  the  throat,  the  efficiency  improves,  reaching  a  maxi¬ 
mum  when  the  shock  is  at  the  narrowest  section.  This  lattei  location  is  the 
cnlv  one  readily  amenable  to  simple  calculation.  The  running  .  onditions  with 
the  minimum  starting  throat  are  shown  in  the  sketch  below. 


It  must  be  remembered  that  A2  is  no  longer  a  sonic  throat  and  that  once  the 
flow  is  established  M2  is  supersonic.  The  diffuser  efficiency,  r?^,  is  a  func¬ 
tion  of  M  only  but  cannot  be  stated  explicitly;  however,  it  may  be  computed  in 
the  following  manner: 

1.  Mj - ►As/A*,  from  normal- shock  tables  (Eq.  2-24)  and  Eq.  5-10. 

2.  Aa/A* - *-M2,  from  isentropic-flow  tables  or  Eq.  2-4. 

3.  M2 - ►P3./p<.  >  from  Eqs.  2-2,  2-22,  and  2-24. 

*2 

4.  Since  p  =  p.  ,  then  p3/p  =  p3/p  . 

t2  l2  Lj 

5.  Mj - *-p1/p,  ,  from  isentropic-flow  tables  or  Eq.  2-2. 

6.  p3/P! - ,  from  Eq.  5-5. 

The  isentropic  efficiency  so  calculated  is  shown  as  curve  B  in  Fig.  5-2;  ex¬ 
perimentally  determined  efficiencies  for  diffusers  with  second  throats  of  mini¬ 
mum  starting  area  are  presented  in  the  same  figure  for  comparison  ',half~shaded 
symbol®).  The  discrepancies  between  these  values  are  accountable  to  viscous 
effects  and  additional  shock  losses.  The  shock  actually  occurs  downstream  of 
the  throat  and  hence  at  a  higher  Mach  number  giving  the  slightly  greater  shock 
losses. 


The  shape  of  the  supersonic  portion  of  the  diffuser,  i.e.,  the  con¬ 
traction  to  the  second  throat,  is  of  critical  importance.  The  deceleration  of 
the  air  is  not  usually  an  isentropic  process  but  is  accomplished  by  a  series  of 
oblique  shocks  reflecting  from  the  diffuser  walls.  The  turning  angle  of  the 
waves  is  equal  to  the  diffuser  wall  angle,  and  hence  a  more  abrupt  contraction 
implies  stronger  shockwaves  and  a  greater  pressure  loss.  Furthermore,  since 
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there  is  an  adverse  pressure  gradient  there  is  always  the  possibility  that  the 
boundary -layer  will  separate  at  the  points  of  shock-wave  reflection.  It  is  gen¬ 
era”-'  accepted  that  the  turning  angle  should  be  limited  to  a  few  degrees  and 
th  the  diffuser  length  should  be  from  5  to  10  times  the  height  (or  diameter) 
o)  the  test  section.  The  three  typical  two-dimensional  supersonic  diffusers 
shown  in  Fig.  5-6  utilize  constant-area  second  throats.  They  have  been  tested 
and  proved  satisfactory  for  Mach  numbers  from  4  to  10.  A  hypersonic  dif¬ 
fuser  designed  for  use  in  a  helium  tunnel  will  be  described  in  Subsec.  5.10. 

5.4.2  Variable -Area  Second  Throat 

Once  the  normal  shock  has  passed  through  the  second  throat  and 
supersonic  flow  has  been  established  in  the  test  section,  the  area  of  the  second 
throat  may  be  reduced.  Theoretically  the  most  efficient  running  condition  would 
be  with  the  normal  shock  exactly  at  M  =  1  in  the  second  throat,  in  which  case 
the  two  sonic  throats  would  be  equal  in  area  and  A2/Ai  (curve  B  of  Fig.  5-5) 
would  be  given  by  Eq.  2-4.  Viscous  effects  preclude  such  ideal  diffusion. 

The  diffuser  throat  area  is  usually  changed  by  means  of  hydraulic 
jacks  working  against  either  continuous  flexible  plates  or  rigid  hinged  plates. 
In  general,  the  first  method  is  preferred  since  it  provides  a  long,  smooth  throat 
transition  of  large  radius  of  curvature.  The  second  method  gives  a  sharper, 
short  throat  which,  under  critical  conditions,  may  cause  flow  separation.  A 
third  method  of  changing  the  diffuser  throat  area  is  by  means  of  a  centerbody 
moved  into  the  throat  after  supersonic  flow  is  established.  This  body  creates 
its  own  shock  pattern,  the  effect  of  which  is  discussed  in  the  next  subsection. 
As  the  throat  is  contracted  the  efficiency  rises  to  an  optimum  value  and  then 
drops  until,  at  the  critical  area  ratio,  the  flow  is  choked.  This  is  shown  clearly 
in  Fig.  5-7  where  the  experimentally  determined  polytropic  efficiency  of  dif¬ 
fusers  at  M  =  2.83,  6.86,  10  and  20  is  given  in  terms  of  the  contraction  ratio. 
The  data  at  M  =  20  is  for  a  helium  tunnel  and  hence  quantitatively  not  com¬ 
parable  with  the  other  two  curves.  Actually,  the  quantitative  aspect  of  all  the 
curves  is  less  significant  than  the  trends  typified  by  them,  since  the  efficiency 
is  dependent  upon  the  boundary  layer,  i.e.,  the  Reynolds  number,  as  well  as 
the  diffuser  design  and  flow  Mach  number.  The  optimum  contraction  ratio  has 
also  been  shown  to  be  a  function  of  the  supersonic  contraction  angle  and  of  the 
length  of  the  contraction  section.  The  contraction  angle  should  be  of  the  order 
of  5  to  10  deg  for  M  <  4,  but  may  be  increased  to  15  or  20  deg  at  very  high 
Mach  numbers,  i.e.,  7  <  M  <  10.  The  contraction  length  is  usually  about  5 
to  10  times  the  test-section  diameter  (or  height).  Figure  5-5  shows  the  cal¬ 
culated  minimum  starting  contraction  ratio  as  a  function  of  the  test- section 
Mach  number  and  compares  it  with  experimentally  determined  minimum  start¬ 
ing  and  running  as  well  as  optimum  running  contraction  ratios.  It  may  be  seen 
that  as  the  Mach  number  is  increased,  the  optimum  contraction  is  much  less 
than  that  required  for  establishing  the  flow.  At  low  Mach  numbers  little  is  to 
be  gained  by  varying  the  contraction  ratio.  Experimentally  derived  efficiencies 
for  several  diffusers  with  tl  optimum  throats  discussed  above  and  shown  in 
Fig.  5-5  are  given  in  Fig.  5-2  (open  symbols).  It  may  be  seen  that  the  isen- 
tropic  efficiency  associated  with  a  variable  throat  is  much  higher  than  that  for 
the  same  diffusers  operating  with  no  second  throat  (solid  symbols)  or  with  the 
minimum  starting  throat  (half-shaded  symbols). 
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The  power  requirements  and  the  available  running  time  are  dependent 
on  the  variable -throat  area.  These  relationships  will  be  discussed  in  Sub¬ 
secs.  5.7  and  5.8. 

5.  5  Oblique -Shock  Diffusers 

The  principle  of  the  Oswatitsch  ramjet  diffuser  (see  Subsec.  3.3) 
may  also  be  applied  to  a  supersonic  wind-tunnel  diffuser.  The  design  is  based 
upon  the  improved  efficiency  of  diffusion  through  a  series  of  oblique  shocks  as 
compared  with  that  of  a  single  normal  shock.  An  innerbody  is  usually  placed 
on  the  centerline  of  the  tunnel  (a  cone  or  isentropic  spike  for  an  axially-sym- 
metric  tunnel;  a  simple  wedge  or  double  wedge  for  a  two-dimensional  tunnel). 
The  shock  system  is  of  the  type  shown  in  the  sketch  below. 


r — Shock  Wave 


The  most  efficient  oblique-shock  diffusers  are  those  designed  to  give 
near- sonic  velocity  just  downstream  of  the  last  shock.  The  theoretical  isen¬ 
tropic  efficiency,  r)  ,  of  such  diffusers  is  compared  with  the  simple  normal- 

shock  diffuser  in  Fig.  5-8.  It  may  be  seen  that  if  a  sufficient  number  of  shocks 
are  produced,  the  efficiency  may  approach  a  very  high  value.  A  diffuser  of 
several  shoe  as  must  be  carefully  designed  for  a  specific  Mach  number  and 
hence  will  operate  only  within  a  narrow  range  of  off -design  conditions.  Be¬ 
yond  this  range  it  will  either  choke  the  tunnel  or  operate  at  a  much  lower  ef¬ 
ficiency.  A  simple  bridge  or  strut  across  the  tunnel  gives  moderate  efficiencies 
through  a  wide  range  of  Mach  numbers. 

Little  (Ref.  207)  describes  tests  made  with  a  variable -throat  diffuser 
both  with  and  without  a  wedge  at  the  diffuser  entrance.  The  polytropic  ef¬ 
ficiency,  tj,v  for  both  cases  is  shown  in  Fig.  5-9  as  a  function  of  the  throat 

to  test-section  area  ratio,  As/Aj .  It  may  be  seen  that  the  presence  of  the 
wedge  made  very  little  difference  to  the  minimum  compression  ratio  at  which 
the  tunnel  would  run;  0.665  with  and  0.715  without  the  wedge.  However,  it 
greatly  affected  the  starting  ratio;  0.76  with  and  1.146  without  the  wedge.  For 
optimum  conditions  with  the  wedge,  the  throat  area  was  about  0.875  of  the  test- 
section  area  and  gave  =  0.364,  whereas  without  the  wedge,  the  optimum 

throat  was  approximately  equal  to  the  entrance  area  and  r]^  was  0.353. 

The  technique  of  using  an  innerbody  is  often  incorporated  into  other 
forms  of  diffusers.  The  diffuser  for  a  wind  tunnel  designed  to  operate  at  Mach 
number  3.5  is  described  by  Leavy  in  Ref.  174.  The  incidence  gear  on  which 
models  are  mounted  acts  as  a  partial  diffuser.  During  starting  and  stopping 
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at  high  stagnation  pressures  it  is  below  the  tunnel  floor.  When  the  tunnel  is 
running  it  is  raised  to  the  centerline  of  the  diffuser  section  and,  together  with 
a  jack-operated  hinged  wall,  provides  the  optimum  area  of  the  second  throat. 
The  layout  of  the  diffuser  and  details  of  the  incidence  gear  are  illustrated  in 
Figs.  5-10  and  5-11. 

5.6  Diffusers  With  Air  Injection  or  Suction 

A  thick  boundary  layer  not  only  gives  rise  to  high  viscous  losses 
but  under  many  circumstances  it  may  separate  from  the  diffuser  walls  and  thus 
create  even  greater  losses.  Separation  losses  may  be  reduced  either  by  in¬ 
jecting  high-energy  air  into  the  boundary  layer  or  by  removing  some  of  the 
boundary  layer  by  suction. 

Suction  has  also  been  employed  in  diffusers  to  remove  the  contam¬ 
inating  exhaust  gases  consequent  upon  ramjet  and  turbojet  tests  in  a  wind  tun¬ 
nel.  The  effect  of  such  a  scavenging  action  on  the  diffuser  operation  is  dis¬ 
cussed  in  Subsec.  5.6.3. 

5.6.1  Air  Injection 

An  ingenious  piece  of  research  has  been  done  by  Hasel  and  Sinclair 

(Ref.  198)  to  determine  the  effectiveness  of  supersonic  injection  at  the  diffuser 
throat.  Part  of  the  diffuser  is  shown  in  the  sketch  below. 


The  Mach  number  in  the  test  section,  AB,  may  vary  from  2.5  to  4.75.  The 
supersonic  diffuser,  BC,  of  5  deg  inclination  is  long  in  order  to  minimize  shock 
and  boundary-layer  interaction  effects.  It  is  followed  by  a  short  parallel  shock 
duct,  CD.  The  air  which  is  injected  at  D  is  the  excess  mass  flow  from  a  con¬ 
stant-volume  compressor  and  is  capable  of  achieving  high  mass-flow  ratios 
(injector  to  main  stream),  i.e.,  from  1  at  M  =  3  to  4.8  at  M  =  4.75.  The 
by-pass  air  is  fed  through  a  sonic  throat  in  the  injector  section  from  which  it 
emerges  at  M  =  2.19  and  mixes  with  the  stream  in  section  DE  before  passing 
through  a  second  supersonic  diffuser,  EF,  a  shock  duct,  FG,  and  a  subsonic 
diffuser,  GH. 

The  supersonic  injected  air  improves  the  diffuser  efficiency  in  the 
following  ways: 

1.  It  raises  the  total  head  slightly.  The  by-pass  is  short  and  hence  the 
stagnation  pressure  of  the  injected  air  is  higher  than  that  of  the  main 
stream,  which  has  already  suffered  viscous  and  oblique-shock  losses. 
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2.  The  injection  re-energizes  the  boundary  layer  and  reduces  further 
shock- interaction  losses. 

3.  Except  when  the  free-stream  Mach  number  is  low,  the  static  pres¬ 
sure  of  the  injectant  is  higner  than  that  of  the  free  stream  and  thus 
exerts  a  decelerating  effect. 

At  a  stagnation  pressure  of  120  psia,  the  experimental  data  (given 
in  Fig.  5-12)  in  the  range  of  2.5  ^  M  s  4.75  show  that  the  isentropic  efficiency 
of  the  diffuser  without  air  injection  varies  from  0.84  to  0.54.  With  air  in¬ 
jection  it  is  virtually  constant  at  0. 8°  for  all  Mach  numbers,  pointing  up  the 
increased  advantage  of  this  technique  for  high  Mach  numbers. 

The  effect  of  injection  on  the  power  requirements  is  discussed  in 
Subsec.  5.7,  and  the  effect  of  a  model  in  the  test  section  in  Subsec.  5.9. 


5.6.2  Air  Suction 

An  experimental  study  of  the  effect  of  distributed  boundary-layer  suc¬ 
tion  on  the  efficiency  of  a  diffuser  without  contraction  has  been  made  by  Cohen 
and  Valerino  and  is  reported  in  Ref.  192.  The  test-section  Mach  number  of 
the  3.84  x  io  in.  tunnel  was  2.0.  Suction  was  applied  to  the  two  porous  side- 
walls  of  the  constant-area  secfion  whose  length  was  46  inches.  Following  this 
constant-area  section  was  a  sul sonic  diffuser  with  the  horizontal  walls  diverg¬ 
ing  at  5  deg  and  the  vertical  ones  at  6  degrees.  A  schematic  diagram  of  the 
tunnel  is  given  below. 
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The  weight  ratio  of  the  bleed  air  to  the  main- stream  air  varied  from 

0  to  8%.  The  length  of  the  shock  system  in  the  parallel  duct  was  varied  by 

adjusting  the  tunnel  outlet  valve  connected  to  a  bank  of  reciprocating  exhausters 

which  also  furnished  the  suction  for  the  boundary  layer.  As  the  bleed  ratio 

was  increased  the  efficiency  of  the  diffuser  improved,  reached  a  maximum,  and 

then  decreased.  The  optimum  bleed  ratio  was  dependent  on  the  shock  length 

and  varied  from  1.5%  at  l  /h  =  2  to  4.5%  at  I  /h  =  4.5.  Schlieren  photographs 

s  s 

of  the  flow  indicated  that  with  no  suction  the  shock  system  was  highly  unstable, 
oscillating  in  the  streamwise  direction  by  as  much  as  10  inches.  Boundary- 
layer  separation  was  noted  and  a  gradual  static  pressure  rise  measured.  When 
suction  was  applied,  the  amplitude  of  the  instability  was  reduced  to  about  one- 
fifth  of  its  previous  value,  and  the  shock  system  appeared  to  be  reattached  to 
the  tunnel  walls  while  the  measured  pressure  and  Mach  number  approached 
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those  predicted  by  theoretical  one -dimensional  normal-shock  values.  The  ef¬ 
ficiency  improvement  due  to  the  suction  varied  from  4  to  6%,  and  is  shown  in 
Fig.  5-13  as  a  function  of  the  length  of  the  shock  system  in  the  constant-area 
duct.  The  maximum  efficiency  (taken  from  Fig.  5-13),  with  and  without  suc¬ 
tion,  is  shown  in  Fig.  5-12. 

5.6.3  Scavenger  Scoop 

It  is  often  necessary  in  ramjet  and  turbojet  engine  tests  to  use  a 
scavenger  duct  in  the  diffuser  section  to  collect  che  contaminating  exhaust  gases. 
Hastings  and  Roberts  (Ref.  193)  developed  a  method  of  calculating  the  per¬ 
formance  of  such  a  diffuser  and  showed  that  their  analytical  results  agreed 
well  with  experimental  data  at  several  Mach  numbers.  The  following  sketch 
shows  the  general  configuration  which  they  tested. 


Tests  of  the  diffuser  without  the  scoop  showed  that  the  most  criti¬ 
cal  feature  of  the  diffuser  is  the  relative  length  of  the  shock  duct,  £/h.  The 
optimum  length  will  be  that  of  the  actual  shock  system  associated  with  any  set 
of  flow  characteristics  (see  Subsec.  5.3).  A  compilation  of  measured  values 

of  the  shock  length,  £  /h,  as  a  function  of  the  average  Mach  number  in  the 

s 

duct  has  already  been  given  in  Fig.  5-4.  It  was  found  that  in  the  presence  of 
the  sccop  the  length  of  the  shock  duct  is  still  of  critical  importance;  the  per- 
forman  :e  of  the  diffuser  as  a  whole  was  relatively  insensitive  to  the  length  of 
the  supersonic  contraction.  It  was  impossible  either  to  establish  or  to  main¬ 
tain  supersonic  flow  in  the  tunnel  unless  the  scoop  suction  was  sufficient  to 
swallow  the  shock.  Once  the  shock  was  swallowed  the  addition  of  the  scoop 
did  not  materially  affect  the  performance  of  the  diffuser  provided  the  cross 
section  of  the  scoop  was  constant  throughout  the  length  of  the  shock  duct,  i.e., 
as  long  as  the  effective  duct  area  did  not  vary  along  its  length.  The  starting 
and  running  power  requirements  of  the  diffuser  with  two  scoop  configurations 
are  given  in  Subsec.  5.7,  and  the  effect  of  a  model  in  the  test  section  is  dis¬ 
cussed  in  Subsec.  5.9. 


5.7  Power  Requirement  and  Diffuser  Efficiency 

In  order  to  start  a  wind  tunnel  it  is  theoretically  necessary  to  have 
a  pressure  ratio  between  the  stagnation  chamber  ar.d  the  diffuser  exit  (p,  /p,  ) 

<o  le 

sufficient  to  maintain  a  normal  shock  in  the  test  section.  In  practice  a  slightly 
lower  pressure  ratio  suffices  since  the  shock  actually  occurs  before  the  Mach 
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number  has  reached  its  maximum  value  (see  page  274).  This  starting  ratio 
(taken  from  normal-shock  tables  with  y  =  1.4)  is  shown  as  curve  A  in  Fig.  5-14 
together  with  experimental  data  from  several  sources  (open  symbols). 

Once  supersonic  flow  is  established  and  the  shock  system  stabilized 
beyond  the  second  throat  (Subsec.  5.4),  the  flow  may  be  maintained  with  a 
lower  compression  ratio  than  is  reouired  for  starting.  The  more  efficient  the 
diffuser  the  less  the  actual  power  consumption.  In  blowdown  or  intermittent 
tunnels  the  power  saving  is  most  significantly  reflected  in  longer  running  time 
(Subsec.  5.8).  For  a  normal  shock  assumed  to  occur  at  a  second  throat  with 
the  minimum  area  ratio  for  starting,  the  pressure  ratio  is  given  by  cu~ve  B 
of  Fig.  5-14.  This  corresponds  to  a  constant- geometry  diffuser  under  its  most 
efficient  conditions.  Data  points  for  diffusers  operating  with  the  minimum  start¬ 
ing  throats  (closed  symbols)  and  optimum  positions  of  variable  throats  (flagged 
symbols)  have  been  added  to  Fig.  5-14  for  comparison  with  the  theoretical 
curves. 


When  diffuser  efficiency  is  improved  by  suction  the  power  require¬ 
ments  for  the  suction  must  be  weighed  against  the  power  saving  due  to  the  re¬ 
duced  compression  ratio  in  order  to  assess  the  economy  of  the  system  as  a 
whole.  In  the  tests  of  Ref.  192,  the  optimum  bleed-weight  ratio  (see  Sub¬ 
sec.  5.6.2)  produced  a  net  saving  of  6  to  8 %  of  the  total  power  required.  It 
was  determined  that  although  the  suction  was  applied  in  the  test  section,  the 
greatest  power  reduction  (50%)  occurred  in  that  which  was  required  for  the 
subsonic  diffusion.  This  suggests  that  the  improvement  is  effected  by  a  change 
in  the  nature  of  the  flow  entering  the  subsonic  diffuser. 

For  the  scoops  of  Ref.  193  (see  Subsec.  5.6.3),  the  compression 
ratio  for  starting  and  running  the  tunnel  is  given  in  Fig.  5-15,  together  with 
the  basic  configuration  of  the  two  scoops  that  were  tested.  In  the  presence  of 
the  scoops  the  contraction  ratio  is  corrected  to  represent  the  actual  cross- 
sectional  area  of  the  free-stream  flow  in  the  test  section  and  the  shock  duct. 
With  Scoop  II,  which  is  designed  to  maintain  a  long  constant  annular  shock 
duct,  the  starting  compression  ratio  is  about  6%  greater  than  that  for  the  empty 
diffuser;  with  Scoop  I,  which  reduced  the  constant-area  section  by  half  its 
length,  the  compression  ratio  was  increased  by  a  further  3%.  During  opera¬ 
tion  the  difference  between  the  two  scoops  increased  to  about  8%.  The  effect 
of  two  different  models  in  the  test  section  will  be  discussed  in  Subsec.  5.9. 

The  excess  pressure  ratio  made  available  by  varying  the  second 
throat  after  tunnel  stabilization  has  occasionally  been  utilized  to  allow  an  in¬ 
crease  in  the  test-section  Mach  number.  The  Mach  number  increase  has  been 
achieved  by  the  insertion  of  a  small  pin  along  the  centerline  of  an  axisymmetri- 
cal  nozzle  throat  which  effectively  reduces  the  throat  area. 


5.8  Run  Time  and  Diffuser  Efficiency 

Since  a  compression  ratio  high  enough  to  start  the  tunnel  must  al¬ 
ways  be  available,  the  power  economy  of  highly  efficient  diffusers  is  not  al¬ 
ways  of  paramount  importance.  However,  the  length  of  time  that  an  inter¬ 
mittent  or  blowdown  tunnel  can  operate  is  nearly  always  of  prime  consideration. 
The  run  time  is  strongly  affected  by  the  diffuser  efficiency.  To  show  this, 
consider  a  tunnel  running  at  constant  stagnation  pressure,  pt,  with  test-section 
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Mach  number,  M,  emptying  into  a  vacuum  tank  of  volume  V3  which  is  origin¬ 
ally  at  zero  pressure. 

The  mass  in  the  tank  at  any  time,  r,  is  given  by  the  mass  flow 
through  the  test  section,  i.e., 

(V3p3)T  =  pVAr 


which,  from  Eqs.  2-2  and  2-3,  gives 


(V3p3)r  =  AM(yptPt)1/2  t  ^  +  M2^ 


(y+l) 

2^) 


(5-13) 


According  to  Eq.  5-4,  the  relation  between  the  critical  pressure  in  the  tank 
at  time  r  and  the  diffuser  efficiency  is 


where 


p  =  the  test- section  static  pressure. 


Equation  5-13  thus  becomes 


r  -/i 


a-*D  /p  V'/2  / 

/P\  u  v3  Pt  )  ( . 

AMRT7\yp[y  1 


y+l 

-  1  A*™ 


1  +  M2 


(5-14) 


For  constant  values  of  the  stagnation  conditions  and  for  constant  geometry  this 
reduces  to 


'D 

“09 


•  .  1  (5-15) 


or  by  assuming  T3  a  (p3)  y  and  using  Eq.  5-4  once  more 


(5-16) 


From  this 


(dr/T)/(d7?DA?D)  =  —  logg  (pt/p) 


(5-17) 
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Values  derived  from  Eq.  5-17  ar’e  shown  as  a  function  of  t?^  and  M  in  Fig.  5-16, 

from  which  it  may  be  noted  that  the  percentage  increase  of  the  run  time  may 
be  many  times  that  of  the  diffuser  efficiency.  In  order  to  get  a  rough  esti¬ 
mate  of  the  increased  run  time  that  might  be  expected  at  any  Mach  number  a 
curve  of  y ^  vs  M  has  been  added  to  Fig.  5-16.  The  theoretical  y^  is  that 

obtained  with  a  normal  shock  in  the  minimum  starting  throat.  From  Ref.  195, 
pressure  ratios  required  to  maintain  various  run  times  of  10,  40  and  90  sec 
for  a  tunnel  at  M  =  6.86  have  been  used  to  compute  values  of  dr/r  and  dy^/y^. 

The  three  points  representing  dr  of  30,  50  and  80  sec  are  shown  in  Fig.  5-16 
where  they  are  in  good  agreement  with  the  theoretical  curves. 

When  the  stagnation  pressure  is  also  a  function  of  time,  as  it  often 
is  in  blowdown  tunnels,  the  run  time  is  even  more  strongly  dependent  on  the 
diffuser  efficiency.  Reference  209  compares  a  varying-area  second  throat  dif¬ 
fuser  with  one  having  a  constant-geometry.  The  efficiencies  (r?jj)  were  0.623 

and  0.415  for  a  test-section  Mach  number  of  4.2  while  the  run  times  were  17 
and  9  seconds.  The  value  of  (dr/r)/(dT?DA?£))  is  1.77  which  is  higher  than  the 

associated  value  from  Fig.  5-16.  This  is  to  be  expected  since  stagnation  pres¬ 
sure  decreases  with  time. 

It  was  estimated  that  the  variation  of  the  flexible  throat  (for  the  tun¬ 
nel  shown  in  Figs.  5-10  and  5-11)  and  the  oblique  shocks  from  the  centerbody 
would  so  improve  the  diffuser  efficiency  that  at  M  =  3 . 5  the  run  time  would  be 
increased  from  10  to  40  seconds. 

5.9  Effect  of  a  Model  on  Diffuser  Efficiency 

It  is  generally  assumed  that  when  there  is  a  model  in  the  test  sec¬ 
tion  the  diffuser  efficiency  is  reduced.  Comparison  is  made  in  Fig.  5-17  be¬ 
tween  data  in  which  "model"  and  "no  model"  tests  were  made  with  all  other 
conditions  remaining  constant.  The  data  from  all  tests  but  one  indicate  that 
the  presence  of  a  model  reduces  the  diffuser  efficiency. 

In  tests  with  air  injection  in  the  diffuser  (Ref.  198)  the  isentropic 
efficiency  remained  virtually  constant  for  Mach  numbers  from  2.9  to  4.75. 
With  no  model  in  the  test  section,  the  value  of  y^  was  0.82,  but  when  a  typi¬ 
cal  research  model  was  present  yQ  dropped  to  0.78.  With  neither  a  model  nor 

air  injection,  the  efficiency  varied  as  shown  in  Fig.  5-17.  When  the  typical 
research  model  was  reintroduced,  the  efficiency  dropped  5  to  10%.  This  re¬ 
duced  efficiency  is  due  principally  to  the  fact  that  choking  occurs  with  a  larger 
diffuser  throat  than  it  does  with  an  empty  test  section. 

In  suction  tests  at  M  =  2  (Ref.  192),  where  the  efficiency  is  depend¬ 
ent  on  the  length  of  the  shock  system,  the  average  value  of  y^  for  the  empty 

diffuser  is  also  higher  than  when  a  model  is  present.  However,  the  spread  of 
the  data  with  the  model  is  less  than  the  spread  with  no  model.  When  the  tun¬ 
nel  is  empty  the  shock  system  oscillates  back  and  forth  in  the  diffuser  and 
creates  undesirable  disturbances.  When  a  model  is  present  the  bow  shock,  or 
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its  reflection  from  the  tunnel  walls,  stabilizes  the  shock  system  (see  Sub¬ 
sec.  5.5).  Static  pressures  measured  along  the  diffuser  of  a  Mach  4.2  tunnel 
(Ref.  209)  at  different  times  during  a  run  showed  wide  fluctuations  when  no 
model  was  used,  but  were  much  steadier  as  a  function  of  time  when  a  cone 
was  located  in  the  test  section. 

The  total  shock  loss  may  also  be  reduced  by  the  oblique  shocks  from 
the  model.  This  is  especially  true  of  sharp-nosed  models  such  as  cones  and 
wedges  in  high  Mach  number  flow.  Little  (Ref.  207)  reports  higher  efficiencies 
at  Mach  10  with  a  wedge  model  present  in  the  test  section  than  with  an  empty 
tunnel  (see  Fig.  5-9). 

Ducted  bodies  and  cone-cylinders  were  tested  in  combination  with 
the  scavenging-scoop  diffusers  described  in  Subsec.  5.6.3.  A  comparison  of 
the  starting  and  running  pressure  ratios  is  given  in  Fig.  5-18  from  which  it 
may  be  noted  that  while  a  cone-cylinder  model  requires  a  somewhat  larger 
second  throat  than  either  the  ducted  body  or  the  empty  test  section,  it  never¬ 
theless  permits  a  reduced  compression  ratio  both  for  running  and  for  starting. 

5.10  Hypersonic  Diffusers 

The  problems  of  hypersonic  diffusion  are  basically  the  same  as  those 
encountered  in  the  supersonic  regime;  the  effects,  however,  are  usually  more 
pronounced.  The  strong  shock  waves,  for  instance,  and  thicker  boundary  layers 
normally  occurring  in  hypersonic  tunnels  may  cause  more  extensive  regions  of 
separated  flow  than  in  the  supersonic  case,  resulting  in  reduced  diffuser  ef¬ 
ficiency.  There  are  also  new  problems  inherent  in  hypersonic  diffusion.  For 
the  most  part  they  are  associated  with  the  use  of  high-enthalpy  flows  producing 
real-gas  effects  too  significant  to  be  neglected  with  impunity. 

The  few  systematic  investigations  of  hypersonic  diffusers  that  have 
been  made  up  to  the  present  are  reported  in  Refs.  194,  195,  206  and  207.  In 
all  of  these  save  one  (Ref.  206),  the  Mach  number  is  less  than  10  and  stagna¬ 
tion  conditions  are  such  that  real-gas  effects  are  negligible.  The  data  there¬ 
fore  have  been  summarized  in  the  previous  subsections,  where  it  is  shown  that 
the  efficiency  decreases  rapidly  .with  increasing  Mach  number.  It  has  also 
been  shown  that  the  efficiency  may  be  improved  by  means  of  a  shock  duct,  i.e., 
a  constant-area  throat  section.  However,  in  high-enthalpy  tunnels,  the  struc¬ 
tural  and  cooling  problems  introduced  by  the  high  heat-transfer  rates  in  the 
shock  duct  may  more  than  offset  the  gain  in  efficiency.  The  heat-transfer 
phase  of  the  problem  will  be  treated  in  Section  14  of  the  Handbook. 

Johnson  and  Witcofski  (Ref.  206)  investigated  the  effectiveness  of 
variable  geometry  supersonic  diffusers  designed  for  a  3-in.  helium  tunnel  oper¬ 
ating  at  a  Mach  number  of  20.  The  length  of  the  converging  section  of  the 
diffuser  was  varied  from  8.8  to  20.5  inches.  The  lowest  value  of  the  com¬ 
pression  ratio  required  to  maintain  supersonic  fiow  was  obtained  with  the  short¬ 
est  convergent  section.  The  contraction  angle  varied  from  0  to  4.7  deg,  the 
latter  angle  being  that  associated  with  the  shortest  length.  The  diffuser  ef¬ 
ficiency,  ri-Q,  varied  from  0.476  to  0.483. 

The  effectiveness  of  the  shock-duct  diffuser  at  the  higher  Mach  num¬ 
bers  has  been  shown  by  Makofski  and  Rea  (Ref.  210)  from  data  obtained  during 
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the  development  of  a  helium  hypersonic  wind  tunnel.  The  nozzle,  referred  to 
on  page  244,  produces  a  test-section  Mach  number  which  varies  from  16.4 
17.8  with  constant  supply  pressures  from  400  to  1000  psia.  The  test  diffus. 
was  constructed  in  three  major  parts  in  order  to  facilitate  geometric  changes. 
The  two  entrance  sections  (see  sketch  below)  had  angles  of  2.5  and  4  degrees. 
The  exit  section  had  a  10  deg  divergence.  Straight  sections  of  2.5,  5,  10  and 
15  in.  allowed  the  shock  duct  length  to  be  varied  from  0  to  32.5  inches.  The 
internal  diameter  of  the  shock  duct  was  changed  by  boring  out  the  initial  chan¬ 
nel  in  successive  increments. 


Although  there  is  a  wide  scatter  in  the  data,  the  compression  ratio 
follows  a  general  trend  when  it  is  plotted  as  a  function  of  the  length  to  diam¬ 
eter  ratio  of  the  constant-area  section.  Figure  5-19a  and  b  gives  typical  plots 
for  a  =  2.5  and  4  deg  and  stagnation  pressures  from  400  to  1000  psia.  From 
these  and  additional  data  (Ref.  210)  it  may  be  concluded  that  the  optimum  value 
of  i/d  lies  between  9  and  16.  Within  the  limited  cases  there  is  no  apparent 
dependence  of  the  optimum  i/d  on  either  stagnation  pressure  or  convergence 
angle. 


The  minimum  operating  compression  ratio  is  plotted  against  a  and 
p  in  Fig.  5-19c  from  whence  it  may  be  seen  that  the  best  value  for  a  is  in 
o 

the  neighborhood  of  2. 5  degrees.  From  the  chart  that  accompanies  Fig.  5-19c 
it  may  be  seen  that  the  minimum  compression  ratio  is  a  strong  ?e  func¬ 

tion  of  the  Reynolds  number.  This  is  of  course  to  be  expected  si.  he  char¬ 
acter  of  the  shock  formation  in  the  constant-area  duct  is  primarily  determined 
by  the  type  and  thickness  of  the  boundary  layer. 

Since  the  diffuser  throat  area  was  enlarged  in  discrete  increments, 
it  can  hardly  be  considered  a  variable  throat;  however,  the  pressure  recovery 
was  the  highest  at  the  minimum  throat  which  allowed  starting,  i.e.,  a  con¬ 
traction  ratio  of  0.712. 

Earlier  studies  were,  made  of  the  effect  of  a  movable  hemispherical¬ 
nosed  innerbody  in  the  diffuser.  After  the  tunnel  was  started  the  innerbody 
was  moved  slowly  up  the  divergent  section  of  a  short-duct  diffuser  ( i/d  =  1.25). 
The  highest  pressure  recovery  was  noted  when  the  nose  reached  the  exit  of 
the  constant-area  shock  duct.  In  this  case  the  diffuser  efficiency,  rj was 

0.41  compared  with  0.37  for  an  empty  diffuser.  Other  nose-shapes  were  tested 
but  none  gave  as  high  an  efficiency  as  the  hemispherical  cap. 

When  the  above  short  diffuser  was  used  the  tunnel  pressure  ratio 
was  found  to  be  quite  sensitive  to  the  configuration  and  location  of  typical  test 
models,  whereas  with  a  longer  diffuser  (i/d  =  5.93)  this  sensitivity  was  very 
much  reduced.  The  effect  is  apparently  due  to  the  stabilizing  influence  of  the 
additional  reflections  occurring  in  the  shock  duct. 
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In  general,  it  appears  that  the  shock-duct  diffuser  can  significantly 
increase  the  pressure  recovery,  but  that  structural  and  cooling  requirements 
may  severely  limit  its  effectiveness.  Unfortunately,  the  lack  of  experimental 
data  prevents  any  estimate  of  optimum  configurations  for  a  given  Mach  number 
and  set  of  stagnation  conditions. 
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Fig.  5-1 


F-g*  5-1.  Comparison  of  calculated  isentropic  efficiency  (77^) 
with  calculated  polytropic  efficiency  (tjd)  for  supersonic 
diffusers;  M  =  0  to  10;  y  =  1.40. 
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Fig.  5-2.  Calculated  and  experimental  isentropic  efficiency  of  super¬ 
sonic  diffusers  with  full  subsonic  recovery  as  a  function  of  Mach 
number;  y  =  1.4;  M  =  1  to  10. 
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Fig.  5-3 


Fig.  5-3.  Effect  of  length  of  constant-area  duct  on  diffuser 
efficiency;  M  =  2.  (Source:  Ref.  192) 
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Fig.  5-5.  Calculated  and  experimental  contraction  ratio  of  supersonic 
diffusers  as  a  function  of  Mach  number;  y  =  1. 4;  M  =  1  to  8. 
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Side  View  of  a  Two-Dimensional  Hypersonic  Diffuser;  6  <  M  <  10. 

(Source:  Ref.  194) 


Side  View  and  Plan  View  of  a  Quasi-Tv/o-Dimensional  Diffuser 
for  a  Mach  4  Nozzle.  (Source:  USCEC) 


Side  View  of  a  Quasi-Two-Dimensional  Diffuser  for  a  Mach  4.4  Nozzle. 

(Source:  Ref,  209) 


Fig.  5-6.  Sketches  of  two-dimensional  diffusers  for  high  supersonic 

Mach  number  nozzles. 
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Fig.  5-8.  Theoretical  isentropic  efficiency  of  normal- shock  and  oblique-snock 
diffusers  with  sonic  velocity  behind  the  last  shock  wave  and  full  subsonic 
recovery.  (Source:  Ref.  12) 


Experimentally  determined  effect  of  an  oblique  shock  on  the  polytropic  efficiency  of  a 
variable-geometry  diffuser.  (Source:  Ref.  207) 


■Incidence  Gear  Slide  /- Centerbody 


Fig.  5-10 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


I  \\\\\\\v: 


i 


Ref.  174) 

bo 

a 

•H 

<y 

G 

o 

G 

u 

G 

G 

• 

o 

G 

0  G 

w 

•H  *H 
«P  S 

•H  v_ 

• 

to 

u 

o  cr> 

o 

ft  CO 

Ifl 

in  o 

G 

<H 

CO  II 

«H 

•H 

II  tH 

T3 

_  < 

S\ 

•H 

CM 

£ 

a  < 

'  0 

■H 

(A 

c  o 

U 

a> 

•  ^  -H 

a 

O  P 

G  03 

w « 

«—  Uii  ~ 


Supersonic  Wind-Tunnel  Diffusers 


Fig. 
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Fig.  5-11. 


Supersonic  tunnel  incidence  gear. 


(Source:  Ref.  174) 
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Mach  Number,  M 


Fig.  5-12.  Effect  of  injection  and  suction  on  isentropic 
diffuser  efficiency. 
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Fig.  5-14.  Comparison  of  theoretical  and  experimental  compression 
ratios  as  a  function  of  Mach  number. 
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Polytropic  Efficiency, 

Fig.  5-16.  Theoretical  and  experimental  values  of  run  time  as  a  function 
of  diffuser  efficiency;  M  =  1  to  10;  y  =■  1.4.  (See  Sut  .an.  5.8) 
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Supersonic  Wind-Tunnel  Diffusers 


Fig,  5-17 


Fig.  5-17.  Effect  of  a  model  on  the  isentropic  efficiency  of  variable 
geometry  diffusers;  optimum  running  conditions. 


Supersonic  Wind-Tunnel  Diffusers 


Fig.  5-19c 


Fig.  5-19a.  Compression  ratio  as  a  function  of  shock-duct  length;  a  =  2. 5°. 


Fig.  5-19c.  Minimum  operating  compression  ratio  as  a  function 
of  convergence  angle.  (Source:  Ref.  210) 
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6.1 


6.  Propulsion  Nozzles 

It  has  been  seen  in  Subsec.  3  that  efficient  diffusion  is  an  important 
factor  in  the  operation  of  ramjet  engines.  It  is  necessary  that  the  air  reach 
the  combustor  at  a  low  Mach  number  and  with  high  total  pressure  and  a  uni¬ 
form  distribution. 

To  assure  efficient  performance  in  a  propulsion  nozzle  it  is  neces¬ 
sary  to  consider  not  only  the  essential  flow  relations  for  ideal  and  real  gases, 
but  also  the  geometry  which  affects  this  flow.  This  subsection  presents  the 
basic  flow  equations  and  defines  their  relationship  to  the  physical  factors  govern¬ 
ing  nozzle  design.  Included  in  this  discussion  are  the  elements  of  design  for 
conical,  contoured,  and  plug  nozzles;  the  interaction  effects  of  clusters  of  sim¬ 
ple  nozzles;  real-gas  effects;  and  the  effect  of  chemical  recombination  of  the 
combustion  products.  Thrust  vector  control  is  discussed  briefly. 


6.1  Rocket  Performance  Relations  for  Ideal  Nozzle  Flows 

Many  parameters  enter  into  the  combustion  and  flow  relationships  of 
rocket  nozzles,  and  the  basic  equations  may  be  expressed  in  many  ways.  For 
the  one -dimensional  flow  of  an  ideal  gas,  some  of  the  most  frequently  used 
equations  are  given  below. 

Gross  thrust,  F^,  (see  Eq.  2-45),  is  defined  by 
- -  u 

FG  ■  »e  Ae  K  +  d>e  '  *>->  Ae  (6-1) 

i.e. , 

FG  -  m  Ve  +  <pe  -  pj  Ae  (6-2| 


where  m  =  mass  flow  =  pVA  and  subscript  e  denotes  conditions  at  the  exit. 
Exit  velocity,  V  ,  may  be  expressed  as 

Ve  =  Me  VyRT  (6-3) 


By  using  Eqs.  2-1  and  2-2  and  assuming  zero  velocity  in  the  combustion  cham¬ 
ber  (subscrip*  c) 


2yR  Tc 
y  -  1 


1  •• 


(6-4) 


For  expansion  into  a  vacuum,  i.e.,  for  pg  =  0,  this  equation  becomes 


Ve 


max 


2yR  Tc 
y  -  1 


(6-5) 
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Mass  flow,  m,  may  be  expressed  as 


m  =  p*  V*  A*  =  •  p*  A* 

y+1 


(6-6) 


where  the  superscript  *  denotes  conditions  in  a  sonic  throat. 

In  rocket  literature,  the  characteristic  velocity,  C*,  is  often  used 
to  evaluate  the  performance  of  a  rocket  chamber.  It  is  defined  as 

p  A* 

*  n 


and  therefore,  from  Eq.  6-6  it  follows  that 


C* 


(6-7) 


Since  the  characteristic  velocity  depends  on  the  temperature  reached  in  the 
combustion  chamber,  it  may  be  used  as  a  measure  of  combustion  efficiency; 
however,  its  validity  for  this  purpose  is  questionable  whenever  non-isentropic 
nozzle  expansion  processes  occur. 

Thrust  coefficient,  C^,  (see  Eq.  2-51),  is  defined  by 


0  _  thrust 

F  ~  p„  A* 


and  thus,  from  Eq.  6-2, 


i.e. , 


Pe  y  Me  Ae  Ae 
CF  Pc  A*  +  A*  V  pc 


(6-8) 


(6-9) 


The  ideal  thrust  coefficient,  C„  ,  is  defined  as  the  thrust  pro- 

*  ideal 

duced  when  the  exit  pressure,  p  ,  is  equal  to  the  ambient  pressure,  p  ,  and 
hence  from  Eq.  6-9  e 


p  y  M2  A 
*e  '  e  e 


'F. 


ideal 


Pc 


A* 


(6-10) 
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Using  Eqs.  2-2  and  2-4,  Eq.  6-10  may  be  written  as 


(6-11) 


Since  p  /p  is  directly  related  to  the  expansion  ratio,  C_  may  be  calcu- 
e  c  ideal 

lated  as  a  function  of  Ag/A*  and  y  using  isentropic  flow  tables  (see  Appendix  A). 

The  results  of  such  calculations  are  shown  for  y  =  1.1,  1.2,  1.3,  and  1.4  on 
Fig.  6-1  from  which  it  may  be  clearly  seen  that  the  thrust  has  reached  about 
90%  of  its  maximum  value  at  Ag/A*  ^  10  and  that  considerably  larger  exit  areas 

produce  only  slightly  greater  thrust. 


For  a  fixed  geometry  and  hence  a  given  value  of  p  /p  ,  the  maxi- 

G  v 

mum  thrust  is  obtained  when  the  nozzle  discharges  into  a  vacuum,  i.e.,  when 
p^  =  0.  The  vacuum  thrust  coefficient,  Cp  ,  derived  from  Eq.  6-9  is 

r  vac 


p  A 

—  ~  (1  +  y  M2) 
p  A*  e 

c 


(6-12) 


The  values  of  C  and  Cp  are  given  in  the  tables  of  Ref.  38 
*  vac  *  ideal 

for  a  large  number  of  useful  values  of  y  and  expansion  ratios  from  1  to  1000. 
They  are  also  shown  in  Fig.  6-1  for  y  =  1.1,  1.2,  1.3,  and  1.4,  and  A  /A* 
from  1  to  36.  8 


The  maximum  thrust  is  obtained  when  A  is  infinite,  in  which  case, 

e 

pe  =  0.  From  Eq.  6-11  it  may  be  seen  that  when  pg  =  0 


(6-13) 


It  may  be  shown  that  C„  also  has  a  maximum  and  that 

vac 


max 

This  limiting  value  is  plotted  as  a  function  of  y  in  Fig.  6-2.  Although  pg  =  0 

seems  unrealistic,  it  is  nevertheless  a  convenient  and  useful  parameter  for  non- 
dimensionalizing  thrust  coefficients  for  purposes  of  comparison.  At  very  high 
altitudes  the  pressure  actually  does  approach  zero. 


f 


F. 


ideal /max 
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*ideaP 


When  pg  =  p^,  the  specific  impulse,  I  (see  Eq.  2-47),  becomes 
which  may  be  expressed  as 


m  V 

I  = - - 

ideal  W 


V 

e 

S 


(6-14) 


and  when  p^  =  0,  I  becomes  I  ,  which  may  be  expressed  as 

I  o  =  HT  (6-15) 

max  g  ry  -  1  c 

For  any  particular  combination  of  fuel  and  oxidizer,  theoretically  attainable 
values  of  T  may  be  computed  if  the  heat  release  due  to  the  reaction  is  known. 

When  such  values  of  T  are  inserted  in  Eqs.  6-7  and  6-15,  C*  and  I  may 
be  computed. 

It  should  be  remembered  that  all  equations  in  this  subsection  are 
valid  only  for  ideal  gases  under  equilibrium  conditions.  In  actual  rocket  cham¬ 
bers  the  combustion  is  often  incomplete,  with  dissociation  and  recombination 
taking  place  in  the  exhaust  gases  (see  Subsec.  6.3).  Although  y  is  far  from 
constant  along  the  nozzle,  a  value  between  1 . 23  and  1.25  is  usually  taken  for 
rocket  exhaust  gases.  The  exhaust  gases  of  air-breathing  engines  may  be  rep¬ 
resented  by  y  =  1.27.  Tables  of  pressure,  temperature,  density,  and  other 
functions  of  Mach  number  for  values  of  y  from  1.0  to  1.67  are  found  in  many 
references  (see  Appendix  A). 

6.2  Nozzle  Efficiency 

The  deviation  of  actual  or  measured  parameters  in  a  nozzle  from 
those  calculated  by  the  methods  of  Subsec.  6.1  for  ideal-gas  flow  in  a  one¬ 
dimensional  nozzle  may  be  termed  coefficients  of  efficiency.  As  such  they  may 
be  considered  as  corrections  to  the  basic  physical  assumptions  either  of  the 
nature  of  the  gas  itself  or  the  properties  of  its  streamlines.  They  will  treat 
actual  rather  than  ideal  flow  properties  and  will  include  viscous  effects,  the 
completeness  of  the  combustion  process,  and  the  nature  of  the  exhaust  gases. 


6.2.1  Over-All  Efficiency 

The  over-all  efficiency  of  a  nozzle  is  based  upon  the  thrust  it  can 
produce  and  is  usually  defined  as  rj  or  r?  where 


_  actual  thust 
^  ”  ideal  thrust 


(6-15) 


The  ideal  thrust  is  derived  from  the  best  possible  thermochemical  estimate  for 
the  fuel-oxidizer  combination  and  nozzle  area  ratio  employed  in  a  given  experi¬ 
ment.  It  is  based  on  the  assumption  of  the  one -dimensional  flow  of  an  ideal  gas. 


Propulsion  Nozzles 


6.2.1 


ft 


In  adiabatic  flow  the  energy  equation  may  be  written  as 


1 

2 


h  +  4  V2  =  constant 


(6-17) 


where  h  is  the  enthalpy.  If  the  gas  is  in  equilibrium  at  stations  1  and  2,  then 


hi 


(6-18) 


even  if  non-equilibrium  conditions  exist  between  the  two  stations.  Thus,  re¬ 
gardless  of  friction,  velocity  profile,  or  other  effects,  the  ratio  of  integrated 
kinetic  energy  over  the  exit  area  to  the  difference  between  ideal  combustion- 
chamber  enthalpy  and  the  enthalpy  integrated  over  the  exit  area  must  be  unity 
for  adiabatic  flow. 


A  measure  of  how  closely  an  actual  flow  approaches  this  condition 
of  an  adiabatic  expansion  of  a  perfect  gas  is  given  by  the  kinetic  energy  ef¬ 
ficiency,  which  is  defined  as 


V 


KE  '  2Ah 


(6-19) 


where 


average  value  of  the  exit  velocity  (see  Subsec.  2.1.8) 


Ah  =  theoretical  enthalpy  change  from  combustion  chamber  to  exit  sta¬ 
tion  for  an  ideal  gas  based  on  nozzle  area  ratio  and  the  fuel  and 
oxidizer  used. 


This  definition  of  efficiency  is  based  on  momentum  and  is  thus  a  more  valid 
measure  of  the  thrust  loss  due  to  heat  transfer,  viscous  stresses,  and  other 
irreversible  effects  than  r\  defined  by  Eq.  6-16.  Snyder  (Ref.  219)  investigated 
the  actual  flow  in  the  nozzle  throat  and  derived  an  expression  relating  the  throat 
Mach  number  to  and  y  (see  Subsec.  6.2.4). 


The  efficiency  of  a  nozzle  may  be  affected  by  the  non-uniform  dis¬ 
tribution  of  both  the  magnitude  and  direction  of  the  velocity  across  the  exit. 
Some  of  these  non-uniformities  may  be  due  to  irregularities  in  construction  or 
poor  design  of  the  nozzle-  walls  as  well  as  to  viscous  effects.  A  velocity  co¬ 
efficient,  r?v  (sometimes  called  Cy  ),  may  be  defined  as 


I 


v 

e  effective 

=  V 

e  theoretical 


(6-20) 


The  effective  velocity  thus  defined  could  properly  replace  V  ,,  ...  in  the 

one -dimensional  equations.  e  re  1 

The  discharge  correction  factor,  (sometimes  called  C^),  is  the 
ratio  of  the  actual  flow  rate  in  a  real  nozzle  to  the  ideal  critical  flow  at  the 
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throat  of  the  nozzle, 


i.e. , 


m 


r,d  =  in*. 


actual 


(6-21) 


ideal 


The  ideal  mass-flow  rate  is  based  on  one -dimensional,  isentropic  flow  assum¬ 
ing  stagnation  conditions  in  the  combustion  chamber. 


For  a  liquid-fueled  rocket,  the  actual  mass-flow  rate  is  known  from 
the  pump  characteristics,  and  for  a  solid-fueled  rocket  it  is  found  from  a  si¬ 
multaneous  solution  of  Eq.  6-6  and  the  equation  defining  the  burning  rate  in 
terms  of  pressure  and  temperature.  La  computing  the  ideal  mass  flow  from 
Eq.  6-6  the  pressure  is  usually  measured  but  the  chamber  temperature  has  to 
be  calculated  on  the  assumption  of  a  complete  reaction  of  oxidizer  and  fuel. 
Poor  mixing  and  consequent  incomplete  combustion,  as  well  as  heat  loss  to 
the  walls,  make  the  actual  temperature  somewhat  lower  than  that  which  is  cal¬ 
culated.  However,  this  is  offset  by  the  fact  that  mixing  and  combustion  con¬ 
tinue  down  the  nozzle  and  are  also  accompanied  oy  some  recombination  (see 
Subsec.  6.3).  The  discharge  coefficient  in  an  actual  rocket  nozzle  has  been 
found  to  vary  from  0.98  to  1.15.  Sutton  in  Ref.  211  gives  the  following  rea¬ 
sons  for  the  fact  that  77  is  usually  greater  than  one: 


1. 


The  molecular  weight  of  the  gases  increases  slightly  when  flowing 
through  a  nozzle,  thereby  changing  the  density. 


2.  The  heat  transferred  to  the  walls  lowers  the  gas  temperature  and 
raises  the  density. 


3 .  The  density  of  the  exhaust  gases  is  further  increased  by  incomplete 
combustion. 


4.  The  change  in  y  down  the  nozzle  is  such  as  to  increase  7?^. 


The  discharge  coefficient  may  also  be  expressed  in  terms  of  the  characteris¬ 
tic  velocity  (see  Eq.  6-7),  i.e., 


C* 


^d  =  C* 


theoretical 


actual 


(6-22) 


The  shape  of  the  combustion  chamber  and  the  design  of  the  fuel  in¬ 
jector  have  a  great  influence  on  the  combustion  efficiency  and  hence  on  the 
discharge  coefficient.  One  useful  parameter  in  chamber  design  is  the  charac¬ 
teristic  length.  £■*,  defined  by 


_  combustion  chamber  volume  up  to  throat  section 
cross-sectional  area  of  throat 


(6-23) 


Increasing  X*  enhances  the  degree  of  completeness  of  combustion  and  hence 
gives  values  of  C*  closer  to  the  theoretical. 


In  summary,  for  a  nozzle  operating  with  pg  =  p^,  since  the  thrust 


is  given  directly  by  the  momentum  of  the  exhaust  gases,  the  over-all  nozzle 
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efficiency  may  be  expressed  by 

\  =  r>  =  W/3  •  v  •  (6“24) 

6.2.2  Divergence  Factor 

Exhaust  nozzles  designed  to  give  parallel;  uniform  exit  flow  (see 
Subsec.  6.4.2)  usually  are  excessively  long  and  heavy.  In  many  cases  simple 
conical  shapes  have  been  found  satisfactory.  The  potential  flow  in  such  a  noz- 
zie  may  be  closely  represented  by  source  flow  as  shown  below. 


Across  the  spherical  surface,  the  exit  velocity  is  constant  and  normal  to  the 
surface.  Since  thrust  is  based  on  the  axial  component  of  momentum  acting 
against  the  exit  area  normal  to  the  axis,  che  thrust  of  a  conical  nozzle  will  be 
less  than  that  of  a  contoured  nozzle.  Simple  geometric  considerations  give  the 
ratio  of  the  momentum  flux  in  the  conical  nozzle  to  that  in  the  contoured  noz¬ 
zle  as 


1  +  cos  a 
2 


(6-25) 


where 


Thus, 


X  =  divergence  factor 
a  =  divergence  angle  of  the  nozzle, 
for  a  conical  nozzle,  the  thrust  coefficient  (Eq. 


Cp  X 

conical 


p  A  A 

*e  e  ,  e 

p  A*  e  A* 
c 


6-9)  becomes 


(6-26) 


Thrust  measurements  on  conical  nozzles  (Foster  and  Cowles,  Ref.  212)  gave 
the  values  of  X  shown  in  Fig.  6-3,  indicating  that  Eq.  6-25  is  valid  for  a  of 
practical  interest,  i.e.,  up  to  about  30  degrees.  In  one  test  with  increased 
curvature  of  the  throat  wall,  the  resulting  shorter  nozzle  delayed  the  separa¬ 
tion  of  the  experimental  and  theoretical  curves. 

Figure  6-4  shows  the  calculated  values  of  the  comparative  perform¬ 
ance  of  conical  nozzles  (pa  =  0)  in  terms  of  the  nozzle  geometry.  It  is  usually 
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desirable  to  minimize  both  the  weight  and  the  heat  transfer  of  a  practical  rocket 
nozzle.  Because  both  of  these  factors  are  closely  related  to  the  wetted  area 
of  the  nozzle,  the  minimization  of  this  area  is  of  prime  interest.  At  each  value 
of  constant  thrust  in  Fig.  6-4  the  nozzle  surface  area  was  calculated  as  a  func¬ 
tion  of  a  and  the  minimum  value  determined.  A  line  connecting  the  minimum 
area  for  each  vacuum  thrust  is  shown.  From  this  line  one  may  obtain  the  opti¬ 
mum  nozzle  angle  for  minimum  weight  and  heat  transfer  as  a  function  of  the 
nozzle  length. 


6.2.3  Viscous  Effects 

In  hypersonic  tunnel  nozzles  and  in  rocket  nozzles  the  Reynolds  num¬ 
ber  is  usually  high  enough  to  assure  turbulent  flow  along  most  of  the  nozzle. 
Since  in  a  rocket  nozzle  the  origin  of  the  flow  is  turbulent,  the  boundary  layer 
along  the  nozzle  is  more  likely  to  be  entirely  turbulent.  The  flow  is  usually 
shock-free  within  the  nozzle  itself,  i.e.,  the  loss  in  thrust  is  due  principally 
to  viscous  and  heat-transfer  effects,  which  are  inseparable.  Until  recently  no 
exact  solution  of  the  boundary-layer  equations  had  been  obtained  for  turbulent 
flow  in  the  presence  of  high  heat-transfer  rates  and  large  negative  pressure 
gradients.  In  the  absence  of  such  a  solution,  several  semi-empirical  tech¬ 
niques  were  developed  by  which  viscous  effects  may  be  included  in  nozzle  com¬ 
putations.  These  simplified  methods  will  be  presented  before  the  exact  solu¬ 
tion  is  discussed  since  they  will  always  be  useful  not  only  to  those  who  wish 
to  make  quick  estimates  of  performance  but  also  to  those  who  do  not  have  ready 
access  to  a  computation  center. 

Durham  in  Ref.  213  derives  many  nozzle  flow  relationships  in  terms 
of  an  average  friction  parameter,  B,  defined  by 


Iff 

tan  a 


(6-27) 


where 


Cf  =  average  value  of  the  skin-friction  coefficient 
a  =  divergence  angle. 

Cj  and  y  will  vary  down  the  nozzle;  for  non-conical  nozzles  a  will  also  vary. 


Durham  uses  parameters  which  are  averaged  with  respect  to  the  nozzle  length 
in  order  to  compute  B.  The  required  exit  area,  A^,  may  be'  calculated  for  a 

fixed  exit  Mach  number  and  a  given  friction  parameter  from 


A' 

_e 

A* 


M3 


y+1 

2V-1+2B) 


y+1 


1  -  B 
1  -  BM3 


1-B 

\y-l+2B 


(6-28) 
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The  corresponding  loss  in  stagnation  pressure  due  to  viscosity  may  be  calcu¬ 
lated  by  using 


where 


Pi 


Pt 


y  -  1 


Ma 


B(y+t) 
(y-i)(y~i+2B) 


y  +  1 


1  -  BM: 
1  -  B 


1-B 

a\  y-l+2B 


p^  =  effective  stagnation  pressure  at  the  exit 
e 

p*  =  stagnation  pressure  at  the  throat 

»  p  in  most  cases. 

*c 


(6-29) 


Figures  6-5  to  6-10  show  curves  of  A^/Ag  (obtained  by  combining  Eqs.  2-4 

and  6-28)  and  p!  /p*  for  y  =  1.2,  1.3,  and  1.4;  D  =  0  to  0.06  and  M  =  1  to  5. 
te 

The  following  table  indicates  a  practical  range  of  values  of  the  parameter  B. 
The  skin-friction  coefficients  used  in  computing  B  are  those  for  a  flat  plate 
with  zero  heat  transfer;  y  is  1.4. 


Laminar  Flow _ Turbulent  Flow 

-int>  I  -in6  I 


- Re  "=~i0B 

r  Re  =  10B 

Re  =  108 

\m 

a\ 

2 

5 

10 

2 

5 

10 

2 

5 

10 

10 

15 

30 

0. 0325 
0.0214 
0.0099 

0.0286 
0. 0188 
0.0087 

0.0246 

0.0162 

0.0075 

0. 0294 
0. 0193 
0.0090 

0.0210 

0.0138 

0.0064 

0.0159 
0. 0105 
0.0049 

0.0131 

0.0086 

0.0040 

0.0075 

0.0050 

0.0023 

0.0048 

0.0031 

0.0015 

The  effects  of  heat  transfer  and  pressure  gradient  on  skin  friction  are  not  yet 
fully  explained.  If  estimates  of  the  local  wall  temperature  and  the  local  Rey¬ 
nolds  number  can  be  made,  the  flat-plate  skin-friction  coefficient  may  be  ob¬ 
tained  from  the  nomograph  in  Fig.  6-11  (taken  from  Ref.  214),  which  gives 
both  the  local  and  mean  values  of  the  skin-friction  and  heat-transfer  coefficients 
in  terms  of  wall  temperature  ratio,  Mach  number,  and  Reynolds  number. 

A  purely  empirical  approach  to  the  viscous  problem  is  suggested  by 
Rowe  in  Ref.  15.  The  measured  static  pressure  at  Lne  nozzle  exit  is  com¬ 
pared  with  the  theoretical  value  and  a  value  of  the  polytropic  exponent,  >  cal¬ 
culated  to  fit  the  expansion  process.  The  thrust  of  the  nozzle  is  then  computed 
by  means  of  one-dimensional  theory  using  the  effective  value  of  y. 

Although  the  foregoing  methods  give  adequate  estimates  of  thrust  loss 
in  conical  nozzles,  they  cannot  be  applied  to  contoured  nozzles  or  to  highly  non- 
uniform  flow.  For  many  parameters,  the  concept  of  an  average  value  has  ques¬ 
tionable  physical  meaning.  As  in  the  case  of  wind-tunnel  nozzles,  the  assump¬ 
tion  may  be  made  that  viscous  forces  are  confined  to  the  regions  adjacent  to 
the  walls.  Beyond  these  regions  the  flow  may  then  be  considered  frictionless. 
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Using  6*  and  6  as  defined  in  Eqs.  2-167  and  2-168,  the  momentum  of  the  exit 
flow  may  be  written  as 


mV.  1  - 


re<M e  -  l> 


(6-30) 


where 


Vg  =  average  exit  velocity  (see  Subsec.  2.1.8) 

r  =  radius  of  exit  section 
_ e 

=  average  exit  Mach  number. 

The  expression  in  brackets  may  also  be  used  as  a  velocity  efficiency  factor  in 
obtaining  the  effective  exit  velocity  of  the  exhaust  gases.  Values  of  6*/ 6  and 
0/6  may  be  found  from  Table  2-1  (no  heat  transfer)  and  Table  4-4  (with  heat 
transfer;  Tw/Te  known).  The  value  of  6  may  be  obtained  from  Eq.  2-176. 

Both  the  tables  and  Eq.  2-176  are  based  on  y  =  1.4  and  flat-plate  values  of  the 
skin-friction  coefficient. 


The  work  done  by  Bartz  on  the  viscous  effects  in  rocket  nozzles  is 
perhaps  the  most  precise  and  generally  applicable.  He  has  derived  a  method 
by  which  one  may  compute  the  boundary-layer  growth  in  the  presence  of  both 
heat  transfer  and  pressure  gradients. 

His  first  solucion  (Ref.  216)  was  a  hand-computed  approximation, 
limited  to  simple  convergent-divergent  conical  nozzles.  The  distribution  of.the 
velocity  boundary-layer  thickness  was  derived  from  the  integral  momentum  equa¬ 
tion.  When  these  results  were  substituted  in  the  integral  energy  equation  the 
distribution  of  the  ratio  of  the  temperature  boundary -layer  thickness  to  the  ve¬ 
locity  boundary -layer  thickness  was  obtained.  Assuming  an  analogy  between 
heat  transfer  and  momentum  transfer  allowed  the  heat-transfer  coefficient  to 
be  expressed  as  an  explicit  function  of  the  boundary-layer  thickness.  In  spite 
of  many  simplifications,  the  method  was  still  cumbersome;  however,  the  re¬ 
sults  for  any  specific  nozzle  could  be  extended  to  apply  to  all  geometrically 
similar  nozzles  and  some  geometrically  dissimilar  nozzles. 

Experience  gained  from  these  hand  computations  led  Bartz  to  derive 
an  empirical  expression  for  the  heat-transfer  coefficient,  h,  in  conical  nozzles 
(Ref.  217).  The  expression  for  h  at  any  cross  section,  A,  is 


0,9  3  r  \  /n  o\°* 8  /  \„ 

a  0-026  (  M _ iiffcf)  ( 

_d*0-2  \  pr°‘sAC/  \rw/ 

to.  *  % \°'7T  +  Mm/* 

"  ”  l  s». )  V  2T,  / 


(6-31) 


where 


d*  =  throat  diameter 

C*  =  characteristic  velocity  (see  Eq.  6-7) 


Propulsion  Nozzles 


6.2.3 


and 


subscript  w  denotes  wall  conditions. 

By  means  of  Eq.  6-31  reasonably  accurate  estimates  of  heat  transfer  may  be 
made  very  rapidly. 


More  -  cently,  employing  machine  computation  (Ref.  218),  Bartz  has 
found  a  simultaneous,  iterative  solution  of  the  momentum  and  energy  equations. 
Although  the  basic  procedure  is  similar  to  that  of  the  approximate  solution, 
the  exact  solution  no  longer  requires  many  of  the  original  compromises.  The 
calculations  are  no  longer  restricted  to  conical  nozzles  but  may  be  applied  to 
any  axisymmetric  configuration.  The  boundary-layer  thicknesses  obtained  may 
be  used  to  correct  both  performance  calculations  and  nozzle  shape.  Although 
many  changes  and  refinements  were  made  in  the  light  of  later  information,  the 
quantitative  results  of  the  new  approach  are  still  based  on  several  factors  which 
can  be  defined  with  only  limited  accuracy.  The  skin-friction  and  heat-transfer 
coefficients  at  each  step  are  still  those  that  would  be  found  on  a  flat  plate  at 
the  s,'me  stream  and  wall  conditions. 

Figures  6-12  to  6-15  give  the  calculated  velocity,  momentum,  and 
displacement  boundary -layer  thickness  distributions,  as  well  as  the  heat-transfer 
coefficient  for  a  specific  nozzle  (shown  on  Fig.  6-15)  with  three  different  sets 
of  initial  conditions.  Although  experimental  confirmation  is  extremely  limited, 
there  are  sev,  ral  qualitative  results  applicable  to  rocket  nozzles  operating  under 
typical  conditions.  They  are: 

1.  The  velocity  boundary  layer  has  a  minimum  thickness  slightly  up¬ 
stream  of  the  nozzle  throat. 

2.  This  minimum  thickness  is  fairly  insensitive  to  the  boundary -layer 
characteristics  at  the  nozzle  entrance;  hence  the  usual  assumption 
of  zero  boundary  layer  at  the  throat  is  not  greatly  in  error. 

3.  The  growth  of  the  velocity  boundary  layer  is  almost  linear  in  the 
supersonic  part  of  the  nozzle. 

4.  The  maximum  heat  transfer  occurs  very  close  to  the  throat. 

Altman  and  Carter  in  Ref.  16  derived  an  approximate  temperature- 
pressure  relationship  for  flow  with  heat  transfer  through  rocket  nozzles.  The 
quantity  of  heat,  Q,  transferred  from  the  gas  between  stations  1  and  2  during 
an  expansive  process  is  given  by 

Q  =  hi  -  hs  +  \  m(Vt  -  VI)  (6-32) 

where  h  is  the  enthalpy.  Provided  that  Q  «  c  T  the  approximate  pressure- 
temperature  relation  in  the  nozzle  is  given  by  ^  c 


y- 1 

T/Tc  =  (p/pc) 3 4 * *  7 


+  1. 


Q 


c  ■ 

p  cj 


(6-? 3) 
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Values  of  h  for  many  gases  may  be  obtained  from  Ref.  41.  Altman  and  Carter 
compare  the  exhaust  velocity  in  a  nozzle  which  is  water-cooled  with  the  ve¬ 
locity  in  a  regene  ratively  cooled  one. 


For  adiabatic  expansion  without  heat  transfer 

/  T  \ 


4  m  V: 


3  _ 


c  T  1  -  =  n.  c  T 


P  c 


1  p  c 


(6-34) 


where 


y-l 


"i  ■  1  -  T-  *  1  -  (V»c> 

c 


For  the  water-cooled  case,  where  V  is  now  V  , 

G  W 


1 

2 


m  V2 
w 


n.  c  T 
l  p  c 


1  + 


y  +  1 
2 


Q 


C  T 

P  c 


(1  -  n.) 

n. 

i 


-  Q 


(6-35) 


If  the  transferred  heat,  Q,  is  fed  back  into  the  combustion  zone  at  Tc  and  pc 
the  exit  velocity,  V  ,  is  given  by 


4  m  Vs  =  n  c  T 
2  r  i  p  c 


(-*) 


,  .  (1  -  n.) 

1  +  y  + . 1  _JL : _ L 

2  c  T  n. 
pc  x 


-  Q 


(6-36) 


Heat-transfer  and  viscous  effects  will  be  discussed  more  fully  in  Sections  13 
and  14  of  the  Handbook. 


6.2.4  Nozzle  Throat  Correction 

The  flow  characteristics  in  a  sonic  throat  have  been  discussed  in 
Subsec.  4.1.  It  was  shown  that,  the  sonic  line  is  parabolic  rather  than  linear, 
and  that  its  position  relative  to  the  minimum  cross  section  is  dependent  upon 
the  geometric  parameters  of  the  threat.  Figure  4-1  snows  the  position  of  the 
sonic  line  for  various  values  of  wall-to-throat  radius  of  curvature  In  both  two- 
and  three-dimensional  throats.  Figure  4-2  gives  the  Mach  number  distribution 
for  a  given  geometry  and  a  gas  whose  ratio  of  specific  heats  is  1.4.  Equa¬ 
tions  are  given  which  permit  calculations  for  other  values  of  y.  It  is  evident 
that  mass-flow  calculations,  based  on  the  usual  assumption  of  uniform  axial 
flow  at  M  =  1  across  the  minimum  section,  will  be  somewhat  in  error.  The 
ratio  of  the  actual  mass  flow  to  that  calculated  by  simple  one-dimensional  theory 
may  be  used  as  a  throat  efficiency  factor,  77*. 


In  order  to  obtain  a  closed  solution  for  the  integral, 


1  f  PU 

*(**ryio  P*u* 


2v  y  dy 


(6-37) 
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it  is  necessary  to  make  some  approximation.  The  most  d.rect  is  to  assume 
V  =  0  and  x  =  constant,  i.e.,  integrate  across  the  minimum  cross  section 
shown  as  AC  in  the  following  sketch. 


The  value  of  M  is  obtained  from  Eq.  4-7  and  the  values  included  in  the  inte¬ 
gration  lie  between  and  M^.  In  this  case  the  values  of  M  will  be  some¬ 
what  lower  than  the  real  ones  since  values  of  V  have  been  neglected.  V/a* 
is  zero  at  A  and  C,  but  has  a  minimum  value  of  -0.07  between  A  and  C.  The 
integral  reduces  to 


where  r  represents  the  wall  radius  of  curvature  at  the  throat. 

A  second  method  is  to  integrate  over  the  surface  of  V  =  0  (see 
sketch)  which  is  given  by 


(y  +  1) 
8 


ays 


where  a  is  defined  by 


UQ/a*  =  1  +  ax  (Eq.  4-1) 

Since  the  flow  is  always  aligned  with  the  axis,  the  projected  area 
of  this  curve  over  which  the  flow  must  be  integrated  is  equal  to  the  area  of 
the  geometric  throat,  but  since  the  curve  is  to  the  right  of  tne  throat  the  Mach 
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numbers  are  somewhat  in  excess  of  the  true  values.  The  value  of  v*  in  this 
case  is 


17*  = 


2  (y  *  f,  rw 


4  ~  -  1 


(6-39) 


y-3 


M 


A  third  method,  given  by  Oswatitsch  (Ref.  3,  p.  478),  simplifies  the 
calculations  by  use  of  the  following  transonic  approximation: 


pq 


p*  a* 


s  1  - 


y  +  1 


(M  -  l)8  + 


(6-40) 


where 

q3  =  U8 
The  result  is 


+  V3 


n*  =  l 


(6-41) 


The  evaluation  of  r?*  as  a  function  of  r*/rw  for  all  three  methods  is  given  in 

Fig.  6-16.  For  values  of  r*/rw  less  than  0.8  the  correction  is  less  than  1%  of 

the  total  mass  flow  and  the  difference  between  the  three  methods  is  negligible. 
Beyond  this  value  there  is  a  rapid  increase  in  the  error  and  a  wider  divergence 
in  the  three  calculated  values.  The  advantages  of  a  large  radius  of  curvature 
for  the  nozzle  wall  are  apparent.  A  value  of  r*/r  =  2/3  is  customarily  used. 

The  correction  factor,  tj*,  normally  is  included  in  the  discharge  co¬ 
efficient  of  a  rocket  nozzle.  It  may  be  thought  of  as  a  wall  shape  effect  or  an 
area  ratio,  i. e., 

„*  ~  ^ecttro  (6-42) 


A* 


actual 


In  non-isentropic  flow,  the  velocity  in  the  physical  throat  is  sub¬ 
sonic,  i.e.,  the  actual  sonic  throat  occurs  slightly  downstream  of  the  theo¬ 
retical  throat.  According  to  Snyder  (Ref.  219),  this  discrepancy  is  due  to 
boundary -layer  effects  which  are  not  taken  into  account  by  isentropic  design 
methods.  He  has  derived  a  throat  correction  factor  relating  the  Mach  number 
in  the  physical  throat  and  the  kinetic  energy  efficiency.  By  assuming  that  the 
mass  velocity,  pV,  is  a  maximum  at  the  throat,  he  obtained  the  following 
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expression  for  the  throat  Mach  number  in  terms  of  y  and 


where  is  the  Mach  number  in  the  physical  throat.  The  values  of  Mt  cal¬ 
culated  from  Eq.  6-43  are  presented  in  Fig.  6-17  as  a  function  of  for 

y  =  1.20,  1.23,  1.40,  and  1.87.  It  may  be  seen  from  this  figure  that  the  flow 
in  the  physical  throat  is  always  subsonic  since  the  kinetic  energy  efficiency  is 
always  less  than  one.  Setting  y  =  1  in  Eq.  6-43  yields 

Mt  =  ^  (6-44) 


These  values  of  are  represented  in  Fig.  6-17  by  a  dashed  line  which  is 

seen  to  be  an  upper  limit,  i.e.,  since  y  is  always  greater  than  one,  will 

always  be  less  than  If  the  real  nozzle  with  boundary-layer  growth  is 

replaced  by  an  equivalent  nozzle  with  isentropic  flow,  the  actual  sonic  throat 
will  be  downstream  of  the  physical  throat  and  have  a  reduction  in  area  deter¬ 
mined  by  Mt  and  A^. 

6.2.5  Flow  Separation  in  Over- Expanded  Nozzles 

An  exhaust  nozzle  is  said  to  be  operating  at  an  over-expanded  con¬ 
dition  when  the  nozzle  exit  pressure  is  less  than  the  ambient  pressure.  If  the 
ratio  Pg/p^  drops  below  a  critical  value,  the  exhaust  gases  will  separate  from 

the  nozzle  walls  and  increase  the  stream  pressure  by  means  of  a  shock  sys¬ 
tem  until  the  over-expanded  condition  is  corrected.  The  pressure  on  the  walls 
is  usually  much  lower  than  ambient  before  the  separation  occurs. 

The  following  sketch  illustrates  an  over-expanded,  separated  flow 
and  shows  the  character  of  the  wall  pressure  distribution. 
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The  wall  pressure  is  predicted  by  the  isentropic  nozzle  flow  relations  until  at 
the  point  of  flow  detachment,  the  pressure  rapidly  'umps  to  the  ambient  value. 
In  two-dimensional  nozzles,  an  asymmetric  shock  pattern  may  occur,  causing 
the  flow  to  attach  itself  to  one  wall  or  the  other.  In  some  instances  the  flow 
shifts  alternately  from  wall  to  wall,  causing  unsteady  operation.  Experience 
indicates  that  the  flow  separation  in  axisymmetrical  nozzles  is  always  sym¬ 
metrical  and  stable;  however,  during  starting  and  stopping  operations  in  wind- 
tunnel  tests,  when  the  pressure  ratio  is  low,  an  asymmetric  shock  pattern  has 
sometimes  been  observed.  The  stream  pressure  on  the  jet  boundary  down¬ 
stream  of  the  oblique-shock  system  is  essentially  that  of  the  ambient  air  and 
the  separated  flow  may  be  regarded  as  a  free  jet. 

Many  measurements  of  the  wall  pressure  have  been  made  in  nozzles 
of  varying  length  and  divergence  as  well  as  for  several  different  gases,  hot 
and  cold,  operating  under  a  wide  range  of  compression  ratios. 

Campbell  and  Farley  (Ref.  220)  tested  nozzles  with  a  =  15,  25,  and 
29  deg,  each  with  area  ratios  of  10,  25,  and  40  both  with  unheated  and  heated 
air  (1200°F).  Within  the  accuracy  of  the  measurements  there  was  no  signifi¬ 
cant  difference  in  the  relationship  between  the  separation  pressure  ratio  due 
either  to  geometric  factors  or  to  gas  heating.  In  consequence  the  nine  geo¬ 
metric  variations  are  shown  in  Fig.  6-18  by  only  two  symbols,  one  for  hot 
flow  and  one  for  cold  flow. 

Bloomer,  Anti,  and  Renas  (Ref.  221)  tested  a  family  of  conical  noz¬ 
zles  mounted  on  a  water-cooled  JP-4-gaseous-oxygen  thrust  chamber.  The  di¬ 
vergence  angle  varied  from  15  to  30  deg  and  the  area  ratio  from  8  to  75.  The 
experimental  separation  pressure  ratios  obtained  during  this  study  are  also 
shown  on  Fig.  6-18.  The  agreement  with  those  of  the  preceding  reference  is 
good.  Also  included  on  this  figure  are  collected  data  from  Refs.  222,  223, 
and  224. 


The  theoretical  aspect  of  the  problems  associated  with  flow  separa¬ 
tion  has  received  a  good  deal  of  attention,  primarily  in  two-dimensional  flow. 
Reference  225  presents  a  comprehensive  review  of  the  literature  on  high-speed 
flow  separation  and  gives  an  extensive  bibliography.  However,  this  detailed 
study  deals  principally  with  the  underlying  theory  of  boundary-layer  separation 
rather  than  its  application  to  exit  nozzle  flow,  and  hence  will  be  discussed  in 
Section  13  of  the  Handbook.  In  this  subsection  we  shall  confine  ourselves  to 
the  methods  or  devices  by  which  one  may  predict  the  onset  of  separation  in 
conical  nozzle  flow  and  the  pressure  ratios  involved. 

The  first  method  is  due  to  Mager  and  is  outlined  in  Refs.  226,  227, 

and  228.  For  the  two-dimensional  case  the  ratio  of  the  ambient  pressure,  pro, 

to  the  separation  pressure,  p  ,  may  be  calculated  by  means  of 

s 
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Graphs  of  p  /p  .  p  /p  .  0,  and  0  for  Mach  numbers  from  1.5  to  4.0  are 

S  2  S  W  S 

presented  in  Ref.  228  from  which  the  values  for  y  =  1.2  and  1.4  are  repro¬ 
duced  in  Fig.  6-19.  Curve  A  for  which  y  =  1.4  and  curve  B  for  which  7  =  1.2 
give  the  dependence  oi  p  /p  on  p  /p  using  the  Mager  method  and  are  shown 

in  Fig.  6-18.  The  agreement  between  these  calculations. and  the  measured  data 
is  very  good.  The  difference,  due  to  y,  between  curves  A  and  Bis  very  slight 
except  at  high  compression  ratios.  This  has  been  substantiated  by  tests;  dif¬ 
ferent  gases,  even  at  different  temperatures,  do  not  reflect  any  change  in  the 
pressure  ratio. 

A  second  method  of  predicting  the  pressure  at  the  onset  of  separa¬ 
tion  is  that  of  assuming  a  constant  ratio  between  the  Mach  numbers  across  the 
oblique  shock.  Simply  by  assuming  that  M|  =  0. 58  M|,  the  pressure  relation¬ 
ship,  pq/pc  vs  pco/pc  was  calculated  for  y  =  1.4,  shown  by  curve  C,  and  for 

y  =  1.2,  shown  by  curve  D,  on  Fig.  6-18.  These  curves  lie  very  close  to 

those  of  Mager,  especially  for  y  =  1.2.  A  closer  fit  for  the  y  =  1.4  case 

could  easily  be  obtained  by  a  very  small  change  in  the  ratio  of  the  shock  Mach 

numbers.  These  curves  also  indicate  how  slight  is  the  effect  of  changing  y 

except  at  high  compression  ratios.  The  location  of  the  onset  of  separation 

may  easily  be  calculated  from  the  ratio  p  /p  and  isentropic  flow  tables.  Since 

s  c 

the  flow  behaves  as  a  free  jet  once  it  has  separated  from  the  walls,  the  geom¬ 
etry  of  the  nozzle  has  little  or  no  effect  upon  it.  Tests  with  nozzle  lengths 
up  to  three  times  the  distance  from  the  throat  to  the  initial  separation  point 
showed  no  effect  of  length  on  the  separation  pressure  ratios. 

For  some  time  it  was  generally  accepted  that  p  /p  had  a  constant 

S  00 

value;  Summerfisld,  Foster,  and  Swan  gave  the  value  as  0.4,  whereas  Rao  sug¬ 
gested  about  0.3.  The  slope  of  the  theoretical  curves  A,  B,  C,  and  D  of 
Fig.  6-18  rapidly  approach  a  constant  value  as  the  nozzle  pressure  ratio,  Pc/pm> 

increases;  however,  both  theory  and  -’ata  show  a  sharp  increase  in  the  separa¬ 
tion  pressure  as  the  compression  ra  is  reduced  below  about  30.  This  is 
shown  in  Fig.  6-20  which  contains  the  same  data  as  Fig.  6-18  in  a  slightly 
different  form.  Since  for  rockets  p  /p  *  30  is  common,  then  the  use  of 

pg/pOT  ~  0.3  is  reasonable.  However,  for  ramjets  pc/pro  is  usually  less  than 

30  and  hence  pg/pm  should  be  greater  than  0.3. 

When  the  separation  pressure  is  known,  the  thrust  performance  of 
a  nozzle  operating  at  an  over-expanded  condition  may  be  determined.  As  long 
as  the  nozzle  flows  full,  i.e.,  does  not  separate,  the  thrust  may  be  obtained 
from  Eq.  6-28  using  the  value  of  p  /p  corresponding  to  A  /A*.  For  separated 

6  C  6 

flow  this  equation  may  bo  expressed  as 
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where 


pg  =  separation  pressure 

Ag  =  area  of  cross  section  at  which  separation  occurs. 


Figure  6-21  shows  the  performance  of  15  deg  nozzles  whose  expan¬ 
sion  ratios  are  6  and  25  for  y  =  1.20  and  1.26  for  a  wide  range  of  compres¬ 
sion  ratios.  The  nozzle  thrust  at  each  pressure  ratio  is  normalized  by  com¬ 
paring  it  with  the  thrust  of  a  15  deg  nozzle  whose  area  ratio  is  corrected  to 
give  ambient  exit  pressure.  The  thrust  under  conditions  of  separation  is  in¬ 
dependent  of  the  actual  expansion  ratio  since  the  thrust  is  calculated  over  the 
separation  area.  This  assumes,  of  course,  that  the  separated  flow  is  parallel 
to  the  axis,  which  in  turn  assumes  that  the  pressure  behind  the  shock  system 
is  equal  to  the  ambient  pressure.  In  actual  nozzles  the  pressure  in  the  sepa¬ 
rated  region  is  often  slightly  lower  than  ambient,  due  to  the  eddy  flow  between 
the  separated  stream  and  the  nozzle  wall. 

6.3  Problems  in  Expansion  Processes 

Gas  imperfections  at  high  temperatures  have  been  discussed  briefly 
in  Subsec.  2.1.7  and  the  effects  of  heat  addition  in  Subsecs.  2.1.3  to  2.1.5. 
In  these  discussions  it  ha_  been  assumed  that  the  chemical  composition  of  the 
gas  remains  constant.  In  Subsec.  2.1.3,  the  aerodynamic  effect  of  non-gaseous 
products  in  a  chemically  stable  ideal  exhaust  gas  has  been  treated.  In  the 
present  subsection,  two  problems  are  discussed  which  deal  with  non-ideal  ex¬ 
haust  gases  in  which  the  ratio  of  specific  heats  varies  due  to  the  dissociation 
and  recombination  of  the  exhaust  products  and  also  to  the  presence  of  micron¬ 
sized  oxides  dispersed  in  tl :  exhaust  gases. 


6.3.1  Effect  of  Recombination  in  Exhaust  Gases 

In  the  analysis  of  nozzle  flow  discussed  in  the  preceding  subsections 
it  has  been  assumed  that  the  specific  heats  of  the  exhaust  gases  are  constant, 
i.e.,  that  the  gases  are  ideal.  The  flow  variables  depended  only  on  the  area 
variation  of  the  nozzle  according  to  the  usual  isentropic  relationships.  The 
expansion  process  was  assumed  to  take  place  without  any  changes  in  chemical 
composition,  i.e.,  "frozen"  flow. 

However,  the  elevated  temperatures  in  the  combustion  chambers  of 
rockets  and  some  high  speed  air-breathing  engines  cause  appreciable  disso¬ 
ciation  of  the  combustion  products  into  atoms  and  free  radicals.  For  example, 
the  products  of  hydrocarbon-oxygen  combustion  contain  species  such  as  atomic 
hydrogen  and  oxygen,  hydroxyl  radicals,  as  well  as  carbon  monoxide,  all  in  a 
state  of  chemical  equilibrium  with  the  major  products,  water  and  carbon  di¬ 
oxide.  The  energy  required  for  these  dissociation  processes  is  obtained  at  the 
expense  of  the  temperature  of  the  gases  themselves.  As  the  gases  flow  through 
the  nozzle,  both  the  static  temperature  and  pressure  decrease.  The  decrease 
in  temperature  induces  recombination  of  the  atoms  and  radicals  into  stable 
molecules;  at  the  same  time  the  decrease  in  pressure  favors  further  dissocia¬ 
tion.  Since  the  temperature  decrease  is  by  far  the  predominant  influence,  the 
net  result  is  that  some  recombination  occurs,  returning  some  of  the  dissociation 
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energy  to  the  gas  stream.  In  this  way  a  higher  performance  may  be  achieved 
than  for  completely  frozen  flow.  The  best  performance  one  can  expect  is  from 
a  gas  whose  composition  maintains  a  state  of  local  chemical  equilibrium  as¬ 
sociated  with  the  temperature  and  pressure  at  each  station  in  the  nozzle.  Such 
a  shifting  equilibrium  flow  thus  represents  an  upper  limit  while  frozen  flow 
represents  a  lower  limit  to  the  performance.  Since  by  definition  an  equilibrium 
flow  is  everywhere  in  chemical  equilibrium  it  is  also  isentropic  flow  and  all 
the  variables,  like  those  of  frozen  flow  (including  composition),  depend  only 
upon  the  area  variation. 

The  nozzle  flow  history  may  be  determined  for  either  the  equilibrium 
or  frozen  limits.  In  computing  the  pressure,  temperature,  and  gas  velocity  at 
any  cross  section  of  the  nozzle,  the  energy  released  by  changes  in  the  chemi¬ 
cal  composition  of  the  exhaust  gases  must  be  accounted  for  in  addition  to  the 
area  variation.  The  theoretical  performance  of  JP-4  fuel  and  liquid  oxygen  as 
a  rocket  propellant  has  been  calculated  by  Huff,  Fortini,  and  Gordon  (Refs.  229 
and  230)  for  both  frozen  and  equilibrium  compositions.  The  data  presented  in 
both  tabular  and  graphical  form  in  these  two  references  permit  interpolation 
of  complete  performance  data  for  equivalence  ratios  of  1.0  to  2.0,  chamber 
pressures  of  150  to  1200  psia,  and  pressure  ratios  up  to  1500. 

To  demonstrate  the  magnitude  of  the  difference  between  the  two  flows, 
the  specific  impulse  has  been  computed  for  one  typical  case  in  which  the  cham¬ 
ber  pressure  is  600  psia  and  the  oxidizer-to-fuel  weight  ratio  is  2.431.  The 
exit  Mach  number  and  the  specific  impulse  are  shown  in  Fig.  6-22  as  a  func¬ 
tion  of  A  /A*  and  apply  to  a  rocket  nozzle  operating  at  the  ideal  expansion 

ratio,  i.e.,  p  =  p  .  It  will  be  noted  that  the  increase  in  specific  impulse 

between  the  two  limits  varies  from  about  2.5%  at  an  area  ratio  of  4  to  about 
7%  at  an  area  ratio  of  36.  This  is  typical  for  rocket  propellants.  It  is  shown 
in  Refs.  229  and  230  that  the  specific  impulse  difference  is  slightly  dependent 
on  the  oxidizer-to-fuel  ratio  and  strongly  dependent  on  the  pressure  ratio,  p  /p  . 

V 

High  chamber  pressure  tends  to  suppress  dissociation  and  therefore  minimize 
the  difference  between  frozen  and  equilibrium  flow. 

All  actual  flows,  of  course,  lie  between  the  two  limiting  cases.  The 
changes  in  chemical  composition  which  occur  as  a  real  gas  flows  through  a 
nozzle  are  determined  by  the  rate  at  which  the  various  chemical  reactions  take 
place.  There  is  a  coupling  between  these  chemical  kinetic  rates  and  the  over¬ 
all  flow,  since  the  chemical  rates  are  dependent  on  both  temperature  and  pres¬ 
sure.  The  flow  is  then  non-isentropic  and  is  no  longer  determined  by  the  area 
variation  alone,  but  depends  on  the  time  (or  distance)  required  to  reach  a  given 
area  ratio.  The  gas  flow  variables  thus  depend  on  the  configuration  of  the  noz¬ 
zle  as  well  as  the  expansion  ratio  even  in  the  one-dimensional  approximation. 

Chemically  reacting  flows  are  usually  very  complex.  However,  in 
a  relatively  simple  case,  striking  experimental  evidence  for  the  effect  of  finite 
reaction  rates  was  provided  by  the  work  of  Wegener  (Ref.  231).  By  passing 
gas  mixtures  of  nitrogen  dioxide  and  nitrogen  tetroxide  of  differing  concentra¬ 
tions  through  a  small  supersonic  tunnel  (M  =  1 . 8),  he  was  able  to  produce  flows 
which  would  remain  in  chemical  equilibrium  or  depart  from  it,  depending  on 
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the  reactant  concentration  in  the  nozzle  supply.  The  equation  for  the  reaction  is 


-»  kr 

2N03  N304 

<r-  kd 


(6-51) 


where  k.  and  k  were  the  rate  constants  for  dissociation  and  recombination, 
d  r 

respectively.  As  the  gas  flowed  down  the  nozzle,  the  N03  concentration  dropped 
as  it  recombined  to  N304.  The  measurements  indicated  that  the  mixture  tended 
to  follow  the  local  equilibrium  condition  for  a  time  and  then,  at  a  rather  ill- 
defined  point,  tended  to  "freeze"  in  composition  after  which  no  appreciable 
changes  occurred.  The  existence  of  such  a  freezing  point  had  been  predicted 
theoretically  by  Bray  (Ref.  232)  as  a  necessary  consequence  of  the  rapid  drop 
in  reaction  rates  which  accompanies  the  drop  in  temperature  and  pressure  in 
the  nozzle.  Bray's  theory  will  in  some  cases  allow  the  point  of  freezing,  which 
is  typical  of  all  reacting  exhaust  gases,  to  be  roughly  estimated.  Thus  it  is 
possible  to  construct  a  fairly  good  approximation  to  a  non-equilibrium  flow  (if 
it  is  not  too  complex)  by  performing  an  equilibrium  flow  calculation  up  to  the 
freezing  point  and  considering  the  gas  to  be  frozen  thereafter. 


Most  exhaust  gases  contain  many  species  which  enter  into  many  dif¬ 
ferent  elementary  reactions.  The  theoretical  calculation  of  the  nozzle  flow 
parameters  in  such  complex  cases  is  prohibitively  difficult  without  the  aid  of 
modern  high-speed  computers.  In  recent  years,  however,  such  computers  have 
been  used  to  good  advantage  in  making  fairly  realistic  analyses  of  actual  ex¬ 
haust  flows  for  cases  where  reliable  kinetic  data  were  available.  Eschenroeder, 
Boyer,  and  Hall  (Ref.  233)  have  calculated  the  non-equilibrium  nozzle  flow  of 
air  considered  to  contain  the  species  02,  N3,  O,  N,  and  NO  undergoing  es¬ 
sentially  five  different  reversible  reactions.  Westenberg  and  Favin  (Ref.  234) 
have  made  similar  calculations  for  hydrogen-air  combustion  products  containing 
Ha,  03,  H30,  H,  O,  and  OH  undergoing  eight  reversible  reactions.  Figure  6-23 
taken  from  Ref.  234  shows  the  static  temperature  profiles  computed  for  a  25  deg 
total  angle  nozzle  (divergent  section  only).  The  vital  role  of  the  pressure  in 
determining  both  the  spread  between  frozen  and  equilibrium  limits  and  the  de¬ 
gree  to  which  equilibrium  can  be  maintained  in  actual  flow  is  clearly  indicated. 


It  should  be  noted  that  loss  of  dissociation  energy  by  failure  to  main¬ 
tain  equilibrium  flow  in  the  nozzle  may  be  much  more  serious  in  an  air-breath¬ 
ing  ramjet  engine  than  in  a  rocket.  In  a  typical  rocket,  where  the  unburned 
propellant  is  essentially  at  room  temperature  and  then  burns  to  some  high  flame 
temperature,  the  energy  of  dissociation  is  a  small  fraction  of  the  total  chemi¬ 
cal  energy  released,  and  hence  the  difference  between  frozen  and  equilibrium 
specific  impulse  is  usually  a  few  per  cent  at  most.  In  a  high  Mach  number 
ramjet,  however,  the  incoming  air  is  diffused  to  a  high  static  temperature  be¬ 
fore  the  fuel  is  injected.  Very  little  temperature  rise  is  associated  with  the 
combustion  process,  but  a  large  part  of  the  energy  goes  into  dissociation.  The 
pressure  is  a  strong  factor  in  the  recovery  of  this  energy,  which  may  be  of 
critical  importance  to  the  nozzle  performance. 


6.3. 1.1  Temperature  Measurements 

The  temperature  of  the  expanded  gas  at  the  nozzle  exit  is  particu¬ 
larly  sensitive  to  the  chemical  changes  that  have  taken  place  in  the  nozzle. 
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Simmons  (Ref.  235)  measured  the  temperature  at  both  the  nozzle  inlet  and  exit 
in  rockets  using  liquid  oxygen  and  RP-1  fuel  in  a  wide  range  of  mixing  ratios. 
He  also  measured  the  characters*  „  exhaust  velocity  and  used  the  data  to  esti¬ 
mate  the  exit  temperature.  His  equations  are 


and 


where 


C*  =  characteristic  velocity  (see  note  after  Eq.  6-7) 
T  =  temperature 

c  =  specific  heat  at  constant  pressure 


and  subscripts 


(6-52) 


(6-53) 


c  =  chamber 
e  =  nozzle  exit 
eff  =  effective 
est  =  estimated 
isen  =  isentropic 
meas  =  measured 

theo  =  theoretical  flow,  either  equilibrium  or  frozen. 

Figure  6-24  (taken  from  Ref.  235)  presents  a  comparison  of  the  esti¬ 
mated  and  measured  exit  temperatures  as  well  as  the  calculated  values  for 
frozen  and  equilibrium  flow.  These  data,  compiled  for  one  fuel  at  a  fixed 
chamber  pressure  of  600  psia  and  a  conical  nozzle  having  an  8  to  1  area  ratio, 
indicate  a  temperature  nearer  to  the  frozen  case  than  to  the  equilibrium  one. 
However,  the  data  are  too  limited  to  allow  generalization. 


6.3. 1.2  Acoustic  Velocity  in  Real  Gases 


Application  of  the  characteristics  method  to  the  flow  of  exhaust  gases 
in  chemical  equilibrium  becomes  possible  when  one  defines  the  local  speed  of 
sound  as 


a 


(6-54) 


Pressure  is  a  function  of  density,  temperature,  and  equilibrium  chem¬ 
ical  composition.  The  differentiation  is  carried  out  by  holding  entropy  alone 
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constant.  When  dealing  with  ideal  gases  the  foregoing  relation  may  be  shown 
to  reduce  to  the  more  familiar 

a  =  Yy  RT  (6-55) 

The  use  of  acoustic  velocity  in  the  application  of  the  method  of 
characteristics  is  discussed  by  Rao  in  Ref.  236.  The  two  differential  equa¬ 
tions  in  the  method  of  characteristics  depend  basically  upon  the  relationship 
between  the  gas  velocity  and  the  acoustic  velocity  during  the  isentropic  expan¬ 
sion  of  the  exhaust  gases. 

In  the  case  of  ideal  gases  the  relationship  is  prescribed  by  the  value 
of  y.  In  the  case  of  exhaust  gases  it  is  obtained  by  knowing  the  changes  in 
chemical  composition  and  enthalpy,  consistent  with  constant  entropy.  The  in¬ 
terdependence  of  gas  velocity  and  acoustic  velocity  can  be  readily  expressed 
in  terms  of  Mach  number  and  M*,  where  M*  is  the  ideal  gas  velocity  divided 
by  the  gas  velocity  at  M  =  1.  The  expansion  process  of  the  exhaust  gases  in 
a  nozzle  may  then  be  expressed  in  terms  of  M*.  Typical  examples  of  the  re¬ 
lationship  between  M  and  M*  are  shown  in  Fig.  6-25.  In  this  figure  curve  A 
gives  M*  vs  M  in  an  isentropic  expansion  of  the  combustion  products  of  the 
propellant  mixture  discussed  in  Subsec.  6.3.1,  and  curve  B  is  based  on  the  isen¬ 
tropic  expansion  of  the  combustion  products  of  the  stoichiometric  mixture  of 
hydrocarbon  fuel  and  air  starting  from  a  combustion  chamber  at  a  pressure 
of  15  atm  and  a  temperature  of  5000°R.  The  thermodynamic  data  for  this  ex¬ 
ample  are  taken  from  Ref.  39,  which  gives  the  properties  for  various  mixture 
ratios  and  pressures.  Hence  both  curves  A  and  B  are  computed  for  expan¬ 
sion  processes  with  equilibrium  composition.  For  the  sake  of  comparison,  the 
figure  also  shows  the  dependence  of  M*  on  M  in  flows  which  have  values  of 
y  of  1.23  and  1.4.  It  is  possible  to  approximate  a  condition  of  shifting  equili¬ 
brium  by  a  constant  value  of  y  in  the  analysis  of  such  supersonic  flow  by  the 
method  of  characteristics.  However,  this  value  of  y  will  not  be  the  polytropic 
exponent  of  the  expansion  process  and  should  not  be  used  in  estimating  the 
thrust  performance  of  the  exhaust  nozzle.  The  thrust  of  the  exhaust  nozzle 
must  be  calculated  as  a  function  of  the  mass  flow,  exit  velocity,  and  exit  plane 
pressure  associated  with  equilibrium  composition  of  the  exhaust  gases. 


6.3.2  Gas-Particle  Nozzle  Flows 

Current  solid  propellant  technology  has  introduced  another  complex 
fluid  dynamic  problem:  gas-particle  nozzle  flow.  High  performance  propel¬ 
lants  use  metallic  fuels  which  disperse  in  condensed  micron-sized  oxides  in 
the  exhaust  gases.  Many  analytical  studies  and  fundamental  experiments  have 
stemmed  from  tests  that  showed  that  these  particles  cause  the  propellants  to 
perform  below  thermochemical  predictions.  An  excellent  comprehensive  sur¬ 
vey  of  such  studies  has  been  prepared  by  Hoglund  in  Ref.  237  which  covers  72 
papers  on  the  subject. 

Gas-particle  flow  analyses  are  necessarily  restricted  by  many  as¬ 
sumptions.  For  example,  Kliegel  (Ref.  238)  assumes: 

1.  No  mass  or  energy  losses  from  the  system; 

2.  No  mass  exchange  between  phases; 
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3. 

4. 

5. 

6. 

7. 


8. 


9. 


10. 


11. 


Negligible  particle  volume; 

Negligible  thermal  (Brownian)  motion; 

Non-interacting  particles; 

Inviscid  gas  except  for  particle -gas  interaction; 

Constant  composition  peifect  gas; 

Particle  size  distribution  equivalent  to  uniform  spherical  particle; 
Only  convective  energy'  exchange  between  particles  and  gas; 
Uniform  particle  temperature; 

Constant  heat  capacities. 


Although  these  assumptions  are  generally  accepted,  they  *,ary  somewhat  from 
one  investigator  to  another.  The  equations  of  mass,  energy,  and  momentum 
conservation,  an  equation  of  state,  together  with  particle-gas  energy  and  mo¬ 
mentum  exchange  equations  may  in  general  be  solved  simultaneously  only  by 
machine  computation.  The  numerical  problems  are  limited  in  accuracy  by 
the  lack  of  knowledge  of  the  appropriate  drag  and  heat-transfer  coefficients  as 
well  as  that  of  particle  size  distribution. 


In  the  limiting  case  of  no  particle  lag  (very  small  particles),  the 
flow  can  be  treated  as  isentropic  with  an  effective  adiabatic  index, 


where 


y  =  y 


1  +  (W  /w  )(c  /c  )' 

P  g  PP  P6 


1  +  y  (W  /W  )(c  /c  ) 
P  S  pp  pg- 


(6-56) 


W  /W  =  particle/gas  weight  ratio 
p  g 

c  / c  =  particle/gad  specific  heat  ratio  (per  unit  mass) 
PP  Po 

y  =  adiabatic  index  for  the  gas. 


For  a  large  fraction  of  particles, 


W  /W 
P  g 


03  and  hence  y  -  1. 


Non-equilibrium  particulate  nozzle  flows  oehave  effectively  like  chem¬ 
ical  non-equilibrium  nozzle  flows,  i.e.,  a  "frozen"  and  an  "equilibrium"  sound 
speed  can  be  defined. 


The  equations  lead  to  the  formulation  of  a  scaling  parameter:  par¬ 
ticulate  nozzle  flows  are  similar  in  geometrically  similar  nozzles  only  if  the 

ratios  of  nozzle  throat  size  to  the  square  of  the  particle  size.  r,/r8,  are 

t  p 

the  same.  Since  propellant  combusticn  gives  particle  sizes  independent  of  noz¬ 
zle  or  engine  dimension,  similarity  through  scaling  is  impossible. 

Of  primary  interest  is  the  effect  of  particle  lag  on  rocket  perform¬ 
ance.  Particle  size  for  aluminized  propellants  usually  averages,  between  1  and 
5  microns.  The  sketch  on  the  opposite  page  shows  that  the  losses  incurred 
in  the  region  of  high  acceleration  near  the  throat  are  not  fully  recovered, 
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although  the  particle  velocity  approaches  the  gas  velocity  in  the  expansion  re¬ 
gion.  It  is  apparent  that  the  throat  region  is  of  foremost  importance  in  es¬ 
tablishing  the  characteristics  of  particle  nozzle  flow.  A  gradual  throat  contour 
is  most  desirable  for  reducing  Jags. 
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In  general,  theory  and  experiment  are  in  reasonable  agreement.  Kliegel  also 
finds  that  (for  cases  of  engineering  interest)  appreciable  particle  solidification 
seldom  occurs  in  the  nozzle,  and  hence  the  heat  of  fusion  of  the  particles  is 
not  available  for  useful  work. 

Both  Bailey  (Rr  f  239)  and  Kliegel  (Ref.  238)  have  concluded  that 
the  nozzle  acts  as  a  partici  size  separator.  The  larger  particles  concentrate 
near  the  nozzle  axis.  The  very  small  particles  follow  the  streamlines  of  the 
gas  while  the  medium  sized  particles,  due  to  their  high  inertia,  follow  conical 
streamlines.  The  impingement  of  particles  on  the  nozzle  wall,  with  consequent 
erosion  and  heat-transfer  effects,  is  more  severe  in  contoured,  or  skewed, 
nozzles  than  in  conical  ones. 

Although  it  is  possible  to  predict  with  good  accuracy  the  effect  of 
gas-particle  mixtures  on  the  parameters  of  nozzle  flow  there  are  still  many 
problems  that  remain  unsolved. 


6.4  Design  of  Propulsion  Nozzles 

Since  the  shape  of  a  nozzle  largely  determines  its  efficiency  (Sub¬ 
sec.  6.2),  the  basic  design  problem  is  that  of  obtaining  maximum  thrust  with 
minimum  nozzle  weight  and  heat  transfer.  Although  it  is  designed  for  a  spe¬ 
cific  Mach  number  and  pressure  ratio,  the  nozzle  should  be  able  to  operate 
over  a  wide  range  of  off -design  altitudes  and  Mach  numbers  and  should  not  in¬ 
volve  difficult  or  costly  fabrication  problems.  The  many  shapes  that  have  been 
used  or  considered  may  be  classified  as  simple  cones,  contoured  nozzles,  plug 
nozzles,  and  skewed  nozzles.  Preliminary  performance  calculations  for  a  ram¬ 
jet  in  ten..  >  of  its  mission  and  tactical  requirements  usually  define  the  maxi¬ 
mum  dimensions  of  the  exit  nozzle,  its  expansion  ratio  and  allowable  weight. 
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6.4.1  Conical  Nozzles 

The  simplest  way  of  obtaining  the  required  expansion  ratio  for  the 
exhaust  flow  is  by  means  of  a  cone  frustum  faired  into  a  ruunded  throat  sec¬ 
tion.  Although  many  nozzles  use  an  expansion  angle  of  about  15  deg,  exper¬ 
ience  has  shown  (see  Fig.  6-3)  that  the  expansion  angle  may  be  as  great  as 
40  deg  without  incurring  flow  separation.  The  conical  nozzle  may  thus  be  rea¬ 
sonably  short,  quickly  designed,  and  easily  produced.  However,  as  indicated 
in  Subsec.  6.2.2  and  Fig.  6-3,  the  loss  in  thrust  due  to  non-parallel  flow  is 
proportional  to  (1  -  cos  a)/2,  which  amounts  to  a  loss  of  12%  in  thrust  when 
a  is  40  degrees.  In  many  practical  cases  the  advantage  of  short  length  is  more 
than  offset  by  the  thrust  loss. 

For  conical  nozzles  of  equal  surface  area  (i.e.,  assumed  to  be  of 
equal  weight)  the  variation  of  the  net  thrust  coefficient,  Cp  -  C^,  with  di¬ 
vergence  angle  is  shown  in  Fig.  6-26.  The  drag  is  assumed  to  be  due  solely 
to  friction  on  the  inside  surface  of  the  nozzle,  An  average  value  cf  the  skin 
friction  along  the  nozzle  was  rather  roughly  estimated  from  zero  heat-transfer 
conditions,  and  therefore  the  results  should  be  interpreted  qualitatively  rather 

than  quantitatively.  The  various  curves  of  constant  surface  area,  A  /A*  be- 

s 

come  steeper  as  the  surface  area  increases,  showing  that  the  divergence  angle 
has  become  more  critical  for  obtaining  maximum  thrust.  The  nozzle  length 
and  the  exit  Mach  number  are  indicated  on  the  curves  of  Fig.  6-26.  A  value 
of  y  =  1.26  was  used.  If  the  nozzle  exit  diameter  exceeds  the  maximum  di¬ 
ameter  of  the  vehicle  containing  it,  then  the  additional  external  pressure  drag 
as  well  as  the  drag  due  to  the  skin  friction  on  both  internal  and  external  noz¬ 
zle  walls  must  be  charged  against  the  thrust. 

6.4.2  Contoured  Nozzles 

A  nozzle  accurately  designed  to  give  parallel  flow  at  the  exit  is  theo¬ 
retically  more  efficient  than  a  conical  nozzle  of  the  same  expansion  ratio  oper¬ 
ating  at  the  same  exit  Mach  number.  The  design  of  a  contoured  nozzle  em¬ 
bodies  an  expansion  section  in  which  the  flow  deviates  from  the  axial  direction, 
as  well  as  a  straightening  section  in  which  the  flow  is  redirected  along  the  axis. 

In  order  to  provide  shock-free  flow  axially  aligned  at  the  exit,  the 
nozzle  contour  should  be  accurately  designed  by  means  of  the  method  of  char¬ 
acteristics.  Details  of  this  method  for  axially -symmetric  flow  are  given  in 
Refs.  95,  96,  and  98.  For  two-dimensional  nozzles,  see  Refs.  2,  6,  7,  94, 
97,  and  99.  Many  of  the  methods  used  for  wind-tunnel  nozzles  (Subsec.  4) 
may  also  be  used  for  propulsion  nozzles.  Tables  4-1,  4-2,  and  4-3  analyze 
the  nozzle  design  features  of  many  references. 

After  a  contour  has  been  designed  for  isentropic  flow,  it  should  then 
be  corrected  to  account  for  the  presence  of  the  boundai’y  layer  (see  Subsecs.  2.4 
and  4.8).  Since  this  correction  is  based  on  the  expected  Reynolds  number  of 
the  flow,  the  optimum  design  of  the  nozzle  is  limited  not  only  to  one  Mach 
number  but  also  to  a  definite  altitude  range.  However,  its  off -design  perform¬ 
ance  may  still  be  superior  to  that  of  a  less  carefully  designed  nozzle.  Since 
a  characteristics  nozzle  is  about  twice  as  long  as  a  conical  nozzle  with  the 
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same  exit  Mach  number,  the  additional  weight  and  skin  friction  associated  with 
the  former  make  it  impractical  as  a  missile  exhaust  nozzle.  Much  effort  has 
been  devoted  to  finding  relatively  rapid  and  simple  methods  of  design  which 
will  produce  parallel  flow  and  have  either  a  minimum  length  or  a  minimum 
surface  area . 

Rao  in  Ref.  236  has  applied  the  calculus  of  variations  to  derive  a 
method  for  designing  a  nozzle  of  given  length  which  will  produce  the  maximum 
thrust.  Part  of  the  design  is  scill  dependent  upon  the  construction  of  a  char¬ 
acteristics  net  ana  requires  the  use  of  high-speed  computing  machines.  Com¬ 
pared  to  a  conical  nozzle  of  the  same  length  and  area  ratio  the  improvement 
in  thrust  of  such  a  short-length  nozzle  is  quite  small,  but  as  the  length  and 
Mach  number  increase  the  thrust  improves  significantly.  The  calculated  values 
of  the  parameters  of  two  nozzles  for  y  =  1.23  (from  Ref.  236)  are  shown  below. 

^F  contour 

Nozzle  l/r*  ^  conical 

A  8.19  19.36  3.50  1.023 

B  2.94  4.973  2.60  1.005 

In  Ref.  240  Rao  ;  y/es  an  approximate  method  for  determining  the 
contour  of  the  optimum-thr  nozzle  by  purely  geometric  means.  The  nom¬ 
enclature  is  shown  in  the  fouowing  sketch. 


The  steps  of  the  method  are  as  follows: 

1.  From  the  given  values  of  r*,  r  ,  and  i,  determine  8^  and  8  from 

Figs.  6-27  and  6-28.  e  P  e 

2.  Construct  circular  arc  throat  terminating  at  P,  so  that  the  slope  at 


3.  Construct  EQ  with  slope  8  and  construct  PQ  tangent  to  the  throat  arc. 
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5.  Join  AD,  BF,  CG,  etc.,  giving  the  envelope  of  the  required  contour. 

This  method  is  accurate  to  within  a  few  per  cent  of  the  exact  method.  It  may 
be  seen  from  Fig.  8-28  that  for  reasonably  short  lengths  and  moderate  Mach 
numbers  the  maximum  inclination  of  the  exit  flow  is  only  a  few  decrees.  The 
calculations  of  Figs.  6-27  and  6-28  are  based  on  a  va?ue  of  1.23  for  ? ,  how¬ 
ever,  changing  the  value  of  y  does  not  appear  to  affect  the  nozzle  contour 
appreciably  when  the  length  and  area  ratio  are  prescribed. 


The  surface  area  of  the  nozzle  is  more  closely  related  to  both  noz¬ 
zle  weight  and  heat  transfer  than  is  the  nozzle  length.  Consequently  Knuth 
(Ref.  241)  has  considered  the  thrust  in  terms  of  the  surface  area  and  shown 
that  the  maximum  thrust  per  unit  of  surface  is  obtained  when 


where 


6  -  wall  slope 
pro  =  ambient  pressure 

and  subscript  w  denotes  condition  at  the  wall.  In  the  subsequent  calculations, 
Knuth  assumed  that  the  gas  properties  were  constant  over  each  cross  section. 


If  the  maximum  possible  turning  is  allowed  downstream  of  the  throat 
the  values  of  5  and  M  at  the  last  tangent  point  P  (see  previous  sketch)  will  be 
given  by  the  Prandtl-Meyer  equation 


ep  =  (jrH) '  tan'1  (frr)  (Mp  "  1}  ' tan_1  (Mp  ‘ 1)1/3 

'  '  LX  '  J  (6-58) 

6p  and  Mp  are  found  from  the  solution  of  Eqs.  6-57  and  6-58.  An  arbitrary 

set  of  values  of  M  from  Mp  to  Mg  (the  design  exit  Mach  number)  are  chosen 

and  from  isentropic  channel  flow  equations  the  corresponding  values  of  the  pres¬ 
sure,  p,  and  the  radius,  r,  of  each  cross  section  are  computed. 

The  slope  at  each  value  of  M  is  found  from  Eq.  6-57  and  the  dis¬ 
tance,  Ax,  from  one  section  to  the  next  is  found  from 

Ax  =  Ar  cot  8  (0-59) 

where 

8  =  average  value  of  8  in  this  interval. 

When  constant  flow  properties  are  assumed  at  each  cross  section  and  when 
pro  =  0,  the  solution  ).s  easily  obtained.  Good  agreement  was  found  between  a 


Propulsion  Nozzles 


6.4.3 


nozzle  contour  computed  by  this  method  for  y  =  1 . 4  and  one  calculated  by  the 
exact  method  of  Guderley  and  Hantsch  (Ref.  242). 

One  of  the  disadvantages  of  the  contoured  nozzle  is  that  thrust  loss 
is  experienced  when  the  nozzle  is  operating  at  pressure  ratios  and  gas  com¬ 
positions  other  than  those  for  which  it  was  designed.  Even  at  the  design  Mach 
number  the  exhaust  gases  may  be  over-expanded  at  altitudes  lower  than  the 
altitude  for  which  it  was  designed;  similarly  at  higher  altitudes  the  exhaust  jet 
will  be  under-expanded.  Over-expanded  flow  is  discussed  in  Subsec.  6.2.5. 

6.4.3  Skewed  Nozzles 

Skewed  nozzles  may  be  used  for  the  removal  of  bleed  flows  or  for 
achieving  directional  control  of  a  missile  by  providing  a  lift  component  at  the 
expense  of  the  thrust  coefficient.  The  former  use  is  discussed  in  this  sub¬ 
section  and  the  latter  in  Subsec.  6.5.1.  The  need  for  removing  boundary- 
layer  flow  in  the  diffuser  of  a  ramjet  has  been  discussed  in  Subsec.  3.7.  In 
many  vehicles  additional  air  is  often  scooped  from  the  main  flow  to  provide 
power  for  turbines.  It  may  also  be  captured  and  re-expanded  in  order  to  be 
used  as  a  coolant.  After  its  function  is  performed  this  relatively  low-velocity 
air  should  be  discharged  in  the  most  efficient  manner.  Since  the  frictional 
losses  will  increase  rapidly  with  ducting  length,  it  is  usual  to  exhaust  laterally 
at  some  convenient  station  along  the  missile.  If  the  by-passed  flow  is  expanded 
by  means  of  a  sonic  throat,  a  large  fraction  of  its  original  momentum  will  be 
recovered  as  thrust. 


A  study  by  Caossen  (Ref.  243)  was  particularly  directed  towards  the 
design  of  nozzles  suitable  for  the  exhaust  components  of  boundary  layer  and 
by-pass  systems  associated  with  high-performance  supersonic  inlets.  Three 
basic  types  of  flush  oblique  nozzles  were  designed  and  tested.  The  first  noz¬ 
zle  was  fully  contoured  to  give  uniform  flow  at  a  Mach  number  of  2  at  the  exit, 
as  shown,  in  the  sketch  below. 


A  -  Full  Nozzle  -  Both  Walls  Contoured 


The  second  design  was  a  half  nozzle,  i.e,,  one  wall  fully  contoured  and  the 
other  plane,  the  plane  wall  being  the  centerline  of  a  fully  contoured  nozzle  as 
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shown  below.  Half  nozzles  giving  exit  flow  of  M  =  1,  2,  and  3  were  tested. 

A  B 


B  -  Half  Nozzle  -  Lower  Wall  Contoured 

The  third  type  of  oblique  nozzle  was  asymmetric  with  straight  walls 
as  shown  in  the  sketch  below. 


C  -  Asymmetric  Nozzle  -  Both  Walls  Straight 


The  average  inclination  of  each  nozzle  was  15  degrees.  Since  all 
nozzles  were  two-dimensional  they  lent  themselves  fairly  readily  to  theoretical 
analysis  for  discharge  into  an  external  flow  and  into  still  air.  The  analyses 
were  carried  out  by  means  of  characteristics  and  shock-wave  theories  for  four 
basic  flow  conditions,  i.e.,  with  the  exit  flow  distribution:  1)  less  than  the  de¬ 
sign  value;  2)  equal  to  the  design  value;  5)  greater  than  the  design  value  and 
less  than  the  critical  pressure  ratio;  and  4)  equal  to  the  critical  pressure  ratio. 
The  design  pressure  ratio  is  such  as  to  make  the  exit  jet  static  pressure  equal 
to  the  ambient  pressure.  During  operation  at  a  pressure  ratio  higher  than  de¬ 
sign,  an  expansion  fan  arises  from,  point  A  and  is  reflected  from  the  opposite 
wall  of  the  nozzle  as  shown  in  the  sketch  below. 


Critical  Flow 
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When  the  last  ray  of  the  fan  just  reaches  the  point  T,  the  pressure  ratio  is 
said  to  be  critical.  The  stream  thrust*  reaches  a  maximum  at  the  critical  pres¬ 
sure  ratio  and  remains  constant  at  this  maximum  for  any  further  increase  in 
the  pressure  ratio.  Calculated  values  of  exit  flow  conditions  and  boundary- 
layer  characteristics  for  the  case  of  no  external  flow  are  compared  with  mea¬ 
sured  values  in  Ref.  243.  Performance  characteristics,  i.e.,  the  velocity  co¬ 
efficient  and  the  stream  thrust  coefficient  of  the  jet  discharging  into  external 
flow  at  M  =  0,  1.69,  2.94,  and  3.87  were  calculated.  Comparison  with  ex¬ 
perimental  data  shows  that  the  calculations  give  reasonably  accurate  predictions 
of  the  nozzle  performance,  the  differences  being  largely  attributable  to  uncer¬ 
tainties  in  the  skin-friction  and  heat-transfer  characteristics  of  the  nozzle  walls. 

Figure  6-29  shows  the  stream-thrust  coefficient  as  a  function  of  over¬ 
all  nozzle  pressure  ratio  for  the  three  oblique  nozzles  shown  in  the  sketches. 
The  exit  Mach  number  of  each  nozzle  was  about  2.  Tests  were  made  with  the 
external  flow  at  M  =  0,  1.69,  2.94,  and  3.87.  It  is  shown  that  within  the  ex¬ 
perimental  accuracy  the  thrust  coefficient  as  predicted  remained  constant  at 
pressure  ratios  greater  than  critical.  From  Fig.  6-29  it  may  be  seen  that 
the  differences  between  the  three  nozzle  shapes  have  very  little  effect  on  the 
thrust  coefficient  especially  when  the  pressure  ratio  lies  between  the  design 
and  the  critical  values.  The  straight-walled  nozzle  appears  to  have  the  best 
performance  of  the  three,  but  the  difference  is  not  sufficient  to  be  really  sig¬ 
nificant.  The  Mach  number  of  the  external  flow  affects,  of  course,  the  criti¬ 
cal  pressure  ratio  but  has  no  effect  on  the  maximum  thrust  coefficient. 

Figure  6-30  compares  the  thrust  coefficients  of  three  half-contoured 
nozzles  designed  to  give  exit  flow  of  M  =  1,  2,  and  3.  With  no  external  flow 
and  with  external  flow  at  M  =  1.69,  increasing  the  velocity  of  the  exit  flow 
increases  the  thrust  coefficient.  With  the  external  flow  at  the  higher  Mach  num¬ 
bers  the  data  are  inconclusive.  The  use  of  the  skewed  nozzle  to  obtain  lift  will 
be  discussed  in  Subsec.  6.5.1. 

6.4.4  Clustered  Nozzles 

Multinozzle  exhausts  are  often  incorporated  in  the  design  of  modern 
vehicles  for  two  general  purposes:  to  permit  the  use  of  more  than  one  rocket 
and  to  minimize  the  vehicle's  extei’ior  length  and  weight.  With  such  an  ar¬ 
rangement,  moreover,  pairs  of  nozzles  may  be  deflected  (see  Subsec.  6.5)  to 
provide  directional  control. 

In  multinozzle  arrangements,  the  interaction  of  individual  exhaust 
jets  with  each  other  and  with  the  external  flow  creates  complex  flow  patterns, 
which  frequently  include  recirculation  of  the  exhaust  gases  to  the  base  region. 
The  hot  exhaust  gases  may  have  serious  effects  on  the  pressure  distribution 
and  the  heat  transfer  at  the  missile  base. 

Goethert  in  Ref.  244  has  made  both  theoretical  and  experimental 
analyses  of  flow  and  heat-transfer  characterises  in  the  presence  of  four  is¬ 
suing  jets  at  the  base  of  a  rocket-powered  missile.  These  analyses  show  that 
the  flow  pattern  is  strongly  dependent  on  the  ratio  of  the  base  pressure  to  the 
ambient  pressure,  i.e.,  it  is  critically  a  function  of  the  flight  altitude. 

* 

Stream  thrust  =  pA(l  +  yM2). 
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At  low  altitudes  cooling  atmospheric  air  is  sucked  into  the  base  as 
shown  in  the  sketch  below. 


Exhaust  Jet 


At  high  altitudes  interference  between  the  exhausts  from  the  four  nozzles  forces 
the  hot  gases  to  flow  back  towards  the  base  as  shown  in  the  next  sketch. 


At  still  higher  altitudes,  choking  conditions  are  reached  and  the  base  pressure 
remains  constant.  The  critical  altitude  is  determined  by  the  nature  of  the  ex¬ 
haust  gases,  i.e.,  the  value  of  y,  as  well  as  by  the  geometry  and  relative 
position  of  the  nozzles.  The  altitude  bands  within  which  the  flow  regimes  exist 
are  shown  in  Figs.  6-31  to  6-34  (taken  from  Ref.  244)  in  terms  of  the  design 
geometry  and  a  wide  range  of  chamber  pressures  for  exhaust  gases  with  y  =  1.2. 
In  spite  of  the  fact  that  part  of  the  exhaust  flow  is  turned  towards  the  base, 
the  thrust  under  these  conditions  is  slightly  increased  because  of  the  increased 
base  pressure.  The  base  thrust  increment  (in  a  vacuum)  is  shown  in  Fig.  6-35 
as  a  function  of  nozzle  area  ratio  and  the  spacing  of  the  four  rockets.  In 
Fig.  6-36  the  base  thrust  increment  is  shown  as  a  function  of  the  base  vent 
area  and  the  exit  angle.  The  small  thrust  increment  can  be  increased  appre¬ 
ciably  by  the  addition  of  a  suitable  shroud.  Figure  6-37  shows  the  thrust  in¬ 
crement,  due  to  the  shroud,  as  a  function  of  the  area  ratio  and  the  spacing  of 
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a  four-nozzle  cluster.  The  improvement  due  to  the  square  shroud  is  estimated 
to  run  from  about  2  to  10%. 

6.4.5  Plug  Nozzles 


Another  method  of  producing  axially  aligned  flow  is  by  means  of  a 
plug  nozzle.  The  following  sketch  shows  typical  plug  configurations. 


a  -  Complete  Internal  b  -  Some  Internal  c  -  Complete  External 

Expansion  Expansion  Expansion 


It  may  be  seen  that  the  expansion  may  be  completely  or  partially  internal  or 
completely  external. 

Where  the  plug  is  used  to  create  completely  internal  expansion,  the 
performance  is  similar  to  that  of  the  conventional  convergent-divergent  nozzle. 
In  this  configuration  the  nozzle  length  is  decreased  by  use  of  the  plug,  with¬ 
out  increasing  the  flow  inclination;  however,  because  of  the  extra  wetted  area 
the  skin  friction  is  increased. 

For  complete  internal  expansion  by  means  of  a  conical  plug  and  coni¬ 
cal  nozzle  section,  the  flow  may  be  assumed  to  be  emanating  from  a  source 
situated  at  the  hypothetical  intersection  of  the  plug  and  nozzle  surfaces.  The 
exit  momentum  of  such  a  flow  may  be  evaluated  by  integrating  across  the  exit 
plane.  The  flow  divergence  loss  may  be  approximated  by 


.  _  1  _ (sin  a  +  sin  ff)a _ 

plug  2  (a  +  6)  sin  p  +  cos  p  -  cos  a 

where 

a  =  inclination  of  nozzle  wall  to  axial  direction 
P  =  inclination  of  plug  wall  to  axial  direction. 

When  the  outer  wall  is  parallel  to  the  nozzle  axis  this  reduces  to 

^  _  1_ _ sin8  8 _ 

plug  2  p  sin  p  +  cos  p  -  1 


(6-60) 


(6-61) 


It  may  be  seen  from  these  equations  that  conical  plugs  of  large  vertex  angles 
may  be  used  without  undue  loss  from  flow  aivergence. 


Where  all  or  most  of  the  expansion  is  external,  the  ambient  air  be¬ 
haves  as  the  outer  wall  and  thus  gives  this  type  of  nozzle  the  advantage  of  an 
automatic  adjustment  of  the  exhaust  expansion  to  'mbient  pressure  and  prevents 


6.4.5 


NAVWEPS  Report  1488  (Vol.  6,  Sec.  17) 


loss  due  to  over  or  under  expansion.  In  addition,  the  weight  and  volume  of 
the  engine  required  to  produce  comparable  thrust  may  be  much  less  for  a  pJug 
nozzle  than  for  a  conventional  nozzle.  Cooling  problems  may  also  be  simpli¬ 
fied  since  the  plug  radiates  to  the  ambient  air.  Plug  nozzles  of  types  a  and 
b  (see  previous  sketch)  also  have  the  advantage  that  the  throat  area  may  easily 
be  varied  to  compensate  for  large  changes  in  engine  operating  conditions. 

At  pressure  ratios  greater  than  the  design  value  the  performance  of 
the  plug  nozzle  is  comparable  with  that  of  the  conventional  nozzle.  However, 
below  the  design  pressure  ratio  the  thrust  coefficient  of  the  plug  nozzle  is  less 
sensitive  to  a  decreasing  pressure  ratio  than  is  that  of  the  convergent-divergent 
nozzle.  This  effect  is  shown  in  Fig.  6-38. 

The  upstream  shape  of  the  plug  is  not  critical.  The  discussion  in 
Subsec.  4.2  relative  to  the  subsonic  section  of  a  wind  tunnel  may  also  be  ap¬ 
plied  to  the  subsonic  section  of  the  plug.  The  shape  may  be  varied  over  a 
wide  range  of  design  without  adversely  affecting  the  performance  of  the  noz¬ 
zle.  The  use  of  short  lengths  is  generally  an  advantage. 

The  downstream  portion  of  the  plug  is  usually  an  isentropic  spike, 
i.e.,  contoured  by  the  method  of  characteristics  in  the  same  manner  as  an 
isentropic  duct  to  give  uniform  axial  flow  with  no  over-expansion  at  the  tip. 

An  isentropic  plug,  like  an  isentropic  spike  (Subsec.  3.4),  is  too 
long  for  practical  purposes  and  is  usually  shortened  by  replacing  the  tip  with 
a  tangent  cone.  The  effect  of  this  conical  tip  on  the  total  length  is  shown  in 
Fig.  6-39  while  the  effect  on  the  resultant  thrust  may  be  seen  in  Fig.  6-40 
(from  Ref.  245).  In  this  particular  example  the  length  may  be  reduced  to  60% 
of  the  isentropic  value  with  virtually  no  loss  in  thrust,  but  beyond  that  limit 
the  thrust  drops  very  rapidly.  There  is  no  reason  why  the  isentropic  tip  may 
not  simply  be  lopped  off  since  the  viscous  wake  will  create  a  flow  field  simi¬ 
lar  to  that  of  a  conical  tip. 


When  a  conical  plug  is  used  in  place  of  an  isentropic  one,  the  opti¬ 
mum  cone  angle  is  dependent  upon  the  design  pressure  ratio.  Tests  described 
in  Ref.  246  indicate  that  for  a  design  pressure  ratio  of  8  the  total  cone  angle 
giving  the  highest  thrust  is  60  deg;  for  a  ratio  of  20  the  optimum  cone  angle 
is  between  60  and  80  degrees.  In  both  cases  the  peak  thrust  coefficient  of  a 
contoured  plug  is  about  1%  greater  than  that  obtained  with  the  optimum  conical 
plug  with  the  same  surface  area. 


Greer,  in  Ref.  247,  gives  a  rapid  method  for  designing  a  short  plug 
nozzle  of  the  external  expansion  type  giving  axially  aligned  exit  flow.  The  noz¬ 
zle  geometry  is  completely  defined  by  the  two  parameters,  i  and  <p,  as  shown 
below . 
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The  equations  necessary  for  this  method  of  designing  an  axisymmetric 
nozzle  with  an  expansion  ratio  of  Ag/A*  are 

J_ 

r 

e 

and 

<p  =  90  -  n  -  (ib  +  (o)  (6-63) 

where 

«  =  A/Ae  =  A/A*  •  A*/Aq 
p  =  sin"1  1/M 

io  =  Prandtl-Meyer  expansion  angle 

ib  =  90  -  (o  . 
v  e 

The  value  of  £  may  be  obtained  from  M,  Mg,  and  isentropic  flow  tables;  u> 

may  be  obtained  from  flow  tables  or  from  Eq.  6-58.  Figure  6-41  gives  the 
generalized  nozzle  contours  computed  by  this  method  for  y  =  1.17  and  expan¬ 
sion  ratios  from  5  to  25. 

The  shape  of  the  cowl  lip  and  its  position  with  respect  to  the  plug 
surface  may  have  a  large  effect  on  the  base  drag  of  a  missile  as  well  as  on 
the  exit  nozzle  performance.  It  is  important  for  the  throat  or  narrowest  sec¬ 
tion  to  be  at  the  cowl  lip  in  order  that  all  expansion  waves  emanate  from  the 
cowl  lip  to  avoid  performance  losses.  The  lip  and  plug  inclinations  are  such 
as  to  align  the  flow  with  the  axis  by  the  time  it  reaches  the  plug  tip.  As  in¬ 
dicated  in  the  sketch  below,  the  location  of  the  throat,  A,  for  a  conical  plug, 
should  be  on  the  conical  surface  rather  than  on  the  curved  turning  surface. 


A  =  Constant  Throat  Area 


Krull,  et  al  (Ref.  246),  tested  both  conical  and  contoured  plugs  at  pressure 
ratios  from  1.5  to  32.  The  theoretical  lip  angle,  6,  required  for  a  60  deg 
conical  plug  nozzle  was  25  deg  at  a  pressure  ratio  of  7;  however,  the  thrust 
coefficient  remained  unchanged  when  the  lip  angle  was  varied  from  15  to  90  deg 
and  the  pressure  ratio  from  1. 5  to  32  while  the  throat  area  remained  unchanged. 
On  the  other  hand  when  the  lip  angle  of  a  contoured  plug  nozzle  was  decreased 
from  30  to  15  deg  the  thrust  coefficient  dropped  about  1%  at  all  but  the  very 
lowest  pressure  ratios  where  the  thrust  loss  was  even  greater. 
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The  effect  of  variation  in  throat  area  was  also  studied  by  Krull.  The 
area  was  varied  by  two  methods.  The  first  employed  an  iris  type  cowl,  i.e., 
a  variation  of  6  as  shown  below. 


The  second  method  employed  an  axial  translation  of  either  the  cowl  or  the  plug 
as  shown  below. 


Within  the  range  of  test  parameteis  it  was  found  that  there  is  virtually  no  de¬ 
crease  in  thrust  coefficient  as  the  throat  area  is  increased  by  changing  the  cowl 
lip  angle,  but  translation  of  the  cowl  decreased  the  thrust  by  as  much  as  5 %. 

The  feasibility  of  a  two-dimensional  plug  nozzle  developed  by  Dugger 
and  Kiersey  for  flight  speeds  at  a  Mach  number  of  7  has  been  extensively  sur¬ 
veyed  by  Pietrangeli  and  fully  documented  in  Ref.  118.  The  engine,  which  is 
placed  under  the  surface  of  a  wing,  is  shown  in  the  following  sketch. 


0 


Supersonic  diffusion  takes  place  in  section  0-1,  subsonic  diffusion  in  2-3,  fuel 
addition  and  combustion  occur  in  3-4.  There  is  a  sonic  throat  at  station  4. 
Figures  6-42  and  6-43  give  the  thrust  and  lift  coefficients  and  the  specific  im¬ 
pulse  in  terms  of  Ag/A..  These  figures  also  show  the  effects  of  the  over-all 

pressure  ratio  and  the  initial  turning  angle  of  the  plug,  04 .  Since  these  cal¬ 
culations  are  based  on  estimates  of  diffuser  pressure  recovery  and  fuel  equiva¬ 
lence  ratio,  the  quantitative  aspects  of  the  results  are  of  less  significance  than 
the  qualitative  relationships  between  the  parameters.  Comparing  C^,  C^T,  and 

I  for  various  fixed  values  of  Ag/A^  shows  clearly  the  close  dependence  of  de¬ 
sign  parameters  and  desired  performance.  The  importance  of  an  efficient  exit 
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nozzle  is  shown  clearly  in  Fig.  6-44  which  compares  the  specific  impulse  ob¬ 
tainable  with  nozzles  of  100%  and  97%  efficiency  and  Ae/A.  =  1. 

Similar  extensive  calculation;  at  a  Mach  number  of  5  have  been 
backed  up  by  some  experimental  data.  Unfortunately,  the  results  are  still 
classified  (Ref.  248)  The  two-dimensional  ramp  nozzle  and  the  "half"  axi- 
symmetric  plug  nozzle  also  give  a  lift  component.  This  aspect  will  be  dis¬ 
cussed  in  the  next  subsection. 

6.5  Thrust  Vector  Control 

Successful  use  of  methods  for  diverting  rocket  exhausts  has  demon¬ 
strated  that  thrust  vectoring  can  effectively  stabilize,  control,  and  maneuver  a 
rocket-propelled  guided  missile.  Where  the  mechanism  has  minimum  volume 
and  weight  it  may  effect  considerable  gain  in  the  missile  performance.  Jet 
control  offers  the  possibility  of  eliminating  drag-producing  fins,  or  at  least  of 
reducing  their  size.  Most  large  U.S.  rockets  now  employ  some  form  of  jet 
control. 


The  many  methods  of  control  that  have  been  suggested  may  be  divided 
into  three  large  groups:  those  that  are  based  on  movement  of  the  nozzle  it¬ 
self,  those  that  depend  on  vanes  or  paddles  inserted  in  the  flow  at  the  nozzle 
exit,  and  those  which  divert  the  flow  internally  by  means  of  oblique-shock 
patterns. 


Most  of  the  design  and  experimental  work  on  thrust  vector  control 
has  been  connected  with  specific  missiles,  and  the  design  details  and  test  re¬ 
sults  are  therefore  classified.  References  249  to  261,  although  by  no  means 
comprehensive,  give  generalized  unclassified  information  on  many  aspects  of 
the  subject.  Moak  (Ref.  262)  gives  a  brief  analysis  of  schemes  suitable  for 
the  thrust  vector  control  of  solid-propellant  rockets.  The  following  subsec¬ 
tions  outline  the  most  common  types  of  jet  flow  control. 

6.5.1  Movable  Nozzles 

The  three  best  known  types  of  movable  nozzles  are  the  single-hinged, 
gimbaled,  and  rotating  nozzles.  The  single-axis  nozzle  employs  hinge  pins 
and  an  O-ring  seal,  making  the  tota]  weight  only  slightly  greater  than  that  of 
a  similar  fixed  nozzle.  Since  the  movement  is  confined  to  one  plane  a  cluster 
of  four  such  nozzles  is  required  for  pitch,  yaw,  and  roll  control.  The  per¬ 
formance  is  efficient  and  the  reliability  is  high. 

The  multiaxis  hinged  nozzle  is  gimbaled  at  two  pivot  points  and  the 
gimbal  ring  is  in  turn  attached  to  the  motorcase  at  points  90  deg  from  the 
first  pivot  points.  The  entire  nozzle  is  usually  Lurned  about  a  point  in  or  near 
the  nozzle  throat,  creating  difficulties  in  sealing  and  lubrication  because  of  the 
high  temperatures  encountered  in  this  region. 

It  has  been  shown  that  a  full  swiveled  nozzle  is  aerodynamicaliy  the 
most  efficient  method  of  diverting  the  exit  flow.  The  ratio  of  side  force  to 
axial  force  is  higher  in  terms  of  the  percentage  thrust  loss  than  for  other  de¬ 
vices,  and  furthermore  the  swiveled  nozzle  has  the  advantage  of  producing  no 
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additional  drag  in  the  jet.  For  a  specified  degree  of  vector  control  the  swiv¬ 
eled  nozzle  has  to  be  deflected  through  half  the  angle  required  by  the  single  - 
axis  hinged  nozzle.  Pitch  and  yaw  control  can  be  obtained  by  the  use  of  a 
single  gimbaled  nozzle  but  where  roll  control  is  desired  at  least  two  nozzles 
must  be  used.  Although  the  power  requirements  are  high  and  the  servo-mech¬ 
anism  massive,  this  design  has  been  tested  and  used  satisfactorily  for  both 
liquid-  and  solid-propellant  rocket  motors. 

The  rotating  nozzle  produces  a  flow  deflection  with  an  aerodynamic 
efficiency  only  slightly  less  than  that  of  a  swiveled  nozzle.  The  rotation  is 
effected  about  a  line  inclined  to  the  nozzle  axis.  Since  in  this  type  of  deflec¬ 
tion  an  extraneous  side  force  is  produced,  rotating  nozzles  are  best  used  in 
pairs  so  that  these  extraneous  forces  will  cancel  each  other.  At  least  two 
nozzles  are  required  for  pitch,  yaw  and  roll  control.  The  large  bearings  and 
heavy  bearing  support  structures  are  its  major  disadvantages. 

Clustered  nozzles  (see  Subsec.  6.4.4)  are  capable  of  providing  at- 
control  about  three  axes  if  four  nozzles  are  rotated.  The  weight  of  the 
control  mechanism  is  not  as  critical  as  that  of  a  simple  nozzle,  but  the  space 
requirements  could  be  difficult  to  achieve.  Operating  more  than  one  nozzle 
control  may  involve  time  lags  in  switching  from  one  nozzle  to  another.  Noz¬ 
zles  with  flexible  skirts  have  also  been  tested. 

Calculations  were  made  by  Dugger  and  Monchick  (Ref.  263)  to  de- 
term  ne  whetner  vectoring  the  exhaust  flow  of  an  external-expansion  ramjet 
would  increase  the  value  of  the  product  I-L/D  and  hence  the  range  of  a  mis¬ 
sile.  Their  Drief  study  was  concerned  with  the  configuration  shown  in  the 
sketch  below. 


^hey  found  that  the  loss  in  specific  impulse  was  always  equa.  to  or  greater 
than  the  gain  in  over-all  lift-drag  ratio  for  the  expansion  ratio  which  provides 
the  highest  value  of  I-L/D.  They  also  compared  the  gross  thrust  versus  lift 
force  due  to  internal  flow  for  the  conventional  ramjet  (see  sketch  below)  with 
that  of  the  external-expansion  ramjet  (above)  when  both  have  vectored  nozzles. 


A.  typ. r'al  resultant  curve  with  the  ERJ  having  slightly  more  thrust  than  the  CRJ 
is  shown  in  the  sketch  on  the  opposite  page.  When  the  lift  force  is  "gauge- 
corrected"  for  the  component  of  lift  across  the  exit  area  due  to  the  ambient 
air,  the  curves  are  almost  identical.  These  calculations  are  based  on  kero¬ 
sene-fueled  Mach  number  5  flights  at  an  altitude  of  100,000  ft  and  should  not 
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be  generalized.  In  any  case,  they  are  chiefly  of  academic  interest  the  over¬ 
all  lift  of  the  vehicle  would  have  to  include  such  items  as  the  cowl  lift  and  the 
effect  of  boattailing  the  nozzle;  in  addition,  both  thrust  and  lift  would  be  greatly 
affected  b>  the  way  the  engine  pod  was  integrated  with  the  airframe.  Thrust 
vectoring  in  plug  nozzles  may  also  be  achieved  by  the  relative  motion,  either 
rotational  or  translational,  of  the  plug  o.  <:  the  cowl. 


Although  swiveled  and  rotated  nozzles  are  usually  motor-operated, 
they  may  be  motivated  by  a  secondary  injection  through  an  orifice  in  the  wall 
of  the  exit  cone.  The  injected  fluid  interacts  with  the  main  gas  flow  to  pro¬ 
duce  a  side  force  which  tends  to  turn  or  push  the  nozzle  towards  th;>  injected 
fluid.  Secondary  injection  to  provide  thrust  vectoring  in  stationary  nozzles  is 
discussed  in  Subsec.  6.5.3. 

6.5.2  Deflecting  Surfaces 

A  second  method  of  producing  thrust  control  is  by  means  of  sur¬ 
faces  inserted  in  the  flow .  Such  insertions  are  critically  subject  to  erosion, 
ablation,  and  melting  due  to  the  high  temperature  of  the  exhaust  gases.  They 
may  also  oe  adversely  affected  by  propellant  particles.  Aerodynamically  they 
produce  drag  which  decreases  the  net  thrust  of  the  nozzle. 

Some  of  the  simplest  aerodynamic  surfaces  are  jet  vanes  which  are 
usually  inserted  at  the  exit  cross  section  of  the  nozzle.  The  servo  power  re¬ 
quirements  are  reasonable  and  the  aerodynamic  forces  are  large.  Jet  vanes 
may  be  used  with  either  solid  or  liquid  propellants.  The  thrust  loss  at  maxi¬ 
mum  deflection  is  of  the  order  of  10%.  Jet  vanes  are  simple  to  instar  and 
require  only  a  moderate  amount  of  mechanical  linkage.  They  have  been  incor¬ 
porated  successfully  into  several  missile  designs. 

Jet  paddles  hinged  externally  at  the  nozzle  exit  have  been  laboratory 
tested.  The  excessive  weight  of  the  necessary  actuating  linkage,  high  hinge  mo¬ 
ments,  and  poor  frequency  response  make  this  type  of  control  unsatisfactory. 
It  has  been  suggested  that  a  small  button  might  be  inserted  in  the  nozzle  throat 
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with 


rh  =  mass  flow  rate 


e  =  angle  between  injectant  stream  and  a  plane  normal  to  the  axis 
subscript  i  denotes  injectant  properties 


and  all  other  parameters  as  defined  in  Subsec.  6.2.5.  Because  it  is  assumef 
that  the  shock  caused  by  the  injection  has  the  same  properties  as  that  causea 
by  separation  of  a  turbulent  boundary  layer  (see  Subsec.  6.2.5  and  in  particu¬ 
lar  the  sketch  on  page  323),  the  values  of  p  /pg,  pm/pg,  6w  and  6g  as  a  func¬ 
tion  of  M  are  those  given  in  Fig.  6-19  for  y  =  1.2  and  1.4.  Side  forces 
s 

computed  by  means  of  Eqs.  6-64  to  6-66  compare  favorably  with  measured  data 
reported  in  Ref.  249.  However,  it  should  be  noted  that  the  latter  are  obtained 
for  the  most  part  from  the  subsonic  injection  of  cold  gas,  the  exception  being 
two  tests  with  hot  gas  and  sonic  injection. 


It  may  be  noted  from  Eqs.  6-64  to  6-66  that  the  side  forces  are 
dependent  upon  many  variables.  Because  the  interrelationships  are  complex, 
care  should  be  taken  in  making  generalizations  whe.e  the  data  are  derived  from 
a  limited  range  of  parameters.  An  excellent  example  of  such  nearsightedness 
could  be  pointed  up  by  using  two  of  the  many  sets  of  calculations  of  Ref.  228. 
By  holding  all  quantities  constant  except  the  Mach  number  of  the  primary  flow, 
the  specific  impulse  of  the  injected  fluid  decreases  with  increasing  M,  leading 
one  to  assume  that  an  injection  port  near  the  throat  is  desirable.  If  the  opti¬ 
mum  value  of  M.  (i.e.,  for  p.  =  p  )  is  used  rather  than  a  constant  value,  then 

1  1  3 

the  specific  impulse  increases  with  increasing  M,  leading  to  the  usual  generali¬ 
zation  that  the  injection  should  take  place  at  as  high  a  Mach  number  as  possible. 

Some  conclusions  concerning  the  basic  parameters  have  been  derived 
from  various  tests.  The  range  of  pressure  and  mass-flow  ratios  of  the  injec¬ 
tant  and  main  streams  were  widely  varied.  However,  only  a  few  tests  were 
made  with  supersonic  injection  and  there  are  very  few  experimental  data  on  the 
effect  of  the  angle  e.  The  conclusions  should  be  assessed  in  the  light  of  the 
test  conditions  (see  Refs.  250,  251,  252,  and  264).  The  location  of  the  injec¬ 
tion  port  should  be  as  far  downstream  as  possible  so  that  the  shock  will  occur 
at  a  high  Mach  number.  However,  since  the  pressure  is  integrated  over  the 
shock  surface,  the  most  efficient  position  of  the  shock  is  that  at  which  it 
reaches  the  opposite  side  of  the  nozzle  wall  at  the  exit.  Although  the  depend¬ 
ence  of  the  side  force  on  the  port  position  is  usually  agreed  upon,  there  are 
extensive  data  in  Ref.  250  which  show  no  change  in  side  force  with  port  loca¬ 
tion  with  mass-flow  ratios  from  0  to  0.10  and  sonic  injectant  flow. 

Systematic  tests  reported  by  Walker,  Stone  and  Shandor  (Ref.  284) 
with  normal  injection  at  a  single  station  in  a  conical  nozzle  snowed  that  the 
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performance  at  a  constant  pressure  ratio  improves  with  increasing  hole  size. 
Both  subsonic  a*.;d  sonic  injection  velocities  are  included  in  these  tests.  There 
is  also  an  indication  in  Refs,  250  and  252  that  for  subsonic  injection  velocities 
a  reduction  in  hole  size  gives  a  higher  side  force.  The  latter  reference  also 
gives  a  few  test  results  on  the  use  of  multiple  injection  ports  and  variations 
of  port  shape 

It  is  generally  agreed  that  the  side  force  ratio  increases  almost  lin¬ 
early  with  the  mass-flow  ratio,  m./m^,  where  the  subscripts  i  and  m  repre¬ 
sent  the  injectant  and  main  streams.  Most  experimental  results  also  show  that 
the  side  force  ratio  increases  linearly  with  the  total  pressure  ratio,  p,  /p,  . 

l  lm 

Reference  264  shows  that  the  performance  increases  with  pressure  ratio  until 
sonic  speed  ic  reached,  after  which  the  performance  declines.  These  test  data 
are  shown  in  Fig.  6-45. 

Both  the  theory  of  Ref.  228  and  experimental  data  (Ref.  250)  indi¬ 
cate  that  the  side  force  increases  with  the  injectant  Mach  number  until  an  op¬ 
timum  M.  is  reached  when  the  static  pressure  of  the  jet  is  equal  to  the  sepa¬ 
ration  pressure  of  the  nozzle.  The  above  theory  also  shows  that  the  specific 
impulse  of  the  injected  gas  increases  rapidly  with  increase  in  the  injection 
angle,  e.  Since  most  experimental  data  have  been  taken  with  the  injection  either 
normal  to  the  wall  (e  -  ~a)  or  to  the  nozzle  axis  (e  =  0),  it  would  seem  that 
measured  forces  could  be  much  improved  with  suitable  change  in  the  direction 
of  the  injection. 

It  has  been  shown  that  the  side  force  increases  slightly  as  y  changes 
from  1.4  to  1.2  but  is  increased  by  as  much  as  50%  as  the  molecular  weight 
of  the  injected  gas  is  decreased  by  a  factor  of  two.  Tests  with  gases  having 
molecular  weights  from  44  (COs)  to  2{HS)  are  reported  in  Ref.  264  where  it 
is  shown  that  the  effective  specific  impulse  is  almost  inversely  proportional  to 
the  square  of  the  molecular  weight.  This  trend  may  be  seen  in  Fig.  6-45.  A 
more  accurate  correlation  is  provided  by  the  same  authors  in  Ref.  265.  Using 
linearized  supersonic  flow  theory  an  equation  has  been  derived  to  give  the  ef¬ 
fect  on  the  specific  impulse  of  y,  c  ,  molecular  weight,  temperature  and  Mach 

P 

number  in  both  injectant  and  main  flows.  The  equation  is  as  follows: 


I_ 

I* 


W. 


yi 


1 


Tt  W 
i—  l 


1  +  yi  2(1  +  M3) 


l/2 


WLW  [, 

p  t  ij  1 


6-67) 


where  I*  is  the  specific  impulse  of  an  injectant  for  sonic  flow  into  a  vacuum, 
W  is  the  molecular  weight,  and  free -stream  conditions  are  written  without  sub¬ 
scripts.  Many  tests  were  made  with  two  nozzles;  the  first  giving  M  =  1.86 
for  hot  gases  and  M  =  1.86  for  cold  gases,  and  the  other  one  giving  M  =  2.90 
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for  hot  gases.  The  following  sketch  shows,  the  basic  parameters,  the  ranges 
of  which  are  given  in  the  table  below. 


Variable 

Range 

pt 

50  -  200  psia 

pt. 

i 

80  -  900  psia 

i 

0.25  -  1.00  in. 

di 

0.0625  -  0,180  in. 

Injectant  Gas 

COa,  N3,  Ar,  He  +  Ax-,  He,  H3 

Propellant  Gas 

HsOs,  air 

Tt 

530  -  1850°R 

Tt. 

l 

530  -  ?.150°R 

Ambient  Pressure 

one  atmosphere  or  less 

Values  of  I/I*  derived  from  the  test  results  were  normalized  by  dividing  by 
the  value  of  I/I*  obtained  from  Eq.  6-67.,  They  are  plotted  as  a  function  of 
the  weight-flow  ratio,  w./w,  in  Fig.'  6-46.  Equation  6-67  is  independent  of 

this  ratio  and,  in  fact,  is  based  on. the  assumption  of  a  "trace"  flow  of  injec- 
tant.  It  may  be  seen  from  Fig.  6-46  that  in  the  region  of  strict  applicability 

of  the  theory,  i.e.,  who 'e  l(w./w)(w/w.)*  is  very  small,  the  measured  effec- 

Ct  1  1 

tive  specific  impulse  is  slightly  above  the  theoretical,  and  that  it  declines  as 
the  weight-flow  ratio  increases.  This  latter  phenomenon  may  be  partially  ac¬ 
countable  to  induced  shock  wave  reflect'ons  and  incomplete  expansion  of  the 
mixed  gases. 


The  above  theoretical  approach  is  not  restricted  to  the  case  of  gas 
injection  but  has  been  successfully  applied  to  liquids  and  gases,  both  active 
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and  inert  (Ref.  266).  It  thus  appears  that  the  linear  theory  is  a  useful  tool 
by  means  of  which  the  potential  of  injectant-propellant  combinations  may  be 
relatively  evaluated. 

In  spite  of  some  uncertainty  in  the  quantitative  effect  of  the  param¬ 
eters  involved  in  shock-induced  flow  deflection,  there  is  no  doubt  that  it  is  a 
highly  advantageous  method  of  producing  thrust  vector  control.  The  only  moving 
part  is  the  control  valve  for  the  injectant  flow.  This  valve  may  be  situated 
in  a  cool  environment  and  retain  its  reliability  and  high  rate  of  response  through 
changing  flight  conditions.  The  added  masr  flow  of  the  injected  stream  more 
i  than  compensates  for  the  thrust  reduction  due  to  the  shock  pattern  caused  by 

j  the  injection.  There  is  every  hope  that  three-dimensional  control  may  be  a- 

chieved  in  a  single  nozzle  by  means  of  secondary  injection  of  liquids. 

The  shock  pattern  may  also  be  induced  by  means  of  small  blunt 
shapes  introduced  into  the  nozzle  wall.  The  tabs  are  easily  controlled  and 
produce  little  drag,  but  are  subject  to  severe  erosion  and  high  temperature  ef¬ 
fects.  Jet  tabs  have  also  been  suggested  a  a  means  for  actuating  a  rotating 
i  nozzle. 


i 


i 


I 


i 


i 


Fig.  6-2 
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Fig.  6-2.  ’Calculated  maximum  thrust  coefficient  as  a  function  of  y 
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Fig.  6-5 


Fig.  6-5.  Calculated  exit  area  correction  factor  as  a  function  of  exit  Mach  number; 
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Fig.  6-7 


Fig.  6-7.  Calculated  exit  area  correction  factor  as  a  function  of  exit  Mach  number; 
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Fig.  6-8.  Calculated  stagnation  pressure  loss  due  to  friction  as  a  function  of 

exit  Mach  number;  y  =  1.2. 
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Fig.  6-14.  Displacement  thickness  for  given  nozzle, 
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Fig.  6-15.  Heat-transfer  coefficient  for  given  nozzle. 
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Fig.  8-16 
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r*  =  Throat  Radius 


rw  =  Radius  of  Wall  Contour  at  Throat 
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Fig.  6-16.  Calculated  throat  mass-flow  correction  factor  as  a 
function  of  throat  radius  and  wall  radius  of  curvature. 


1-17.  Calculated  non-isentropic  throat  Mach  number  as  a  function  of  nozzle 
efficiency;  y  =  1.00,  1.20,  1.23,  1.40,  and  1.67.  (Source:  Ref.  219) 
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Fig.  6-20 
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6-20.  Comparison  of  theoretical  and  experimental  values  of  separation 
pressure  ratio  (p/p)  vs  nozzle  pressure  ratio  (p  /p  )  for  conical  nozzles 


Propulsion  Nozzles 


Fig.  6-21 


50  100  500  1000  5000  10,000 

Compression  Ratio,  Pc/Pc0 

Fig.  6-21.  Calculated  thrust  of  15°  nozzle  vs  compression  ratio;  A  /A*  =  6  and  25; 

y  =  1.20  and  1.26. 
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Fig.  6-24 
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Fig.  6-23.  Static  temperature  as  a  function  of  nozzle  length;  frozen  and 


Oxidizer-Fuel  Weight  Ratio,  Ox/f 

Fig.  6-24.  Comparisor  of  theoretical  and  experimental  gas  temperatures 
at  nozzle  exit.  (Source:  Ref.  235) 
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Rocket  Chamber  Pressure,  pc  psi 

Fig.  6-31.,  Regions  of  exhaust  patterns  for  four-nozzle 
cluster  as  a  function  of  rocket  chamber  pressure; 

Y  =  1.20,  a  =  15°,  dc/de  =  2.4,  A^A*  =  10, 

Av/A  =  0.50.  (Source:  Ref.  244) 
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Fig.  6-32.  Regions  of  exhaust  patterns  for  four--nozzle 
cluster  as  a  function  of  nozzle  exit  angle; 

Pc  =  500  psi,  y  =  1.20,  dc/dg  =2.4,  Ae/A*  =  10, 

A,./AD  =  0.50.  (Source:  Ref.  244) 
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Fig.  6-34 
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Nozzle  Area  Ratio,  A g/A* 

Fig.  6-33.  Regions  of  exhaust  patterns  for  four-nozzle 
cluster  as  a  function  of  nozzle  area  ratio; 

Pc  =  500  psi,  y  =  1.20,  a  =  15°,  dc/de  =  2.4, 

Ay/AR  =  0.50.  (Source:  Ref.  244) 
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Fig.  6-34.  Regions  of  exhaust  patterns  for  four-nozzle 
cluster  as  a  function  of  rocket  spacing;  A^A*  =  10 

a  =  15°,  y  =  1.20,  p  =  500  psi,  Av/Ap  =  0.50. 
(Source:  Ref,  244)  v 
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Thrust  Increment  due  to  Shroud 
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Rocket  Spacing,  dc/de 

Fig.  6-37.  Shroud  thrust  increment  for  four-nozzle  cluster  as 
a  function  of  nozzle  area  ratio  and  rocket  spacing  (in 
vacuum);  y  -  1.20,  a  =  15°.  (Source:  Ref.  244) 


Fig.  6-38.  Comparison  of  theoretical,  and  experimental 
performances  of  plug  and  conventional  nozzles; 
y  =  1.4.  (Source:  Ref.  245) 
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Fig.  6-44 


Coefficient  of  Thrust,  Cp 

Fig.  6-44.  Variation  in  I  with  and  nozzle  efficiency  for  a 

two-dimensional  plug  nozzle?  =  7,  A  /A.  =  1.0. 

(Source:  Ref.  118)  &  1 
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Specific  impulse  ratio  as  a  function  of  jet  stagnation  pressure  ratio 
for  various  injectants.  (Source:  Ref.  264) 
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Appendix  A 

Tabulated  Ranges  of  Parameters  in  Tables  Relevant  to  Duct  Flow 
I.  Isentropic  Flow  and  Normal  Shock  Functions* 


Ref. 

No. 

1 

Mach  No. 
Range 

AM 

Additional  Information 

1 

1.0,  1.1, 

1.2,  1.3, 
and  1.67 

1.4 

0-3 

3-5 

5-10 

0-3 

3-5 

5-10 

| 

Influence  coefficients. 

Heat  addition  -  constant 
area 

Friction  -  constant  area 

21 

7/5,  9/7,  5/3 

0-5 

0.01 

At  y  =  1.4.  Properties  in 
terms  of  p/Pt  for  p/Pt  from 

1  -  0.0026.  Oblique-shock 
tables  in  terms  of  0  and  M. 
m  =  0.01,  A9  =  0.02°. 

22 

1.4 

mem 

H 

Charts  for  mass  flow,  flow 
over  cones  and  wedges  and 
effects  of  caloric  imper¬ 
fections  on  all  flow 
variables. 

23 

1.25,  1.3, 

1.35,  1.4 

1-4 

— 

Conical  shock  parameters. 

All  in  graphical  form. 

24 

1.28-1.38 

Ay  =  0.02 

0-C 

0.01 

Normal  shock  tables  give 
only  M2  and  p.  /p.  . 

x2  Z  1 

25 

1.10-1.28 

Ay  =  0.02 

0.02-8.0 

0.02 

26 

1.4 

1-20 

0.1 

(1  £  M  £  5)  wedge  and  cone 
flow.  (Graphical  form) 

27 

7/5 

9/7 

0-5 

0-2.5 

2.5-5 

0.001 

0,001 

O.Oi 

Includes  mass  flow  and  im¬ 
pulse  functions 

28 

1.2  -  1.3 
(AT  =  0.02) 
and  1.4 

1-10 

0.001 

Gives  mass  flow  function 
and  impulse  functions 

33 

4/3 

0-2 

0.001 

Includes  mass  flow  and 
velocity  functions 

34 

1.18-1.30 
(y  =  0.2) 

1.15,  1.4,  1.67 

0.01-10 

10-20 

20-50 

50-100 

0.01 

0.02 

0.2 

1.0 

All  given  in  tabular  form  unless  otherwise  stated. 
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II .  Flow  with  Heat  and  Mass  Addition 


Ref. 

No. 

— 

1 

Mach  No. 
Range 

— 

AM 

Description 

29 

1.20-1.30 
(Ay  =  0.02), 
and  1.4 

1  -  10 

0.001 

Stagnation  temperature  change 
without  friction. 

30 

1.20-1.30 
(Ay  =  0.02), 
and  1.4 

1  -  10 

0.001 

Adiabatic  flow  with  friction. 

31 

1.20-1.30 
(Ay  =  0.02), 
and  1.4 

1  -  10 

0.001 

Simple  gas  injection  with  no 
forward  velocity. 

32 

1.20-1.30 
(Ay  =  0.02), 
and  1.4 

1  -  10 

0.001 

Simple  gas  injection  with 
forward  velocity  equal  to 
free-stream  velocity. 

III.  Conical  Flow  Tables 


Ref. 

No. 

1 

Mach  No. 
Range 

Cone  Semi- 
Angle 

Description 

23 

1.25,  1.30 
1.35,  1.60 

1  -  4 

0°  -  58° 

Graphical  information  only. 

M,  T,  p,  and  p  ratios.  Shock 
angles  vs  Mro. 

35 

1.405,  4/3 

1-00 

5°  -  50° 

A9  =  2.5° 

M,  T,  p,  and  p  between  bow 
shock  and  conical  surface  in 
terms  of  free-stream  values. 

36 

1.4 

1.4  -  6 

AM  =0.2 

5°  -  50° 

A9  =  2.5° 

Gives  M  and  flow  inclination 
along  rays  0.2°  apart. 

37 

1.4 

2  -  5.5 

20°-  45° 

A8  =  5° 

M  and  flow  inclination  in  the 
field  between  nose  shock  and 
the  conical  surfaces.  Data 
for  the  second  shock  front. 

IV.  Ramjet  or  Nozzle  Flow  Tables* 


Ref. 

No, 

1 

M. 

Tabulated  Information 

38 

1  -  1.15 

1.15  -  1.45 

1.45  -  1.65 
5/3 

0.05 

0.01 

0,05 

Exit-to-chamber  pressure  ratio,  pg/pc. 

Exit-to-sonic  area  ratio,  e,  1  to  1000. 
Thrust  force  coef.,  C F*  ACp  =  0.01. 

The  product  (<r  .  Pg/Pc) . 

*( Ref erences  1,  22,  and  27  also  contain  useful  information.) 
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V.  Thermodynamic  Properties 


Ref. 

No. 

Independent  Variables 

Dependent  Variables 

39 

T:  600  -  5000°R 

AT  =  100° 

ER:  0.25  -  4.0 

A(ER)  -  varying 

p:  0.01  -  30  atm 

Ap  -  varying 

For  CH  -  Air. 

n  2n 

Enthalpy,  entropy,  heat  capacity  (c  ), 
mean  molecular  weight  (m),  density, 
sonic  velocity  (equil.  and  frozen), 

1  5  In  m  l  /  5  In  m  | 

^3  In  T  J  ’  ^  In  pj  ’ 

40 

A  compilation  of  64  tables  including  thermodynamic  properties 
of  air  and  of  its  separate  constituents  as  well  as  of  the 
products  of  combustion  of  hydrocarbons.  Compressible  flow 
functions,  Rayleigh  line,  Fanno  line,  normal-shock  functions, 
and  many  other  useful  functions. 

41 

A  comprehensive  tabulation  of  data  involving  heats  of  reaction. 
Perhaps  the  material  most  relevant  to  duct  flow  theory  is  the 
following: 

Series  I  -  Tables  of  entropy  and  c  . 

Series  II  -  Increments  in  heat  content,  entropy  and  heat  capa¬ 
city  due  to  transition,  fusion,  and  vaporization. 

42 

A  comprehensive  compilation  of  the  heat  capacity,  entropy,  en¬ 
thalpy,  and  heats  of  formation,  combustion,  and  reaction  as  a 
function  of  temperature  for  more  than  700  elements  and 
compounds . 

Intentionally  Blank 
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acoustic  analogy,  147 

acoustic  impedance,  147 

acoustic  velocity,  328 

additive  drag,  21,  105ff,  118,  120,  123, 

132ff 

additive  lift,  136 

air-breathing  engine,  thrust,  21,  118,  136 
angle  of  attack,  effect  in  diffusers,  106-108, 
113,  118,  119,  120,  124,  125,  136, 
140 

area 

annular,  115,  131 

capture  ratio,  22,  103ff,  115,  118,  132, 
133,  137 

constant  in  a  duct,  5 
discontinuities  in,  39,  43 
throat,  108,  133,  137,  225ff,  340 
minimum  running,  275 
minimum  starting,  109,  122,  274.  280 
variation  in  a  duct,  3-5,  12,  45 

base  pressure,  337 
boundary  layer 

bleed,  107,  111,  112,  119,  125,  138-142, 

949  qqs 

bridging,  125,  137,  138 
correction  for,  14-38,  58-60,  137,  245, 
248ff,  316 

development,  115,  126,  137,  238 
displacement  thickness,  24,  59,  248,  316 
Tables  2-1  and  4-4 
duct,  in,  271 
fuselage,  on,  142 
injection,  277,  278 

momentum  thickness,  59,  316,  Tables  2-1 
and  4-4 

reflection  thickness,  249 
scoop,  141,  142 

separation,  108,  120,  125,  136,  137,  139, 
141,  238,  271,  275,  278 
suction,  125,  141,  241,  278-280 
thickness,  14,  58,  Tables  2-1  and  4-4 
throat  region,  138-141 
transition,  125,  138 
buzz,  115,  125,  131,  143ff 
control  of,  145,  146 

calibration,  of  nozzles,  240,  247  ,  248 
caloric  imperfection,  13 
capture-area  ratio  (see  area) 
Chapman-Jouguet  detonation,  6ff 
characteristic  velocity,  308,  328 
characteristics,  method,  57,  106,  129,  132, 
230,  236.  239,  243,  245,  329,  332 


chemical  recombination  of  exhaust  gases, 
lOff,  325,  327 

choking,  108,  125,  132,  240,  338 
clustered  nozzles,  337 
coefficient,  of  thrust,  308 
combustion,  7,  11,  23 
compatibility  equations,  28 
compression 

external,  114,  115,  121,  122 
internal,  108,  110,  115,  121,  122,  131 
isentropic,  108,  110,  126,  127 
maximum  allowable,  126-128,  130,  132 
normal  shock,  108-110 
waves,  106 

contact  surfaces,  34,  35,  43,  44 
continuity  equation,  26 
contraction  ratio,  112,  116,  272-276 
subsonic,  229,  230 

convergence  angle,  wind-tunnel  diffuser, 
274,  275,  283,  284 
cooling,  nozzle,  136,  245ff 
cowl 

drag,  105-107,  119 
iris  type,  342 

lip,  115,  117,  124,  128-130,  133,  137, 
341 

critical  diffuser  operation,  104,  114,  137 
curvature  discontinuities,  232,  235 

deflagration,  6-8 
dependence,  domain  of,  31 
detonation 

Chapman-Jouguet,  6-8 
Mach  number,  8 
pressure,  6 
temperature,  6 
diffuser,  ramjet,  22,  101-223 
double-cone,  121-125,  134-137 
drag  of,  102,  105-108 
efficiency  of,  102,  110 
Ferri,  118 

fixed  geometry,  108-110 
function  of,  101 
internal  compression,  108 
isentropic  spike,  106, 125-135 
normal  shock  in,  101-102,  108-110 
oblique  shock,  114-115,  132-135 
operation,  critical,  104,  114,  137 
perforated,  113 

performance  of,  102-108,  134-136 
probe,  120-121 

single-cone,  116-120,  134-136 
throat,  110,  118 
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two-dimensional,  106,  111,  136,  283 
variable  geometry,  110-112 
diffuser,  wind  tunnel,  269-305 

efficiency,  isentropic,  270,  274-276,  278, 
281-283 

efficiency,  polytropic,  269,  276,  281-283 
hypersonic,  283-285 
oblique  shock,  276 
with  contraction,  272-276 
without  contraction,  108-110,  271-272 
diffusion 

subsonic,  101,  141-142,  269-271 
supersonic,  101,  141,  269,  274 
discharge  correction  factor,  311 
displacement  thickness,  boundary  layer, 

24,  59,  248-251,  Tables  2-1  and 
4-4 

dissociation  in  exhaust  gases,  14,  325,  327 
distortion,  flow,  102-103,  112,  119,  124, 

140 

divergence 

factor,  313,  339 
wind  tunnel  diffuser,  271 
drag 

additive,  21,  105-108,  118,  120,  123, 
132-133 

air-breathing  engine,  21 
coefficient  of,  9,  135,  344 
cowl,  105-108,  119 
diffuser,  ramjet,  101-223 
internal,  141 
rocket  jet,  20 
duct 

annular,  115 
closed  end,  33,  51 
constant  area,  5,  271,  272 
convergent-divergent,  108,  118,  272 
flow,  theory,  3-100 
shock,  283-285 
subsonic  discharge,  33,  51 
supersonic  discharge,  33,  51 
varying  area,  45 

efficiency,  diffuser 

isentropic,  270,  274-276,  278,  281-283 
kinetic,  311 
nozzle  throat,  318-320 
polytropic,  269,  276,  281-283 
ramjet  diffuser,  102,  llOff 
rocket  nozzle,  310-313 
wind  tunnel,  269-283 
effusor  (see  nozzle) 
energy  equation,  27 
enthalpy,  7,  311,  317 
entropy,  specific,  26ff 
equilibrium  flow,  326 
equivalence  ratio,  11,  342 


exhaust  gases,  lOff,  325,  337 
expansion 

maximum,  231 
over-,  321 
processes,  325 
external  ramjet,  344 

Ferri  diffuser,  118 

fixed-geometry  diffuser,  108-110,  271-272 
flame 

fronts,  12,  37-39,  44,  54-56 
temperature,  11 

flange  loads  on  free-jet  nozzles,  18-19 
flexible  walls,  111,  141,  234,  275 
flow 

conical,  116-119,  121-125,  244,  Ap¬ 
pendix  A 
discontinuities 
moving,  48 
stationary,  34 

distortion,  102-103,  112,  119,  124,  140 
equilibrium,  326 
frozen,  326-329 
high-temperature,  13 
hypersonic,  13,  22,  136,  243 
inclination,  121,  122,  128,  133 
infinite  extent,  47 
isentropic  relations,  4 
mean  values,  14-18 
non-adiabatic,  4-5 
non-isentropic,  4-5 
nozzle  throat,  226-229 
one-dimensional 
non-steady,  24ff 
non-uniform,  14ff 
steady,  3ff 
particle,  329 

quality  at  exit,  102-103,  112,  119,  124, 
140 

radial,  63,  227,  229,  243,  248 

rotational,  57,  121 

separation,  108,  120,  125,  137,  229, 

321 

source,  63,  227,  229,  243,  248 
stability,  108,  115,  131,  143ff,  272,  280 
transonic,  225ff 
two-  and  three-dimensional,  57 
wake,  241 

frozen  flow,  326-329 
fuel 

addition,  8-12 

specific  impulse,  20,  310,  326,  342, 

344,  348 
velocity,  9 

fuel-air  ratio,  7,  8,  10,  135,  326 
gas 

caloric  imperfections,  13 
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dissociation,  14,  325,  327 
exhaust,  lOff,  325,  337 
injection,  277,  346 
interface,  25 
particle  flows,  329 
propane,  11 

real,  effects,  243,  245,  250 
recombination,  14,  325,  327 
thermal  imperfections,  13 

heat 

addition,  5ff,  8,  12,  26 
transfer 

coefficient,  316 
in  ducts,  23 
in  nozzles,  317 

high-temperature  flows  in  ducts,  13 
hypersonic  flow 
i .  ducts,  13 
in  ramjets,  22 

hypersonic  nozzle  design,  243 
hypersonic  transport,  136 

ideal  exhaust  nozzle,  22 
ideal  thrust  coefficient,  22 
impedance,  acoustic,  147 
impulse,  fuel  specific,  20,  310,  326,  342, 
344,  348 
influence 

coefficients,  3 
range  of,  31 
injection 

diffusers  with,  277-278 
velocity,  9 
inlet 

application  to  air-breathing  engines, 

131 

engine,  stability  of,  146 
inserts,  Menard,  241 
internal  cowl  lip  angle,  115ff,  125-131, 
135 

isentropic 

compression,  108,  110,  126 
equations,  3 
flow  tables,  Appendix  A 
spike  diffuser,  106,  115,  125ff,  132ff, 
276 

surface,  115,  129,  340 
wedge  diffuser,  136,  276 

jetavator,  346 
jet 

paddles,  345 
vanes,  345 

kinetic-energy  flux  correction  factor,  15 


lift,  additive,  136,  344 
load,  flange,  18-19 

starting,  wind-tunnel,  238 

Mach  number,  in  nozzle  throat,  321 
mass 

addition,  6,  8-12,  22,  26 
control,  113 

flow,  4,  9,  14,  102ff,  114,  115,  118, 
121,  124,  125,  135,  144,  308 
Menard  inserts,  241 
model,  in  test  section,  282 
momentum,  equation,  26 
flux  correction  factor,  15 
momentum  thickness,  boundary -layer,  59, 
Tables  2-1  and  4-4 
multi-nozzles,  233-234,  337 

non-steady  flow,  24ff 
non-uniform  flow,  14ff 
normal  shock 
adiabatic,  12-13 
at  cowl  lip,  133 

in  constant-area  duct,  272,  283-285 
in  ramjet  diffuser,  102,  106,  116,  121, 
134 

in  throat,  110,  123,  138,  274 
system,  102,  123,  131,  140,  271,  278, 
279,  283 

tables,  Appendix  A 
nozzle 

asymmetric,  237-240 
axisymmetric,  231 
calibration,  240,  247-248 
characteristic  length,  312 
clustered,  337 
conical,  245ff,  332 
continuous  curvature,  232-233 
contoured,  331,  332 
cooling,  136,  245ff 
design,  331ff 
divergence  angle,  271 
exhaust,  23,  307ff 
fixed  Mach  number,  230-232 
flexible -walled,  232,  234-236 
heat  transfer  in,  317 
hypersonic,  231,  243,  247 
multi-,  233-234 
over-expanded,  321 
plug,  136,  331,  339 
propulsion,  307 
scissors-type,  236 
skewed,  331,  335 
sliding,  237-240 
slotted,  242 
swiveled,  343 
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temperature,  327 
throat 

correction,  318 
flow  conditions,  226ff 
two-dimensional,  229,  232,  342 
efficiency  of,  310-313 
variable  Mach  number,  234-242 
viscous  effects,  314-318 
wedge,  247 
wind  tunnel,  225ff 

oblique-shock 

ramjet  diffuser,  112,  114-115 
wave,  121,  233 
wind-tunnel  diffuser,  276-277 
operation,  ramjet 
critical,  104,  114 
off -design,  118,  132-134 
supercritical,  104,  114,  118 
Oswatitscii  diffuser,  114 

particle 
flow,  329 
lag,  330 

perforated  diffuser,  1 13 
performance 

comparative,  134-136 
off -design,  102,  134ff 
ramjet,  102,  134ff 
perturbations,  small,  45-47 
pipe  flow,  15 
pitch  control,  344 
plug  nozzles,  136,  339 
potential  flow,  16,  57,  59,  225,  243 
power  requirements,  wind  tunnel,  272, 
270,  282 

Prandtl-Meyer  expansion,  334,  341 
pressure 

cowl  lip,  106 
detonation,  7 

gradient,  60-61,  137,  316 
mean  value,  17 
ratio,  critical,  337 
recovery,  ramjet  diffuser,  23,  102ff, 
110,  114-115,  117-118,  120-126, 
129,  133,  135-136,  140 
seal,  236-237 
separation,  329 
wave,  12 

probe  diffuser,  120-121 
propulsion  nozzles,  307 
efficiency,  310-313 
performance,  307 
viscous  effects,  314 

quality  of  exit  flow,  103 


radial  flow,  63,  227,  229,  243,  248 
ramjet,  diffuser,  22;  lOlff 
external,  344 
operation,  138 
critical,  114 
off-design,  118,  132-134 
real-gas  effects,  8,  243,  245,  250 
caloric  imperfections,  13 
dissociation,  14 
recombination,  14 

recombination  in  exhaust  gases,  14,  325, 
337 

reflected  wave,  127 

reflection  thickness,  boundary-layer,  249 

Riemann  variables,  28ff 

roll  control,  344 

rotationality,  flow,  57,  121 

run  time,  wind  tunnel,  280-282 

scoop,  boundary -layer,  141-142 
scavenger,  279,  283 
seal,  pressure,  236-237 
second  throat 

fixed,  108-110,  273 
variable,  110-112,  275,  280 
separated  flow,  108,  120,  125,  137,  229, 
321 

separation  pressure,  322,  347 
shock 

conical,  106,  115-116,  121,  132 
duct,  283-285 
interactions,  40-44,  137 
losses,  102 

normal,  102,  106,  116,  121 
oblique,  112,  121,  233 
oblique,  diffuser,  114-115,  121,  276- 
277 

reflection,  open  end  of  duct,  40 
transfer  functions,  50-56 
wedge,  136 

shock-induced  deflections,  346 
side  force,  346 

skin  friction,  23,  123,  250,  314,  332,  339 
sonic 

line,  226ff,  231 
throat,  103,  108,  225ff,  342 
source  flow,  63,  227,  229,  243,  248 
specific  impulse,  20,  310,  326,  342,  344, 
348 

spike 

conical,  135 

isentropic,  106,  115,  125ff,  132ff,  276, 
340 

translation,  112,  119,  124,  132 
spill-over,  105-106,  109,  113,  115,  117, 
128,  132 
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stability,  engine-inlet,  146-148 
subcritical  diffuser  operation,  104,  114 
subsonic 

contraction,  229-230 
diffusion,  101,  141-142,  269-271 
suction,  125,  *  41,  241,  278-280 
supercritical  diffuser  operation,  104,  114, 
118 

supersonic  diffusion,  101,  141-142,  269, 

274 

temperature 
detonation,  6ff 
discontinuity,  12 
flame,  11,  327 
variation,  5ff,  327 
throat 

boundary -layer  in,  138-141 
curvature,  235,  243 
efficiency  factor,  318-320 
height,  229,  243 
length,  110,  118 

rounded,  231,  243,  Tables  4-1  to  4-3 
second,  237,  272-276 
sharp,  231,  Tables  4-1  to  4-3 
sonic,  5,  103,  108,  225ff,  239,  318, 

331,  340,  342 
wall  curvature,  225ff 
throttling  plug,  103 
thrust 

air-breathing  engine,  21,  118,  123,  132, 
136,  140 

average  value  in  a  duct,  17 
base,  338 

coefficient,  308,  333,  337 
ideal,  308 
vacuum,  309 
gross,  22,  307 
ideal,  22 
rocket  jet,  19 
specific  impulse,  20 
vector  control,  343ff 
transfer  function,  50ff 
transition,  boundary -layer,  125,  138 


translating  spike,  112,  119,  124,  132 
transonic  flow,  225ff 
two-dimensional  nozzles,  342 

vacuum  thrust  coefficient,  309 
velocity 

acoustic,  328 
characteristic,  308,  328 
coefficient,  311,  337 
detonation,  7 
fuel,  9,  20 

nozzle  exit,  307,  316,  318 
profile,  23 

viscous  effects,  23,  26,  57,  60,  101-102, 
117,  272 

in  duct  flows,  23-24 
in  propulsion  nozzles,  314-318 
volume  flux,  correction  factor,  15 
vortex 
flow,  17 

sheet  criterion,  126,  128,  130,  132 
sheet  theory,  143 
trap,  110,  140 

wake  flows,  233,  241,  340 
wave 

centered  expansion,  31 
compression,  106 
diagrams,  24ff 

boundary  conditions,  32 
closed  end  duct,  33,  51 
subsonic  discharge,  33,  51 
supersonic  discharge,  33,  52 
pressure,  12,  24,  30 
simple,  31 
small  amplitude,  24 
transmission,  reflected,  127 
wedge 

flow,  128 
nozzles,  243,  247 

yaw  control,  344 
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